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Deep Inelastic Scattering 
Measure of 
resolution 
power 

Measure of 
inelasticity 

Measure of 
momentum 
fraction of 
struck quark 

Kinematics: 

Inclusive events: 
e+p/A  e’+X 
detect only the scattered lepton in the detector 
 
Semi-inclusive events: 
e+p/A  e’+h(π,K,p,jet)+X 
detect the scattered lepton in coincidence with identified hadrons/jets in  
the detector 

with respect to γ	
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Deep Inelastic Scattering 
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Measure of 
resolution 
power 

Measure of 
inelasticity 

Measure of 
momentum 
fraction of 
struck quark 

Kinematics: 

Exclusive events: 
e + (p/A)  e’+ (p’/A’)+ γ / J/ψ / ρ / φ	

detect all event products in the detector 
 
Special sub-event category rapidity gap events 
e + (p/A)  e’ + γ / J/ψ / ρ / φ / jet 
Don’t detect (p’/A’) in final state  HERA: 20% non-exclusive event contamination 
missing mass technique as for fixed target does not work 
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Perspective on x,Q2, Center of Mass 
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June 25 & 27, 2007 Longitudinal Spin Structure of the Nucleon 27
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Fixed target e-N experiments  
(center of mass < 30 GeV) 

Typically accessible 
By e-N collider experiments 

CM ~ 300 GeV 

Hadron-Hadron  
Collider: CM ~2 TeV 
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Measurement of Glue at HERA 
•  Scaling violations of F2(x,Q2) 

•  NLO pQCD analyses: fits with 
linear DGLAP* equations 

5 

∂F2(x,Q2)
∂lnQ2

∝ G(x,Q2)

Gluon 
dominates 

*Dokshitzer, Gribov, Lipatov, Altarelli, Parisi 
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Measurement of Gluons at HERA 
•  Inclusive e-p scattering at 

300 GeV center of mass 
•  Low x gluon distribution 

measured up to x = 10-4 
• Evolved to a high value of Q2 

using the Altarelli Parisi 
equation 

• Gluon distribution keeps on 
rising: “the Low x singularity” 
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What this means to our 
understanding of QCD:  
R. Venugopalan’s lectures 

Method of extraction covered by  
M. Stratmann?  -- If not, I will briefly 
Visit this later in my lectures. 
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Some equations… 
•  Lepton Nucleon Cross Section 

•  Lepton tensor Lµν affects the kinematics (QED) 
• Ηadronic tensor Wµν has information about the hadron 

structure 
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Nucleon spin 

Lepton spin 

Assume only γ* exchange 
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Lepton-nucleon Cross Section 
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target. Both inclusive and semi-inclusive data were obtained,
and polarized H and D targets will be used in the future.
In this paper, we present SMC results on the spin-

dependent structure functions g1
p and g2

p of the proton, ob-
tained from data taken in 1993 with a polarized butanol tar-
get. First results from these measurements were published in
Refs. �9, 10�. We use here the same data sample, but present
a more refined analysis; in particular, the influence of the
radiative corrections on the statistical error on the asymmetry
is now properly taken into account, resulting in an observ-
able increase of this error at small x , and we allow for a Q2

evolution of the g1
p structure function as predicted by pertur-

bative QCD. SMC has also published results on the deuteron
structure function g1

d �11–13� and on a measurement of
semi-inclusive cross section asymmetries �14�. For a test of
the Bjorken sum rule, we refer to our measurement of g1

d .
The paper is organized as follows. In Sec. II we review

the theoretical background. The experimental setup and the
data-taking procedure are described in Sec. III. In Sec. IV we
discuss the analysis of cross section asymmetries, and in Sec.
V we give the evaluation of the spin-dependent structure
function g1

p and its first moment. The results for g2
p are dis-

cussed in Sec. VI. In Sec. VII we combine proton and deu-
teron results to determine the structure function g1

n of the
neutron and to test the Bjorken sum rule. In Sec. VIII we
interpret our results in terms of the spin structure of the pro-
ton. Finally, we present our conclusions in Sec. IX.

II. THEORETICAL OVERVIEW

A. Cross sections for polarized lepton-nucleon scattering

The polarized deep-inelastic lepton-nucleon inclusive
scattering cross section in the one-photon-exchange approxi-
mation can be written as the sum of a spin-independent term
�̄ and a spin-dependent term �� and involves the lepton
helicity hl��1:

���̄� 1
2 hl�� . �2.1�

For longitudinally polarized leptons the spin Sl is along the
lepton momentum k. The spin-independent cross section for
parity-conserving interactions can be expressed in terms of
two unpolarized structure functions F1 and F2 . These func-
tions depend on the four-momentum transfer squared Q2 and
the scaling variable x�Q2/2M� , where � is the energy of
the exchanged virtual photon and M is the nucleon mass.
The double-differential cross section can be written as a
function of x and Q2 �15�:

d2�̄
dxdQ2 �

4��2

Q4x �xy2� 1�
2ml

2

Q2 �F1�x ,Q2�

�� 1�y�
�2y2

4 �F2�x ,Q2�� , �2.2�

where ml is the lepton mass, y��/E in the laboratory sys-
tem, and

��
2Mx
�Q2 �

�Q2

�
. �2.3�

The spin-dependent part of the cross section can be writ-
ten in terms of two structure functions g1 and g2 which
describe the interaction of lepton and hadron currents. When
the lepton spin and the nucleon spin form an angle �, it can
be expressed as �16�

���cos ��� ��sin � cos ���� , �2.4�

where � is the azimuthal angle between the scattering plane
and the spin plane �Fig. 1�.
The cross sections �� � and ��� refer to the two configu-

rations where the nucleon spin is �anti�parallel or orthogonal
to the lepton spin; �� � is the difference between the cross
sections for antiparallel and parallel spin orientations and
�����hl��T /cos � the difference between the cross sec-
tions at angles � and ��� . The corresponding differential
cross sections are given by

d2�� �

dxdQ2 �
16��2y
Q4 � � 1�

y
2�

�2y2

4 � g1� �2y
2 g2�

�2.5�

and

d3��T

dxdQ2d�
��cos �

8�2y
Q4 ��1�y�

�2y2

4 � y2 g1�g2� .
�2.6�

For a high beam energy E , � is small since either x is small
or Q2 high. The structure function g1 is therefore best mea-
sured in the �anti�parallel configuration where it dominates
the spin-dependent cross section; g2 is best obtained from a
measurement in the orthogonal configuration, combined with
a measurement of g1 . In all formulas used in this article, we
consider only the single-virtual-photon exchange. The inter-
ference effects between virtual Z0 and photon exchange in
deep-inelastic muon scattering have been measured �17� and
found to be small and compatible with the standard model
expectations. They can be neglected in the kinematic range
of current experiments.

B. Cross section asymmetries

The spin-dependent cross section terms, Eqs. �2.5� and
�2.6�, make only a small contribution to the total deep-
inelastic scattering cross section and furthermore their con-
tribution is, in general, reduced by incomplete beam and tar-
get polarizations. Therefore they can best be determined

FIG. 1. Lepton and nucleon kinematic variables in polarized
lepton scattering on a fixed polarized nucleon target.
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lepton helicity hl = ±1
unpolarized structure functions F1,2(x, Q2)

scaling variable x = Q2/2Mν

exchanged virtual photon energy = ν
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Polarized lepton-nucleon cross section… 
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target. Both inclusive and semi-inclusive data were obtained,
and polarized H and D targets will be used in the future.
In this paper, we present SMC results on the spin-

dependent structure functions g1
p and g2

p of the proton, ob-
tained from data taken in 1993 with a polarized butanol tar-
get. First results from these measurements were published in
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rations where the nucleon spin is �anti�parallel or orthogonal
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For a high beam energy E , � is small since either x is small
or Q2 high. The structure function g1 is therefore best mea-
sured in the �anti�parallel configuration where it dominates
the spin-dependent cross section; g2 is best obtained from a
measurement in the orthogonal configuration, combined with
a measurement of g1 . In all formulas used in this article, we
consider only the single-virtual-photon exchange. The inter-
ference effects between virtual Z0 and photon exchange in
deep-inelastic muon scattering have been measured �17� and
found to be small and compatible with the standard model
expectations. They can be neglected in the kinematic range
of current experiments.

