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NTroduction

e My topic concerns the holographic correspondence between gauge theo-
ries and string theory.

e It has several ramifications and applications.

e [ here are many researchers in the Paris area and FRIF that are doing
related research.

e I will not be able to cover all possible aspects.
e I will focus on potential applications to the physics of QCD.

e I will be mostly descriptive (no technical details) and will cut many corners
(for simplicity and clarity)

e I will be happy to answer detailed questions, (if not urgent preferably at
the end).
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oco |

e Despite decades of progress, QCD remains a challenging theory for physi-
cists, due to the strong coupling problem in the IR.

e Asymptotic freedom, combined with non-perturbative equilibrium ap-
proaches (numerical lattice gauge theory), a lot of phenomenological mod-
els and 44 decades of experiments have convinced us today that QCD
describes the strong interactions.

e But when we ask for the rate of a complex process in a collider at higher
energies, we can still be easily off by 30%.

e We do think that we have good qualitative understanding of the many
non-perturbative phenomena that appear in QCD (probably with the ex-
ception of finite density physics).

e We would like to eventually be able to precisely also calculate non-
perturbative processes. This is, among other things, crucial for searching
for new physics as the LHC has recently made the point.



e The only first principles approach we have so far, (numerical lattice gauge
theory), has gone a long way since Wilson's foundational paper in 1974,
but has two important limitations:

a) Finite computational resources

b) In principle limitations in computing dynamical processes at finite tem-
perature and density.

e In 1974 't Hooft suggested that the large-/N. expansion in gauge theories
may provide an alternative and controllable approximation to handle the
strong coupling region and effects, (suggesting also a relationship to a
string theory).

e For 204+ years the nature of this string theory remained elusive, despite
a lot of theoretical effort in that direction.

e In 1997 Maldacena conjectured a precise correspondence for a more sym-
metric cousin of Yang-Mills (YM) theory.



e This conjecture (known today as the AdS/CFT correspondence) provides
a duality between two very different looking theories:

(a) a 4d highly supersymmetric gauge theory (N=4 super YM theory= the
4d QFT with maximal supersymmetry)

and

(b) a ten-dimensional string theory in a background spacetime metric AdSgx
S (with a single boundary that is M, x S°)

There were many surprises in this duality and new intuition that developed.

& There is the presence of extra dimensions. One of them (the holographic
direction, transverse to the boundary) we understand today as the RG scale
of the QFT.

& We also more-or-less understand why the metric g, and other string the-
ory fields, that are non-dynamical sources in the QFT, become dynamical
fields in the string theory



e Thereis one-to-one correspondence between on-shell string states ®(r, z#)
and gauge-invariant (single-trace) operators O(z*) in the sYM theory

& The S° directions in the N=4 sYM dual are generated by the eigenvalue
distributions of the extra SU(N.:)) matrix fields in the large N¢ limit.

& For QFTs with less adjoint fields like standard QCD, they are not ex-
pected to appear in the dual string theory.



e [ he conjecture was tested in many controllable contexts but still remains
a conjecture. Few doubt it validity.

e [ he duality was extended further to more QFTs but asymptotically-free
theories remain out of controllable reach so far.

e \We can use the duality to solve N=4 sYM at N — oo and A\ — o©
(supergravity approximation), but we have not solved yet the theory at
N — oo and arbitrary \.

e However, the string-theory formulation gave rise to a system that is
integrable, and a lot of progress has been made towards an exact solution

(ex: the interquark potential has been calculated exactly as a function of A, at N. — o0).

e In the coming decade we will probably witness the first time a non-trivial
4d QFT will be solved exactly (albeit at N, — o)

e [ here are already ideas that suggest that even the finite-N, N=4 sYM
will be integrable.



e [ hisis a big surprise because we were brought up to believe that )\q54 and
QED are the simplest QFTs in 4d, much simpler that non-abelian gauge
theories.

e What we learn today is that N=4 sYM is in many respects the simplest
4d QFT.

e Interestingly, an analogous large N, theory in 3 dimensions (N=8 ABJM
theory=the CFT with maximal supersymmetry in 3d), seems much harder
to tackle than N =4 sYM in four dimensions.