B. Cross section asymmetries

The spin-dependent cross section terms, Eqs. �2.5� and
�2.6�, make only a small contribution to the total deep-
inelastic scattering cross section and furthermore their con-
tribution is, in general, reduced by incomplete beam and tar-
get polarizations. Therefore they can best be determined
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dependent structure functions g1
p and g2

p of the proton, ob-
tained from data taken in 1993 with a polarized butanol tar-
get. First results from these measurements were published in
Refs. �9, 10�. We use here the same data sample, but present
a more refined analysis; in particular, the influence of the
radiative corrections on the statistical error on the asymmetry
is now properly taken into account, resulting in an observ-
able increase of this error at small x , and we allow for a Q2

evolution of the g1
p structure function as predicted by pertur-

bative QCD. SMC has also published results on the deuteron
structure function g1

d �11–13� and on a measurement of
semi-inclusive cross section asymmetries �14�. For a test of
the Bjorken sum rule, we refer to our measurement of g1

d .
The paper is organized as follows. In Sec. II we review

the theoretical background. The experimental setup and the
data-taking procedure are described in Sec. III. In Sec. IV we
discuss the analysis of cross section asymmetries, and in Sec.
V we give the evaluation of the spin-dependent structure
function g1

p and its first moment. The results for g2
p are dis-

cussed in Sec. VI. In Sec. VII we combine proton and deu-
teron results to determine the structure function g1

n of the
neutron and to test the Bjorken sum rule. In Sec. VIII we
interpret our results in terms of the spin structure of the pro-
ton. Finally, we present our conclusions in Sec. IX.

II. THEORETICAL OVERVIEW

A. Cross sections for polarized lepton-nucleon scattering

The polarized deep-inelastic lepton-nucleon inclusive
scattering cross section in the one-photon-exchange approxi-
mation can be written as the sum of a spin-independent term
�̄ and a spin-dependent term �� and involves the lepton
helicity hl��1:

���̄� 1
2 hl�� . �2.1�

For longitudinally polarized leptons the spin Sl is along the
lepton momentum k. The spin-independent cross section for
parity-conserving interactions can be expressed in terms of
two unpolarized structure functions F1 and F2 . These func-
tions depend on the four-momentum transfer squared Q2 and
the scaling variable x�Q2/2M� , where � is the energy of
the exchanged virtual photon and M is the nucleon mass.
The double-differential cross section can be written as a
function of x and Q2 �15�:

d2�̄
dxdQ2 �

4��2

Q4x �xy2� 1�
2ml

2

Q2 �F1�x ,Q2�

�� 1�y�
�2y2

4 �F2�x ,Q2�� , �2.2�

where ml is the lepton mass, y��/E in the laboratory sys-
tem, and

��
2Mx
�Q2 �

�Q2

�
. �2.3�

The spin-dependent part of the cross section can be writ-
ten in terms of two structure functions g1 and g2 which
describe the interaction of lepton and hadron currents. When
the lepton spin and the nucleon spin form an angle �, it can
be expressed as �16�

���cos ��� ��sin � cos ���� , �2.4�

where � is the azimuthal angle between the scattering plane
and the spin plane �Fig. 1�.
The cross sections �� � and ��� refer to the two configu-

rations where the nucleon spin is �anti�parallel or orthogonal
to the lepton spin; �� � is the difference between the cross
sections for antiparallel and parallel spin orientations and
�����hl��T /cos � the difference between the cross sec-
tions at angles � and ��� . The corresponding differential
cross sections are given by

d2�� �

dxdQ2 �
16��2y
Q4 � � 1�

y
2�

�2y2

4 � g1� �2y
2 g2�

�2.5�

and

d3��T

dxdQ2d�
��cos �

8�2y
Q4 ��1�y�

�2y2

4 � y2 g1�g2� .
�2.6�

For a high beam energy E , � is small since either x is small
or Q2 high. The structure function g1 is therefore best mea-
sured in the �anti�parallel configuration where it dominates
the spin-dependent cross section; g2 is best obtained from a
measurement in the orthogonal configuration, combined with
a measurement of g1 . In all formulas used in this article, we
consider only the single-virtual-photon exchange. The inter-
ference effects between virtual Z0 and photon exchange in
deep-inelastic muon scattering have been measured �17� and
found to be small and compatible with the standard model
expectations. They can be neglected in the kinematic range
of current experiments.

B. Cross section asymmetries

The spin-dependent cross section terms, Eqs. �2.5� and
�2.6�, make only a small contribution to the total deep-
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tribution is, in general, reduced by incomplete beam and tar-
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tained from data taken in 1993 with a polarized butanol tar-
get. First results from these measurements were published in
Refs. �9, 10�. We use here the same data sample, but present
a more refined analysis; in particular, the influence of the
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For a high beam energy E , � is small since either x is small
or Q2 high. The structure function g1 is therefore best mea-
sured in the �anti�parallel configuration where it dominates
the spin-dependent cross section; g2 is best obtained from a
measurement in the orthogonal configuration, combined with
a measurement of g1 . In all formulas used in this article, we
consider only the single-virtual-photon exchange. The inter-
ference effects between virtual Z0 and photon exchange in
deep-inelastic muon scattering have been measured �17� and
found to be small and compatible with the standard model
expectations. They can be neglected in the kinematic range
of current experiments.
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The spin-dependent cross section terms, Eqs. �2.5� and
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or Q2 high. The structure function g1 is therefore best mea-
sured in the �anti�parallel configuration where it dominates
the spin-dependent cross section; g2 is best obtained from a
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a measurement of g1 . In all formulas used in this article, we
consider only the single-virtual-photon exchange. The inter-
ference effects between virtual Z0 and photon exchange in
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expectations. They can be neglected in the kinematic range
of current experiments.
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Cross section asymmetries…. 
•  Δσ|| = anti-parallel – parallel spin cross sections  
•  Δσperp= lepton-nucleon spins orthogonal  
•  Instead of measuring cross sections, it is prudent to measure 

the differences: Asymmetries in which many measurement 
imperfections might cancel: 

 
                                               

which are related to virtual photon-proton asymmetries A1,A2: 
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from measurements of cross section asymmetries in which
the spin-independent contribution cancels. The relevant
asymmetries are

A ��
�� �

2�̄
, A��

���

2�̄
, �2.7�

which are related to the virtual photon-proton asymmetries
A1 and A2 by

A ��D�A1��A2�, A��d�A2��A1�, �2.8�

where

A1�
�1/2��3/2
�1/2��3/2

�
g1��2g2

F1
,

A2�
2�TL

�1/2��3/2
��

g1�g2
F1

. �2.9�

In Eqs. �2.8� and �2.9�, D is the depolarization factor of the
virtual photon defined below and d , �, and � are the kine-
matic factors:

d�
�1�y��2y2/4

1�y /2 D , �2.10�

��
��1�y��2y2/4�

�1�y /2��1��2y /2� , �2.11�

��
��1�y /2�
1��2y /2 . �2.12�

The cross sections �1/2 and �3/2 refer to the absorption of a
transversely polarized virtual photon by a polarized proton
for total photon-proton angular momentum component along
the virtual photon axis of 1/2 and 3/2, respectively; �TL is an
interference cross section due to the helicity spin-flip ampli-
tude in forward Compton scattering �18�. The depolarization
factor D depends on y and on the ratio R��L /�T of longi-
tudinal and transverse photoabsorption cross sections:

D�
y�2�y ��1��2y /2�

y2�1��2��1�2ml
2/Q2��2�1�y��2y2/4��1�R �

.
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From Eqs. �2.8� and �2.9�, we can express the virtual
photon-proton asymmetry A1 in terms of g1 and A2 and find
the following relation for the longitudinal asymmetry:

A �

D ��1��2�
g1
F1

������A2 . �2.14�

The virtual-photon asymmetries are bounded by positivity
relations �A1��1 and �A2���R �19�. When the term propor-
tional to A2 is neglected in Eqs. �2.8� and �2.14�, the longi-
tudinal asymmetry is related to A1 and g1 by

A1�
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D ,
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F1

�
1

1��2
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D , �2.15�

respectively, where F1 is usually expressed in terms of F2
and R:

F1�
1��2

2x�1�R �
F2 . �2.16�

These relations are used in the present analysis for the evalu-
ation of g1 in bins of x and Q2, starting from the asymme-
tries measured in the parallel spin configuration and using
parametrizations of F2(x ,Q2) and R(x ,Q2).
The virtual photon-proton asymmetry A2 is evaluated

from the measured transverse and longitudinal asymmetries
A � and A� :

A2�
1

1��� � A�

d ��
A �

D � . �2.17�

From Eqs. �2.3� and �2.9�, A2 has an explicit 1/�Q2 depen-
dence and is therefore expected to be small at high energies.
The structure function g2 is obtained from the measured
asymmetries using Eqs. �2.9� and �2.17�.

C. Spin-dependent structure function g1
The significance of the spin-dependent structure function

g1 can be understood from the virtual photon asymmetry A1 .
As shown in Eq. �2.9�, A1�g1 /F1 or �1/2��3/2�g1 . In or-
der to conserve angular momentum, a virtual photon with
helicity �1 or �1 can only be absorbed by a quark with a
spin projection of � 1

2 or � 1
2 , respectively, if the quarks have

no orbital angular momentum. Hence, g1 contains informa-
tion on the quark spin orientations with respect to the proton
spin direction.
In the simplest quark-parton model, the quark densities

depend only on the momentum fraction x carried by the
quark, and g1 is given by

g1�x ��
1
2 �

i�1

n f

ei
2�qi�x �, �2.18�

where

�qi�x ��qi
��x ��qi

��x �� q̄ i
��x �� q̄ i

��x �, �2.19�

qi
� ( q̄ i

�) and qi
�( q̄ i

�) are the distribution functions of
quarks �antiquarks� with spin parallel and antiparallel to the
nucleon spin, respectively, ei is the electric charge of the
quarks of flavor i , and n f is the number of quark flavors
involved.
In QCD, quarks interact by gluon exchange, which gives

rise to a weak Q2 dependence of the structure functions. The
treatment of g1 in perturbative QCD follows closely that of
unpolarized parton distributions and structure functions �20�.
At a given scale Q2, g1 is related to the polarized quark and
gluon distributions by coefficient functions Cq and Cg
through �20�
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nucleon spin, respectively, ei is the electric charge of the
quarks of flavor i , and n f is the number of quark flavors
involved.
In QCD, quarks interact by gluon exchange, which gives

rise to a weak Q2 dependence of the structure functions. The
treatment of g1 in perturbative QCD follows closely that of
unpolarized parton distributions and structure functions �20�.
At a given scale Q2, g1 is related to the polarized quark and
gluon distributions by coefficient functions Cq and Cg
through �20�
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dence and is therefore expected to be small at high energies.
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g1 can be understood from the virtual photon asymmetry A1 .
As shown in Eq. �2.9�, A1�g1 /F1 or �1/2��3/2�g1 . In or-
der to conserve angular momentum, a virtual photon with
helicity �1 or �1 can only be absorbed by a quark with a
spin projection of � 1

2 or � 1
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tion on the quark spin orientations with respect to the proton
spin direction.
In the simplest quark-parton model, the quark densities

depend only on the momentum fraction x carried by the
quark, and g1 is given by
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In QCD, quarks interact by gluon exchange, which gives

rise to a weak Q2 dependence of the structure functions. The
treatment of g1 in perturbative QCD follows closely that of
unpolarized parton distributions and structure functions �20�.
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In QCD, quarks interact by gluon exchange, which gives

rise to a weak Q2 dependence of the structure functions. The
treatment of g1 in perturbative QCD follows closely that of
unpolarized parton distributions and structure functions �20�.
At a given scale Q2, g1 is related to the polarized quark and
gluon distributions by coefficient functions Cq and Cg
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In Eqs. �2.8� and �2.9�, D is the depolarization factor of the
virtual photon defined below and d , �, and � are the kine-
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From Eqs. �2.8� and �2.9�, we can express the virtual
photon-proton asymmetry A1 in terms of g1 and A2 and find
the following relation for the longitudinal asymmetry:
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The virtual-photon asymmetries are bounded by positivity
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These relations are used in the present analysis for the evalu-
ation of g1 in bins of x and Q2, starting from the asymme-
tries measured in the parallel spin configuration and using
parametrizations of F2(x ,Q2) and R(x ,Q2).
The virtual photon-proton asymmetry A2 is evaluated

from the measured transverse and longitudinal asymmetries
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From Eqs. �2.3� and �2.9�, A2 has an explicit 1/�Q2 depen-
dence and is therefore expected to be small at high energies.
The structure function g2 is obtained from the measured
asymmetries using Eqs. �2.9� and �2.17�.

C. Spin-dependent structure function g1
The significance of the spin-dependent structure function

g1 can be understood from the virtual photon asymmetry A1 .
As shown in Eq. �2.9�, A1�g1 /F1 or �1/2��3/2�g1 . In or-
der to conserve angular momentum, a virtual photon with
helicity �1 or �1 can only be absorbed by a quark with a
spin projection of � 1

2 or � 1
2 , respectively, if the quarks have

no orbital angular momentum. Hence, g1 contains informa-
tion on the quark spin orientations with respect to the proton
spin direction.
In the simplest quark-parton model, the quark densities

depend only on the momentum fraction x carried by the
quark, and g1 is given by
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where
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�) and qi
�( q̄ i

�) are the distribution functions of
quarks �antiquarks� with spin parallel and antiparallel to the
nucleon spin, respectively, ei is the electric charge of the
quarks of flavor i , and n f is the number of quark flavors
involved.
In QCD, quarks interact by gluon exchange, which gives

rise to a weak Q2 dependence of the structure functions. The
treatment of g1 in perturbative QCD follows closely that of
unpolarized parton distributions and structure functions �20�.
At a given scale Q2, g1 is related to the polarized quark and
gluon distributions by coefficient functions Cq and Cg
through �20�
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tude in forward Compton scattering �18�. The depolarization
factor D depends on y and on the ratio R��L /�T of longi-
tudinal and transverse photoabsorption cross sections:

D�
y�2�y ��1��2y /2�

y2�1��2��1�2ml
2/Q2��2�1�y��2y2/4��1�R �

.

�2.13�

From Eqs. �2.8� and �2.9�, we can express the virtual
photon-proton asymmetry A1 in terms of g1 and A2 and find
the following relation for the longitudinal asymmetry:

A �

D ��1��2�
g1
F1

������A2 . �2.14�

The virtual-photon asymmetries are bounded by positivity
relations �A1��1 and �A2���R �19�. When the term propor-
tional to A2 is neglected in Eqs. �2.8� and �2.14�, the longi-
tudinal asymmetry is related to A1 and g1 by

A1�
A �

D ,
g1
F1

�
1

1��2
A �

D , �2.15�

respectively, where F1 is usually expressed in terms of F2
and R:

F1�
1��2

2x�1�R �
F2 . �2.16�

These relations are used in the present analysis for the evalu-
ation of g1 in bins of x and Q2, starting from the asymme-
tries measured in the parallel spin configuration and using
parametrizations of F2(x ,Q2) and R(x ,Q2).
The virtual photon-proton asymmetry A2 is evaluated

from the measured transverse and longitudinal asymmetries
A � and A� :

A2�
1

1��� � A�

d ��
A �

D � . �2.17�

From Eqs. �2.3� and �2.9�, A2 has an explicit 1/�Q2 depen-
dence and is therefore expected to be small at high energies.
The structure function g2 is obtained from the measured
asymmetries using Eqs. �2.9� and �2.17�.