e \We have even for the first time strong evidence and a string theory
formulation of a family of non-trivial Conformal Field Theories (CFTs) in
6 dimensions. Such theories were not suspected to exist because in 6d, all free field
theories have only irrelevant operators.

e All of the above progress is realized by novel unexpected symmetries
and unforseen relations between gluon amplitudes, Wilson |loop expectation
values, and supergravity scattering amplitudes.
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Holography for pure YM theory I

& Although the future looks rosy for N=4 sYM theory, however ......

e the theory we are directly interested in is SU(3) pure Yang-Mills theory
coupled to Quarks.

e [ his is a theory with running coupling constants, weakly coupled in the
UV, but strongly coupled in the IR.

e Several dualities between gauge theories and string theory helped under-
stand the new ingredients that appear in YM, in particular the appearance
of confinement and mass gap.

e [ he simplest such QFT is N=4 sYM theory in 5d.

e Its string theory dual is relative simple and known.



e Although this QFT is non-renormalizable, the associated string theory
has a UV completion in terms of the 6d non-trivial CFT (this suggest a
(highly innovative) UV completion by including monopole operators).

e [ his theory is compactified on a circle of radius R with antiperiodic
boundary conditions for the fermions (breaking all of the supersymmetry).

e All fermions are massive in 4d, and all scalars acquire masses from quan-
tum (loop) effects.

e At energies well-below these masses, the theory is identical to pure 4d
YM theory. At very high energy the theory is 5d N=4 SYM.

e \We therefore expect a discrete and gapped spectrum of glueballs, as well
as extra massive states associated to the extra degrees of freedom at high
energy.



e Indeed this is what is found by a classical calculation in the dual string
theory.

e [ he Wilson loop can be also calculated to vield a nontrivial string tension
for the YM theory.

e VWhen however parameters are changed so as to separate the "UV junk”
from the IR YM physics, the supergravity description becomes unreliable
and the full string theory solutions are needed.

e This full string theory (so far) cannot be solved.

& Several more complicated and non-trivial QFTs with IR YM physics have
been identified and their string theory duals found.



& \When one tries to decouple the IR YM physics, they all have similar
problems: one needs the full string theory solution.

& In all of the above, confinement related quantities (string tension, glueball
masses, finite temperature effects etc) can be calculated controllably and
analytically.

& But they cannot so far be used to provide precision calculations of non-
perturbative YM observables.

& The progress with solving the string theory in AdS (dual to N=4 sYM)
makes us hope that one day these string theories will be solved too.
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"Holographic Phenomenology” |

& A phenomenological approach has been tried in order to describe 4d YM
physics using holography.

Ad The idea is to use all basic principles of holography, and some phe-
nomenological input in order to construct a gravity dual for YM.

& There are good reasons to believe that well-chosen gravity duals will
describe very well the IR Physics of QCD ( if one uses appropriate UV
boundary conditions).

& T here are many such models on the market, from simple to sophisticated.
I will describe here the state of the art.
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A gravity dual for YM:(Very) basic expectations\

e Pure SU(N.) d=4 YM at large N, is expected to be dual to a string
theory in 5 dimensions only. Essentially a single adjoint field — a single
extra dimension.

& In the UV, the theory becomes asymptotically free and conformal. We
should expect a stringy-size AdS.

& In holographic CFTs only the metric g, (dual to the stress tensor Ty
of the CFT) is needed to describe the vacuum solution (large-N,. saddle
point).

d(d— 1)
Sgrcwity — M3/d533 V9 /2

The maximally symmetric solution is the AdSs metric

52

_7«2

R+

] , (M)~ N?

ds? (dr® + dapda)

with O(4,1) symmetry (the conformal symmetry of a CFT in 4d).



e [ he radial direction r can be interpreted as a RG scale in the dual CFT

— U= % Near the boundary of AdS (r=0) we are in the UV of the dual CFT.

e In YM however there is another important operator for the vacuum struc-
ture: the YM Lagrangian density, Tr[F?] dual to scalar field ¢ (known as
the dilaton).

e It must have a non-trivial profile in the vacuum solution.

e [ he reason is that it corresponds to the YM coupling , and the variation
in the radial direction should correspond to the running of the YM coupling.

e In YM (unlike a CFT) there is an oo number of operators that have non-
trivial vevs in the vacuum. This means that we must include them in the gravity
Lagrangian and also find their profiles.

e Simplification: we will ignore them. This is an non-controllable approxi-
mation. The justification is as usual complicated to explain.

® One can start adding them one by one back to improve the approximation. In other
string theory contexts, this is known as “level truncation” and seems to give a convergent
expansion.
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Holographic YM: a model |

e We should therefore write down the most general two-derivative gravita-
tional action in 5d that contains the metric g, and a single scalar ¢.

e After redefinitions it can be written as

5= M3N3/d5:v\fg [R - g(a¢)2 + V(qb)] ~ /d%\/g [R _ 4OV

O v

with the YM t'" Hooft coupling identified as
A= NC €¢

e [ he dilaton potential is responsible for the running of the YM coupling
and must be determined.

e To look for a vacuum solution we must write the (Lorentz invariant)
metric and scalar as

ds® = 24 (dr? 4+ daydat) ¢ — ¢(r)

e Roughly, ¢! is the RG scale and e? the YM coupling.
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| he holographnic RG TlOWl

The Einstein equations for the functions A(r) and ¢(r) are

. 1. . . 1.
1242 =262+ V(¢) . 6A+124%=—"¢7+V(¢)
The Klein-Gordon equation is redundant

¢+ 4A9+ V() =0,
e We can introduce a function of the scalar W (¢) (known as the superpo-
tential) so that we can always write the equations as

| . 1 1
A=-——22 . $=W(9) nprovided gW2 - 5W’2 = V(9),

e The integration constants (3), include Aocp, @ gauge artifact, and one
that is fixed by regularity (in W).
e \We may now define the holographic g-function as in QFT

d¢ W' (®)

d—A = B(¢) = _6W(gb)

e There is therefore a 1-1 correspondence between V(¢) and 3(¢).
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he UV reqime|

e In the UV regime, where A — 0, we can use the perturbative YM (-
function to fix the A\ — 0 asymptotics of the potential.

e \We obtain an expansion for the potential as

lim V(\) = % (1 + ) cn/\”>
n=1

A—0

e [ he coefficients ¢, are determined uniquely, by the coefficients of the
YM p-function.
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| he IR regime |

e In the IR, N — oo and the only guidance we have is the existence of a
mass gap and discrete spectrum for the glueballs.

e Remarkably, the requirement of a mass gap, discrete spectrum and linear
asymptotic trajectories for the glueballs (ie. m% ~ n for large n) fix uniquely

the leading behavior of V() at large A.

V(M) ~ A3y/log(A) ~ e39,/6

e The rest of V(¢) is taken to be a smooth interpolation between the IR
and UV asymptotics.

e T his is where the phenomenological parameters are hidden.

e We will ultimately use two phenomenological parameters to tune this
holographic model.

e It will describe well both zero-temperature glueball spectra as well as
finite temperature thermodynamics. Both can be (favourably) compared
to numerical lattice calculations.

Holographic models for QCD, Elias Kiritsis
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Finite temperature |

The theory at finite temperature can be described by:
(1) The “thermal vacuum solution”. This is the zero-temperature solution
we described so far with time periodically identified with period 2.

(2) “black-hole” solutions

dr?

f(r)

ds2 = b(r)? — f(r)dt® +da'dz’|, A= A(r)

e By comparing their free energies we can determine which is dominating
at a given temperature T'.

e T[here is a minimal temperature 7,,;,, for the existence of Black-hole
solutions

11



e When 7' < Tiyin only the “thermal vacuum solution”™ exists: it describes
the confined phase at small temperatures.

e For T' > Tin there are two black-hole solutions with the same temper-
ature but different horizon positions. One is a ‘large’” BH the other is
“small™ .

e When T > Tin three competing solutions exist. The large BH has the
lowest free energy for T' > T¢. > T,,;n. It describes the deconfined “Gluon-
plasma” phase.