C. Spin-dependent structure function g1
The significance of the spin-dependent structure function

g1 can be understood from the virtual photon asymmetry A1 .
As shown in Eq. �2.9�, A1�g1 /F1 or �1/2��3/2�g1 . In or-
der to conserve angular momentum, a virtual photon with
helicity �1 or �1 can only be absorbed by a quark with a
spin projection of � 1

2 or � 1
2 , respectively, if the quarks have

no orbital angular momentum. Hence, g1 contains informa-
tion on the quark spin orientations with respect to the proton
spin direction.
In the simplest quark-parton model, the quark densities

depend only on the momentum fraction x carried by the
quark, and g1 is given by

g1�x ��
1
2 �

i�1

n f

ei
2�qi�x �, �2.18�

where

�qi�x ��qi
��x ��qi

��x �� q̄ i
��x �� q̄ i

��x �, �2.19�

qi
� ( q̄ i

�) and qi
�( q̄ i

�) are the distribution functions of
quarks �antiquarks� with spin parallel and antiparallel to the
nucleon spin, respectively, ei is the electric charge of the
quarks of flavor i , and n f is the number of quark flavors
involved.
In QCD, quarks interact by gluon exchange, which gives

rise to a weak Q2 dependence of the structure functions. The
treatment of g1 in perturbative QCD follows closely that of
unpolarized parton distributions and structure functions �20�.
At a given scale Q2, g1 is related to the polarized quark and
gluon distributions by coefficient functions Cq and Cg
through �20�
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g1�x ,t ��
1
2 �

k�1

n f ek
2

n f
�
x

1 dy
y �Cq

S� xy ,�s� t � ����y ,t �

�2n fCg� xy ,�s� t � ��g�y ,t �

�Cq
NS� xy ,�s� t � ��qNS�y ,t �� . �2.20�

In this equation, t�ln(Q2/�2), �s is the strong coupling con-
stant, and � is the scale parameter of QCD. The superscripts
‘‘S’’ and ‘‘NS,’’ respectively, indicate flavor-singlet and
nonsinglet parton distributions and coefficient functions;
�g(x ,t) is the polarized gluon distribution, and �� and
�qNS are the singlet and nonsinglet combinations of the po-
larized quark and antiquark distributions:

���x ,t ���
i�1

n f

�qi�x ,t �, �2.21�

�qNS�x ,t ����
i�1

n f � ei2� 1
n f �

k�1

n f

ek
2� � 1

n f �
k�1

n f

ek
2��qi�x ,t �.

�2.22�

The t dependence of the polarized quark and gluon distribu-
tions follows the Gribov-Lipatov-Altarelli-Parisi �GLAP�
equations �21,22�. As for the unpolarized distributions, the
polarized singlet and gluon distributions are coupled by

d
dt ���x ,t ��

�s� t �
2� �

x

1 dy
y �Pqq

S � xy ,�s� t � ����y ,t �

�2n fPqg� xy ,�s� t � ��g�y ,t �� , �2.23�

d
dt �g�x ,t ��

�s� t �
2� �

x

1 dy
y �Pgq� xy ,�s� t � ����y ,t �

�Pgg� xy ,�s� t � ��g�y ,t �� , �2.24�

whereas the nonsinglet distribution evolves independently of
the singlet and gluon distributions:

d
dt �qNS�x ,t ��

�s� t �
2� �

x

1 dy
y Pqq

NS� xy ,�s� t � ��qNS�y ,t �.

�2.25�

Here Pi j are the QCD splitting functions for polarized parton
distributions.
Expressions �2.20�, �2.23�, �2.24�, and �2.25� are valid in

all orders of perturbative QCD. The quark and gluon distri-
butions, coefficient functions, and splitting functions depend
on the mass factorization scale and on the renormalization
scale; we adopt here the simplest choice, setting both scales
equal to Q2. At leading order, the coefficient functions are

Cq
0,S� xy ,�s��Cq

0,NS� xy ,�s���� 1�
x
y � ,

Cg
0� xy ,�s��0. �2.26�

Note that g1 decouples from �g in this scheme.
Beyond leading order, the coefficient functions and the

splitting functions are not uniquely defined; they depend on
the renormalization scheme. The complete set of coefficient
functions has been computed in the modified minimal sub-
traction (MS) renormalization scheme up to order �s

2 �23�.
The O(�s

2) corrections to the polarized splitting functions
Pqq and Pqg have been computed in Ref. �23� and those to
Pgq and Pgg in �24,25�. This formalism allows a complete
next-to-leading order �NLO� QCD analysis of the scaling
violations of spin-dependent structure functions.
In QCD, the ratio g1 /F1 is Q2 dependent because the

splitting functions, with the exception of Pqq , are different
for polarized and unpolarized parton distributions. Both Pgq
and Pgg are different in the two cases because of a soft gluon
singularity at x�0, which is only present in the unpolarized
case. However, in kinematic regions dominated by valence
quarks, the Q2 dependence of g1 /F1 is expected to be small
�26�.

D. Small-x behavior of g1
The most important theoretical predictions for polarized

deep-inelastic scattering are the sum rules for the nucleon
structure functions g1 . The evaluation of the first moment of
g1 ,

�1�Q2���
0

1
g1�x ,Q2�dx , �2.27�

requires knowledge of g1 over the entire x region. Since the
experimentally accessible x range is limited, extrapolations
to x�0 and x�1 are unavoidable. The latter is not critical
because it is constrained by the bound �A1��1 and gives
only a small contribution to the integral. However, the small
x behavior of g1(x) is theoretically not well established and
evaluation of �1 depends critically on the assumption made
for this extrapolation.
From the Regge model it is expected that for Q2

�2M� , i.e., x→0, g1
p�g1

n and g1
p�g1

n behave like x�� �27�,
where � is the intercept of the lowest contributing Regge
trajectories. These trajectories are those of the pseudovector
mesons f 1 for the isosinglet combination, g1

p�g1
n and of a1

for the isotriplet combination, g1
p�g1

n , respectively. Their
intercepts are negative and assumed to be equal and in the
range �0.5���0. Such behavior has been assumed in most
analyses.
A flavor-singlet contribution to g1(x) that varies as

�2 ln(1/x)�1� �28� was obtained from a model where an
exchange of two nonperturbative gluons is assumed. Even
very divergent dependences like g1(x)�(x ln2 x)�1 were
considered �29�. Such dependences are not necessarily con-
sistent with the QCD evolution equations.
Expectations based on QCD calculations for the behavior

at small x of g1(x ,Q2) are twofold.
Resummation of standard Altarelli-Parisi corrections

gives �30–32�
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In this equation: 
 t   = ln(Q2/Λ2) 
 αS = strong interaction constant 
 S & NS stand for flavor singlet & 
flavor non-singlet 
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In this equation, t�ln(Q2/�2), �s is the strong coupling con-
stant, and � is the scale parameter of QCD. The superscripts
‘‘S’’ and ‘‘NS,’’ respectively, indicate flavor-singlet and
nonsinglet parton distributions and coefficient functions;
�g(x ,t) is the polarized gluon distribution, and �� and
�qNS are the singlet and nonsinglet combinations of the po-
larized quark and antiquark distributions:
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n f
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n f �
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n f

ek
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The t dependence of the polarized quark and gluon distribu-
tions follows the Gribov-Lipatov-Altarelli-Parisi �GLAP�
equations �21,22�. As for the unpolarized distributions, the
polarized singlet and gluon distributions are coupled by

d
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2� �

x

1 dy
y �Pqq

S � xy ,�s� t � ����y ,t �
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1 dy
y �Pgq� xy ,�s� t � ����y ,t �

�Pgg� xy ,�s� t � ��g�y ,t �� , �2.24�

whereas the nonsinglet distribution evolves independently of
the singlet and gluon distributions:

d
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�s� t �
2� �

x

1 dy
y Pqq

NS� xy ,�s� t � ��qNS�y ,t �.

�2.25�

Here Pi j are the QCD splitting functions for polarized parton
distributions.
Expressions �2.20�, �2.23�, �2.24�, and �2.25� are valid in

all orders of perturbative QCD. The quark and gluon distri-
butions, coefficient functions, and splitting functions depend
on the mass factorization scale and on the renormalization
scale; we adopt here the simplest choice, setting both scales
equal to Q2. At leading order, the coefficient functions are

Cq
0,S� xy ,�s��Cq

0,NS� xy ,�s���� 1�
x
y � ,

Cg
0� xy ,�s��0. �2.26�

Note that g1 decouples from �g in this scheme.
Beyond leading order, the coefficient functions and the

splitting functions are not uniquely defined; they depend on
the renormalization scheme. The complete set of coefficient
functions has been computed in the modified minimal sub-
traction (MS) renormalization scheme up to order �s

2 �23�.
The O(�s

2) corrections to the polarized splitting functions
Pqq and Pqg have been computed in Ref. �23� and those to
Pgq and Pgg in �24,25�. This formalism allows a complete
next-to-leading order �NLO� QCD analysis of the scaling
violations of spin-dependent structure functions.
In QCD, the ratio g1 /F1 is Q2 dependent because the

splitting functions, with the exception of Pqq , are different
for polarized and unpolarized parton distributions. Both Pgq
and Pgg are different in the two cases because of a soft gluon
singularity at x�0, which is only present in the unpolarized
case. However, in kinematic regions dominated by valence
quarks, the Q2 dependence of g1 /F1 is expected to be small
�26�.

D. Small-x behavior of g1
The most important theoretical predictions for polarized

deep-inelastic scattering are the sum rules for the nucleon
structure functions g1 . The evaluation of the first moment of
g1 ,

�1�Q2���
0

1
g1�x ,Q2�dx , �2.27�

requires knowledge of g1 over the entire x region. Since the
experimentally accessible x range is limited, extrapolations
to x�0 and x�1 are unavoidable. The latter is not critical
because it is constrained by the bound �A1��1 and gives
only a small contribution to the integral. However, the small
x behavior of g1(x) is theoretically not well established and
evaluation of �1 depends critically on the assumption made
for this extrapolation.
From the Regge model it is expected that for Q2

�2M� , i.e., x→0, g1
p�g1

n and g1
p�g1

n behave like x�� �27�,
where � is the intercept of the lowest contributing Regge
trajectories. These trajectories are those of the pseudovector
mesons f 1 for the isosinglet combination, g1

p�g1
n and of a1

for the isotriplet combination, g1
p�g1

n , respectively. Their
intercepts are negative and assumed to be equal and in the
range �0.5���0. Such behavior has been assumed in most
analyses.
A flavor-singlet contribution to g1(x) that varies as

�2 ln(1/x)�1� �28� was obtained from a model where an
exchange of two nonperturbative gluons is assumed. Even
very divergent dependences like g1(x)�(x ln2 x)�1 were
considered �29�. Such dependences are not necessarily con-
sistent with the QCD evolution equations.
Expectations based on QCD calculations for the behavior

at small x of g1(x ,Q2) are twofold.
Resummation of standard Altarelli-Parisi corrections

gives �30–32�
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g1�x ,t ��
1
2 �

k�1

n f ek
2

n f
�
x

1 dy
y �Cq

S� xy ,�s� t � ����y ,t �

�2n fCg� xy ,�s� t � ��g�y ,t �

�Cq
NS� xy ,�s� t � ��qNS�y ,t �� . �2.20�

In this equation, t�ln(Q2/�2), �s is the strong coupling con-
stant, and � is the scale parameter of QCD. The superscripts
‘‘S’’ and ‘‘NS,’’ respectively, indicate flavor-singlet and
nonsinglet parton distributions and coefficient functions;
�g(x ,t) is the polarized gluon distribution, and �� and
�qNS are the singlet and nonsinglet combinations of the po-
larized quark and antiquark distributions:

���x ,t ���
i�1

n f

�qi�x ,t �, �2.21�

�qNS�x ,t ����
i�1

n f � ei2� 1
n f �

k�1

n f

ek
2� � 1

n f �
k�1

n f

ek
2��qi�x ,t �.

�2.22�

The t dependence of the polarized quark and gluon distribu-
tions follows the Gribov-Lipatov-Altarelli-Parisi �GLAP�
equations �21,22�. As for the unpolarized distributions, the
polarized singlet and gluon distributions are coupled by

d
dt ���x ,t ��

�s� t �
2� �

x

1 dy
y �Pqq

S � xy ,�s� t � ����y ,t �

�2n fPqg� xy ,�s� t � ��g�y ,t �� , �2.23�

d
dt �g�x ,t ��

�s� t �
2� �

x

1 dy
y �Pgq� xy ,�s� t � ����y ,t �

�Pgg� xy ,�s� t � ��g�y ,t �� , �2.24�

whereas the nonsinglet distribution evolves independently of
the singlet and gluon distributions:

d
dt �qNS�x ,t ��

�s� t �
2� �

x

1 dy
y Pqq

NS� xy ,�s� t � ��qNS�y ,t �.

�2.25�

Here Pi j are the QCD splitting functions for polarized parton
distributions.
Expressions �2.20�, �2.23�, �2.24�, and �2.25� are valid in

all orders of perturbative QCD. The quark and gluon distri-
butions, coefficient functions, and splitting functions depend
on the mass factorization scale and on the renormalization
scale; we adopt here the simplest choice, setting both scales
equal to Q2. At leading order, the coefficient functions are

Cq
0,S� xy ,�s��Cq

0,NS� xy ,�s���� 1�
x
y � ,

Cg
0� xy ,�s��0. �2.26�

Note that g1 decouples from �g in this scheme.
Beyond leading order, the coefficient functions and the

splitting functions are not uniquely defined; they depend on
the renormalization scheme. The complete set of coefficient
functions has been computed in the modified minimal sub-
traction (MS) renormalization scheme up to order �s

2 �23�.
The O(�s

2) corrections to the polarized splitting functions
Pqq and Pqg have been computed in Ref. �23� and those to
Pgq and Pgg in �24,25�. This formalism allows a complete
next-to-leading order �NLO� QCD analysis of the scaling
violations of spin-dependent structure functions.
In QCD, the ratio g1 /F1 is Q2 dependent because the

splitting functions, with the exception of Pqq , are different
for polarized and unpolarized parton distributions. Both Pgq
and Pgg are different in the two cases because of a soft gluon
singularity at x�0, which is only present in the unpolarized
case. However, in kinematic regions dominated by valence
quarks, the Q2 dependence of g1 /F1 is expected to be small
�26�.

D. Small-x behavior of g1
The most important theoretical predictions for polarized

deep-inelastic scattering are the sum rules for the nucleon
structure functions g1 . The evaluation of the first moment of
g1 ,

�1�Q2���
0

1
g1�x ,Q2�dx , �2.27�

requires knowledge of g1 over the entire x region. Since the
experimentally accessible x range is limited, extrapolations
to x�0 and x�1 are unavoidable. The latter is not critical
because it is constrained by the bound �A1��1 and gives
only a small contribution to the integral. However, the small
x behavior of g1(x) is theoretically not well established and
evaluation of �1 depends critically on the assumption made
for this extrapolation.
From the Regge model it is expected that for Q2

�2M� , i.e., x→0, g1
p�g1

n and g1
p�g1

n behave like x�� �27�,
where � is the intercept of the lowest contributing Regge
trajectories. These trajectories are those of the pseudovector
mesons f 1 for the isosinglet combination, g1

p�g1
n and of a1

for the isotriplet combination, g1
p�g1

n , respectively. Their
intercepts are negative and assumed to be equal and in the
range �0.5���0. Such behavior has been assumed in most
analyses.
A flavor-singlet contribution to g1(x) that varies as

�2 ln(1/x)�1� �28� was obtained from a model where an
exchange of two nonperturbative gluons is assumed. Even
very divergent dependences like g1(x)�(x ln2 x)�1 were
considered �29�. Such dependences are not necessarily con-
sistent with the QCD evolution equations.
Expectations based on QCD calculations for the behavior

at small x of g1(x ,Q2) are twofold.
Resummation of standard Altarelli-Parisi corrections

gives �30–32�
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In this equation, t�ln(Q2/�2), �s is the strong coupling con-
stant, and � is the scale parameter of QCD. The superscripts
‘‘S’’ and ‘‘NS,’’ respectively, indicate flavor-singlet and
nonsinglet parton distributions and coefficient functions;
�g(x ,t) is the polarized gluon distribution, and �� and
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The t dependence of the polarized quark and gluon distribu-
tions follows the Gribov-Lipatov-Altarelli-Parisi �GLAP�
equations �21,22�. As for the unpolarized distributions, the
polarized singlet and gluon distributions are coupled by
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the singlet and gluon distributions:
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Here Pi j are the QCD splitting functions for polarized parton
distributions.
Expressions �2.20�, �2.23�, �2.24�, and �2.25� are valid in

all orders of perturbative QCD. The quark and gluon distri-
butions, coefficient functions, and splitting functions depend
on the mass factorization scale and on the renormalization
scale; we adopt here the simplest choice, setting both scales
equal to Q2. At leading order, the coefficient functions are
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Note that g1 decouples from �g in this scheme.
Beyond leading order, the coefficient functions and the

splitting functions are not uniquely defined; they depend on
the renormalization scheme. The complete set of coefficient
functions has been computed in the modified minimal sub-
traction (MS) renormalization scheme up to order �s

2 �23�.
The O(�s

2) corrections to the polarized splitting functions
Pqq and Pqg have been computed in Ref. �23� and those to
Pgq and Pgg in �24,25�. This formalism allows a complete
next-to-leading order �NLO� QCD analysis of the scaling
violations of spin-dependent structure functions.
In QCD, the ratio g1 /F1 is Q2 dependent because the

splitting functions, with the exception of Pqq , are different
for polarized and unpolarized parton distributions. Both Pgq
and Pgg are different in the two cases because of a soft gluon
singularity at x�0, which is only present in the unpolarized
case. However, in kinematic regions dominated by valence
quarks, the Q2 dependence of g1 /F1 is expected to be small
�26�.

D. Small-x behavior of g1
The most important theoretical predictions for polarized

deep-inelastic scattering are the sum rules for the nucleon
structure functions g1 . The evaluation of the first moment of
g1 ,
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0

1
g1�x ,Q2�dx , �2.27�

requires knowledge of g1 over the entire x region. Since the
experimentally accessible x range is limited, extrapolations
to x�0 and x�1 are unavoidable. The latter is not critical
because it is constrained by the bound �A1��1 and gives
only a small contribution to the integral. However, the small
x behavior of g1(x) is theoretically not well established and
evaluation of �1 depends critically on the assumption made
for this extrapolation.
From the Regge model it is expected that for Q2

�2M� , i.e., x→0, g1
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n and g1
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n behave like x�� �27�,
where � is the intercept of the lowest contributing Regge
trajectories. These trajectories are those of the pseudovector
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n and of a1

for the isotriplet combination, g1
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n , respectively. Their
intercepts are negative and assumed to be equal and in the
range �0.5���0. Such behavior has been assumed in most
analyses.
A flavor-singlet contribution to g1(x) that varies as

�2 ln(1/x)�1� �28� was obtained from a model where an
exchange of two nonperturbative gluons is assumed. Even
very divergent dependences like g1(x)�(x ln2 x)�1 were
considered �29�. Such dependences are not necessarily con-
sistent with the QCD evolution equations.
Expectations based on QCD calculations for the behavior

at small x of g1(x ,Q2) are twofold.
Resummation of standard Altarelli-Parisi corrections

gives �30–32�

5334 56D. ADAMS et al.



Abhay Deshpande

Beyond the leading order coefficient & splitting functions 
are not uniquely defined: There are some favorite schemes 
of theorists, each with distinct calculation advantage. 
•  Most are now available at  
•  More comments on this in various theory talks 
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g1�x ,t ��
1
2 �

k�1

n f ek
2

n f
�
x

1 dy
y �Cq

S� xy ,�s� t � ����y ,t �

�2n fCg� xy ,�s� t � ��g�y ,t �

�Cq
NS� xy ,�s� t � ��qNS�y ,t �� . �2.20�

In this equation, t�ln(Q2/�2), �s is the strong coupling con-
stant, and � is the scale parameter of QCD. The superscripts
‘‘S’’ and ‘‘NS,’’ respectively, indicate flavor-singlet and
nonsinglet parton distributions and coefficient functions;
�g(x ,t) is the polarized gluon distribution, and �� and
�qNS are the singlet and nonsinglet combinations of the po-
larized quark and antiquark distributions:

���x ,t ���
i�1

n f

�qi�x ,t �, �2.21�

�qNS�x ,t ����
i�1

n f � ei2� 1
n f �

k�1

n f

ek
2� � 1

n f �
k�1

n f

ek
2��qi�x ,t �.

�2.22�

The t dependence of the polarized quark and gluon distribu-
tions follows the Gribov-Lipatov-Altarelli-Parisi �GLAP�
equations �21,22�. As for the unpolarized distributions, the
polarized singlet and gluon distributions are coupled by

d
dt ���x ,t ��

�s� t �
2� �

x

1 dy
y �Pqq

S � xy ,�s� t � ����y ,t �

�2n fPqg� xy ,�s� t � ��g�y ,t �� , �2.23�

d
dt �g�x ,t ��

�s� t �
2� �

x

1 dy
y �Pgq� xy ,�s� t � ����y ,t �

�Pgg� xy ,�s� t � ��g�y ,t �� , �2.24�

whereas the nonsinglet distribution evolves independently of
the singlet and gluon distributions:

d
dt �qNS�x ,t ��

�s� t �
2� �

x

1 dy
y Pqq

NS� xy ,�s� t � ��qNS�y ,t �.

�2.25�

Here Pi j are the QCD splitting functions for polarized parton
distributions.
Expressions �2.20�, �2.23�, �2.24�, and �2.25� are valid in

all orders of perturbative QCD. The quark and gluon distri-
butions, coefficient functions, and splitting functions depend
on the mass factorization scale and on the renormalization
scale; we adopt here the simplest choice, setting both scales
equal to Q2. At leading order, the coefficient functions are

Cq
0,S� xy ,�s��Cq

0,NS� xy ,�s���� 1�
x
y � ,

Cg
0� xy ,�s��0. �2.26�

Note that g1 decouples from �g in this scheme.
Beyond leading order, the coefficient functions and the

splitting functions are not uniquely defined; they depend on
the renormalization scheme. The complete set of coefficient
functions has been computed in the modified minimal sub-
traction (MS) renormalization scheme up to order �s

2 �23�.
The O(�s

2) corrections to the polarized splitting functions
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next-to-leading order �NLO� QCD analysis of the scaling
violations of spin-dependent structure functions.
In QCD, the ratio g1 /F1 is Q2 dependent because the

splitting functions, with the exception of Pqq , are different
for polarized and unpolarized parton distributions. Both Pgq
and Pgg are different in the two cases because of a soft gluon
singularity at x�0, which is only present in the unpolarized
case. However, in kinematic regions dominated by valence
quarks, the Q2 dependence of g1 /F1 is expected to be small
�26�.

D. Small-x behavior of g1
The most important theoretical predictions for polarized

deep-inelastic scattering are the sum rules for the nucleon
structure functions g1 . The evaluation of the first moment of
g1 ,

�1�Q2���
0

1
g1�x ,Q2�dx , �2.27�

requires knowledge of g1 over the entire x region. Since the
experimentally accessible x range is limited, extrapolations
to x�0 and x�1 are unavoidable. The latter is not critical
because it is constrained by the bound �A1��1 and gives
only a small contribution to the integral. However, the small
x behavior of g1(x) is theoretically not well established and
evaluation of �1 depends critically on the assumption made
for this extrapolation.
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�2M� , i.e., x→0, g1
p�g1

n and g1
p�g1

n behave like x�� �27�,
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p�g1
n and of a1

for the isotriplet combination, g1
p�g1

n , respectively. Their
intercepts are negative and assumed to be equal and in the
range �0.5���0. Such behavior has been assumed in most
analyses.
A flavor-singlet contribution to g1(x) that varies as

�2 ln(1/x)�1� �28� was obtained from a model where an
exchange of two nonperturbative gluons is assumed. Even
very divergent dependences like g1(x)�(x ln2 x)�1 were
considered �29�. Such dependences are not necessarily con-
sistent with the QCD evolution equations.
Expectations based on QCD calculations for the behavior

at small x of g1(x ,Q2) are twofold.
Resummation of standard Altarelli-Parisi corrections

gives �30–32�
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Whenever you hear 
Analysis done at  
“Leading order” 
--This means quark-
gluon interactions 
are dropped from 
consideration 



Abhay Deshpande

Life was easy in the Quark 
Parton Model (QPM) 
Until first spin experiments were done! 
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“If I had known this earlier, 
I would have done Biology” 
--W. Pauli 
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Understanding the proton structure: 
Friedman, Kendall, Taylor: 1960’s SLAC Experiment  
1990 Nobel Prize: "for their pioneering investigations concerning deep 
inelastic scattering of electrons on protons and bound neutrons, 
which have been of essential importance for the development of the quark 
model in particle physics". 
 

Obvious next Question:  
Could we understand other properties of proton,  
e.g. SPIN, in the quark-parton model?  
Proton Spin = ½, each quark is a spin ½ particle… 
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•  predict: quarks carry the proton spin 

= + 

u d proton 

•  expect higher Fock states : 

•  model expectation:  ~ 70% of proton spin due to  
   quark and anti-quark spins 

Measure in deeply-inelastic processes! !
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Structure Functions & PDFs 
•  The F1 and F2 are unpolarized structure functions or 

momentum distributions 
•  The g1 and g2 are polarized structure functions or spin 

distributions 
•  In QPM   

•  F2(x) = 2xF1     (Calan Gross relation) 
•  g2  = 0              (Twist 3 quark gluon correlations) 
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Nucleon spin & Quark Probabilities 
• Define 

•  With q+ and q- probabilities of quark & anti-quark with spin parallel 
and anti-parallel to the nucleon spin 

•  Total quark contribution then can be written as: 

•  The nucleon spin composition  

 

New: we know only now 
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Nucleon’s Spin: Naïve Quark Parton 
Model 
• Protons and Neutrons are spin 1/2 particles 
• Quarks that constitute them are also spin 1/2 particles 

•                                  And there are three of them in the 
                                              Proton: u u d            Neutron: u d d 

S proton = Sum of all quark spins! 
 
            ? 
1/2      = 1/2  + 1/2 + 1/2   
 
1/2      = 1/2  - 1/2  + 1/2 
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How was the Quark Spin measured? 
• Deep Inelastic  polarized electron or muon  scattering 

µ 

µ	


Spin 1 γ* 
Spin 1/2 quarks 
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Measurements of spin structure functions: 
What issues we need to worry about? 
 
1) Design of experiments, operational issues 
2) Calculations of spin structure functions 
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Experimental Needs in DIS 

Polarized target, polarized beam 
•  Polarized targets: hydrogen (p), deuteron (pn), helium (3He: 2p+n)  
•  Polarized beams: electron,muon used in DIS experiments 
 
Determine the kinematics: measure with high accuracy: 
•  Energy of incoming lepton 
•  Energy, direction of scattered lepton: energy, direction 
•  Good identification of scattered lepton 
 
Control of false asymmetries: 
•  Need excellent understanding and control of false asymmetries 

(time variation of the detector efficiency etc.) 
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Experimental issues 

Possible sources of false asymmetries: 
•  beam flux 
•  target size 
•  detector size 
•  detector efficiency 

beam target 
detector 
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An Ideal Situation 

 
If all other things are equal, they cancel in the ratio and…. 
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A Typical Setup 
•   Experiment setup (EMC, SMC, COMPASS@CERN) 

•  Target polarization direction reversed every 6-8 hrs 
•  Typically experiments try to limit false asymmetries to be about 

10 times smaller than the physics asymmetry of interest  
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Asymmetry Measurement 

•  f = dilution factor proportional to the polarizable nucleons of 
interest in the target “material” used, for example for NH3, 
f=3/17 

 
 

• D is the depolarization factor, kinematics, polarization 
transfer from polarized lepton to photon, D ~ y2 
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First Moments of SPIN SFs 
• With  

 a3=ga  a8 a0 

Neutron decay (3F-D)/3 
Hyperon Decay 

ΔΣ 
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First moment of g1
p(x) : Ellis-Jaffe SR 

Assuming SU(3)f & Δs = 0 , Ellis & Jaffe: 
 
Measurements were done at SLAC (E80, E130) Experiments: 

Low 8-20 GeV electron beam on fixed target 
Did not reach low enough x  xmin ~ 10-2 
Found consistency of data and E-J sum rule above  
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a3 =
gA

gV
= F + D = 1.2601± 0.0025

a8 = 3F −D =⇒ F/D = 0.575± 0.016

Γp
1 = 0.170± 0.004
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European Muon Collaboration at CERN 

•  160 GeV muon beam (lower intensity), but significantly 
higher energy 

• Significantly LOWER X reach  xmin ~ 10-3 

• Polarized target 

• Repeated experiment for A1 and measured g1 of the 
proton! 
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Proton Spin Crisis (1989)! 

Δ Σ  = (0.12)  +/- (0.17) (EMC, 1989)  
Δ Σ  = 0.58 expected from E-J sum rule….!
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Extrapolations! 
The most simplistic but intuitive theoretical predictions for the 
polarized deep inelastic scattering are the sum rules for the 
nucleon structure function g1.  
 
 
Due to experimental limitations, accessibility of x range is limited, 
and extrapolations to x= 0 and x = 1 are unavoidable. 
 
Extrapolations to x = 1, are somewhat less problematic:  

Small contribution to the integral 
Future precisions studies at JLab 12GeV of great interest 

Low x behavior of g1(x) is theoretically not well established 
hence of significant debate and excitement in the community  
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|A1| ≤ 1
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Low x behavior of g1 
• Regge models (mostly used until mid 1990s): 
 

Where α is the intercept of the lowest contributing Regge 
trajectories 

• Other model dependent expectations (non-QCD based): 

• QCD based calculations: 
Resummation of AP: 
Resum of leading power of ln(1/x) gives: 
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Q2 << 2Mν, i.e. , x→ 0, gp
1 ± gn

1 → x−α

g1(x) ∝ [2 ln(1/x)− 1] g1(x) ∝ (x ln2x)−1

g1�x ,Q2��exp A�ln��x�Q0
2�/�s�Q2��ln�1/x �,

�2.28�

for the nonsinglet and singlet parts of g1 .
Resummation of leading powers of ln(1/x) gives

g1
NS�x ,Q2��x�wNS, wNS�0.4, �2.29�

g1
S�x ,Q2��x�wS, wS�3wNS , �2.30�

for the nonsinglet �33� and singlet �34� parts, respectively.

E. Sum-rule predictions

1. First moment of g1 and the operator product expansion

A powerful tool to study moments of structure functions
is provided by the operator product expansion �OPE�, where
the product of the leptonic and the hadronic tensors describ-
ing polarized deep-inelastic lepton-nucleon scattering re-
duces to the expansion of the product of two electromagnetic
currents. At leading twist, the only gauge-invariant contribu-
tions are due to the nonsinglet and singlet axial currents
�35,36�. If only the contributions from the three lightest
quark flavors are considered, the axial current operator Ak
can be expressed in terms of the SU�3� flavor matrices �k
(k�1, . . . ,8) and �0�2I as �36�

A�
k ��̄

�k

2 �5��� , �2.31�

and the first moment of g1 is given by

s��1
p�n ��Q2��

C1
S�Q2�

9 ��ps�A�
0 �ps���

C1
NS�Q2�

6

����� ��ps�A�
3 �ps��

1
)

�ps�A�
8 �ps�� ,

�2.32�

where C1
NS and C1

S are the nonsinglet and singlet coefficient
functions, respectively. The proton matrix elements for mo-
mentum p and spin s , �ps�A�

i �ps�, can be related to those of
the neutron by assuming isospin symmetry. In terms of the
axial charge matrix element �axial coupling� for flavor qi and
the covariant spin vector s� ,

s�ai�Q2���ps�q̄ i�5��qi�ps� , �2.33�

they can be written as

�ps�A�
3 �ps��

s�

2 a3�
s�

2 �au�ad��
s�

2 �gAgV�, �2.34�

�ps�A�
8 �ps��

s�

2)
a8�

s�

2)
�au�ad�2as�, �2.35�

�ps�A�
0 �ps��s�a0�s��au�ad�as��s�a0�Q2�,

�2.36�

where the Q2 dependence of au , ad , and as is implied from
now on and is discussed in Sec. II F. The matrix element a3

in Eq. �2.34� under isospin symmetry is equal to the neutron
�-decay constant gA /gV . If exact SU�3� symmetry is as-
sumed for the axial flavor-octet current, the axial couplings
a3 and a8 in Eqs. �2.34� and �2.35� can be expressed in terms
of coupling constants F and D , obtained from neutron and
hyperon � decays �3�, as

a3�F�D , a8�3F�D . �2.37�

The effects of a possible SU�3� symmetry breaking will be
discussed in Sec. VIII B.
The first moment of the polarized quark distribution for

flavor qi , that is, �qi���qi(x)dx , is the contribution of
flavor qi to the spin of the nucleon. In the QPM, ai is inter-
preted as �qi and a0 as ����u��d��s . In this frame-
work, the moments of x�u , x�d , and x�s are bound by a
positivity limit given by the corresponding moments of
xu ,xd ,xs , . . . obtained from unpolarized structure functions.
In Sec. II F we will see that the U�1� anomaly modifies this
simple interpretation of the axial couplings.
When Q2 is above the charm threshold (2mc)2, four fla-

vors must be considered and an additional proton matrix el-
ement must be defined,

�ps�A�
15�ps��

s�

2�6
�au�ad�as�3ac��

s�

2�6
a15 ,

�2.38�

while the singlet matrix element becomes s�(au�ad�as
�ac).

2. Bjorken sum rule

The Bjorken sum rule �4� is an immediate consequence of
Eqs. �2.32� and �2.34�. In the QPM where C1

NS�1,

�1
p��1

n�
1
6 �gAgV�. �2.39�

In this form, the sum rule was first derived by Bjorken from
current algebra and isospin symmetry, and has since been
recognized as a cornerstone of the QPM.
The Bjorken sum rule is a rigorous prediction of QCD in

the limit of infinite momentum transfer. It is subject to QCD
radiative corrections at finite values of Q2 �35,37�. These
QCD corrections have recently been computed up to O(�s

3)
�38� and the O(�s

4) correction has been estimated �39�. Since
the Bjorken sum rule is a pure flavor-nonsinglet expression,
these corrections are given by the nonsinglet coefficient
function C1

NS :

�1
p��1

n�
1
6 �gAgV�C1NS . �2.40�

Beyond leading order, C1
NS depends on the number of flavors

and on the renormalization scheme. Table I shows the coef-
ficients ci

NS of the expansion
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is provided by the operator product expansion �OPE�, where
the product of the leptonic and the hadronic tensors describ-
ing polarized deep-inelastic lepton-nucleon scattering re-
duces to the expansion of the product of two electromagnetic
currents. At leading twist, the only gauge-invariant contribu-
tions are due to the nonsinglet and singlet axial currents
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where C1
NS and C1

S are the nonsinglet and singlet coefficient
functions, respectively. The proton matrix elements for mo-
mentum p and spin s , �ps�A�

i �ps�, can be related to those of
the neutron by assuming isospin symmetry. In terms of the
axial charge matrix element �axial coupling� for flavor qi and
the covariant spin vector s� ,
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they can be written as
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where the Q2 dependence of au , ad , and as is implied from
now on and is discussed in Sec. II F. The matrix element a3

in Eq. �2.34� under isospin symmetry is equal to the neutron
�-decay constant gA /gV . If exact SU�3� symmetry is as-
sumed for the axial flavor-octet current, the axial couplings
a3 and a8 in Eqs. �2.34� and �2.35� can be expressed in terms
of coupling constants F and D , obtained from neutron and
hyperon � decays �3�, as

a3�F�D , a8�3F�D . �2.37�

The effects of a possible SU�3� symmetry breaking will be
discussed in Sec. VIII B.
The first moment of the polarized quark distribution for

flavor qi , that is, �qi���qi(x)dx , is the contribution of
flavor qi to the spin of the nucleon. In the QPM, ai is inter-
preted as �qi and a0 as ����u��d��s . In this frame-
work, the moments of x�u , x�d , and x�s are bound by a
positivity limit given by the corresponding moments of
xu ,xd ,xs , . . . obtained from unpolarized structure functions.
In Sec. II F we will see that the U�1� anomaly modifies this
simple interpretation of the axial couplings.
When Q2 is above the charm threshold (2mc)2, four fla-

vors must be considered and an additional proton matrix el-
ement must be defined,
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while the singlet matrix element becomes s�(au�ad�as
�ac).

2. Bjorken sum rule

The Bjorken sum rule �4� is an immediate consequence of
Eqs. �2.32� and �2.34�. In the QPM where C1

NS�1,
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In this form, the sum rule was first derived by Bjorken from
current algebra and isospin symmetry, and has since been
recognized as a cornerstone of the QPM.
The Bjorken sum rule is a rigorous prediction of QCD in

the limit of infinite momentum transfer. It is subject to QCD
radiative corrections at finite values of Q2 �35,37�. These
QCD corrections have recently been computed up to O(�s

3)
�38� and the O(�s

4) correction has been estimated �39�. Since
the Bjorken sum rule is a pure flavor-nonsinglet expression,
these corrections are given by the nonsinglet coefficient
function C1

NS :

�1
p��1

n�
1
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Beyond leading order, C1
NS depends on the number of flavors
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1. First moment of g1 and the operator product expansion

A powerful tool to study moments of structure functions
is provided by the operator product expansion �OPE�, where
the product of the leptonic and the hadronic tensors describ-
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duces to the expansion of the product of two electromagnetic
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the neutron by assuming isospin symmetry. In terms of the
axial charge matrix element �axial coupling� for flavor qi and
the covariant spin vector s� ,

s�ai�Q2���ps�q̄ i�5��qi�ps� , �2.33�

they can be written as

�ps�A�
3 �ps��

s�

2 a3�
s�

2 �au�ad��
s�

2 �gAgV�, �2.34�

�ps�A�
8 �ps��

s�

2)
a8�

s�

2)
�au�ad�2as�, �2.35�

�ps�A�
0 �ps��s�a0�s��au�ad�as��s�a0�Q2�,

�2.36�

where the Q2 dependence of au , ad , and as is implied from
now on and is discussed in Sec. II F. The matrix element a3

in Eq. �2.34� under isospin symmetry is equal to the neutron
�-decay constant gA /gV . If exact SU�3� symmetry is as-
sumed for the axial flavor-octet current, the axial couplings
a3 and a8 in Eqs. �2.34� and �2.35� can be expressed in terms
of coupling constants F and D , obtained from neutron and
hyperon � decays �3�, as

a3�F�D , a8�3F�D . �2.37�

The effects of a possible SU�3� symmetry breaking will be
discussed in Sec. VIII B.
The first moment of the polarized quark distribution for

flavor qi , that is, �qi���qi(x)dx , is the contribution of
flavor qi to the spin of the nucleon. In the QPM, ai is inter-
preted as �qi and a0 as ����u��d��s . In this frame-
work, the moments of x�u , x�d , and x�s are bound by a
positivity limit given by the corresponding moments of
xu ,xd ,xs , . . . obtained from unpolarized structure functions.
In Sec. II F we will see that the U�1� anomaly modifies this
simple interpretation of the axial couplings.
When Q2 is above the charm threshold (2mc)2, four fla-

vors must be considered and an additional proton matrix el-
ement must be defined,

�ps�A�
15�ps��

s�

2�6
�au�ad�as�3ac��

s�

2�6
a15 ,

�2.38�

while the singlet matrix element becomes s�(au�ad�as
�ac).

2. Bjorken sum rule

The Bjorken sum rule �4� is an immediate consequence of
Eqs. �2.32� and �2.34�. In the QPM where C1

NS�1,

�1
p��1

n�
1
6 �gAgV�. �2.39�

In this form, the sum rule was first derived by Bjorken from
current algebra and isospin symmetry, and has since been
recognized as a cornerstone of the QPM.
The Bjorken sum rule is a rigorous prediction of QCD in

the limit of infinite momentum transfer. It is subject to QCD
radiative corrections at finite values of Q2 �35,37�. These
QCD corrections have recently been computed up to O(�s

3)
�38� and the O(�s

4) correction has been estimated �39�. Since
the Bjorken sum rule is a pure flavor-nonsinglet expression,
these corrections are given by the nonsinglet coefficient
function C1

NS :

�1
p��1

n�
1
6 �gAgV�C1NS . �2.40�

Beyond leading order, C1
NS depends on the number of flavors

and on the renormalization scheme. Table I shows the coef-
ficients ci

NS of the expansion
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A collection of low x behaviors: 
•  Low x behavior all over the 

place 

• No theoretical guidance for 
which one is correct 

• Only logical path is though 
measurements. 
•  Not easy 
•  But planned in future 
•  See lectures on EIC later in 

the week. 
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Deshpande, Hughes, Lichtenstadt, HERA low x WS (1999) 
Simulated data for polarized e-p scattering shown in the 
 figure. Polarized HERA was not realize!  
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Evolution: Our Understanding of Nucleon Spin 

? 
1980s 1990/2000s 

We have come a long way, but do we understand nucleon spin? 
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ΔΣ = 0.12 +/- 0.17  
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Lesson: 
• Every time we explored a physical observable with “spin” as 

one of the experimental variable, we have learnt something 
new about nature…. 

• But was this really a “ spin crisis”? 
•  Experimental uncertainties too large 
•  The assumptions:  naïve (constituent) quark model  
•  We needed to examine and improve on both fronts! 

This is precisely what was done in the 
following decade…. 
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How significant is this? 

“It could the discovery 
of the century. 
Depending, of course 
on how far below it 
goes…” 