Small black Holes

Tmi n

'
0 F'min
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['he pressure from the Tattice at different N |

Marco Panero arXiv: 0907.3719
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['he entropy from the Iattice at different N I

Marco Panero arXiv: 0907.3719
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Marco Panero arXiv: 0907.3719
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e Pure glue only.
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e Calculations with other potentials show robustness.

e A good case of synergy between lattice gauge theory and holography.
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Adding the quarks|

e We would like to add N, quarks qi and antiquarks q{%.

e We must add in the string theory (in 5d) space-filling Ny D4 and Ny Dy
branes.

e In the same spirit of keeping the most important (=relevant) operators,
we will keep:

(a) The left and right-handed currents of the U(Ny)r, x U(N¢)g chiral sym-
metry. They are dual to U(Ny), x U(Nys) g gauge fields A%, Al

(b) The quark mass operator ch’Lq‘}'% dual to a complex N; x Ng (bifun-
dametal) complex scalar, T%, that in string theory is known as the open
string tachyon.

e TY is the order parameter for the breaking of chiral symmetry.

Holographic models for QCD, Elias Kiritsis
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e \V/eneziano limit

e [ he 't Hooft limit

Ne — 00, A = g2\ Ne — fixed

always samples the quenched approximation as Nf is kept fixed as N, — oo.

e [0 study phenomena in the large N. approximation, where the quarks

play an important role, we must take the limit introduced by Veneziano in
(1976)
Ny _

L =2, s fixed |, \= go\Ne — fixed
Ne o Tymte

Ne =00 , Np— o0

Holographic models for QCD, Elias Kiritsis

17



| e Phase diagram |

e From very general arguments we expect the following phase diagram

IRFP Banks-
LS ChS Zaks
0 X.~4 5.5 x=N,/N.

e The two end-points are = = 0 (pure YM) and z = 45 (Banks-Zaks

boundary)

e The big unknown is the phase transition (known as the conformal phase
transition) where IR conformality is lost.

Holographic models for QCD, Elias Kiritsis
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eSUITS

e [ he position of the conformal transition z. is determined by the violation
of the BF bound in the holographic theory.

e It is in the Berezinsky-Kostelitz- Thouless class.

e Just below the transition, chiral symmetry is broken, but the chiral con-
densate is exponentially suppressed (Miransky scaling).

2K
o~ /\6\/ exp (— )

log(o/ ALBJV)
)

—20F
— 40}
— 60}
—80F
— 100¢
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| he phase structure at Tinite density|

e The most remarkable new feature is a new quantum critical regime at 7" = 0 and finite
.

e This is a phase with a AdS, x R3 geometry as in the RN black hole. Spacial points
cannot communicate, it is like the speed of light is equal to O.

e Such critical points are highly unstable, and are expected to give rise to superconducting
states.

Holographic models for QCD, Elias Kiritsis
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OUtTIOOK and open problems

e Many open ends remain and the essential problems need further attention
e [ here are many new conceptual issues to be addressed

e Several possible applications to QCD and systems at finite density (con-
densed matter)

e \We have only scratched the tip of the iceberg.

THANK YOU!
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"AdS/QCD” ‘

& A basic phenomenological approach: use a slice of AdSg, with a UV

cutoff, and an IR cutoff.
Polchinski+Strassler

& It successfully exhibits confinement (trivially via IR cutoff), and power-like
behavior in hard scattering amplitudes

& It may be equipped with a bifundamental scalar, T', and U(Nf)LxU(Nf)R,

gauge fields to describe mesons.
Erlich+Katz+Son-+Stepanov, DaRold+Pomarol

Chiral symmetry is broken by hand, via IR boundary conditions. The low-
lying meson spectrum |looks " reasonable’ .
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& Shortcomings:

e [ he glueball spectrum does not fit very well the lattice calculations. It

has the wrong asymptotic behavior m2 ~ n? at large n.

e Magnetic quarks are confined instead of screened.



e Chiral symmetry breaking is input by hand.

e The meson spectrum has also the wrong UV asymptotics m2 ~ n=.

e At finite temperature there is a deconfining transition but the equation
of state is trivial (conformal) (e — 3p = 0) and the speed of sound is

2 1
CS — §
Holographic models for QCD, Elias Kiritsis
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e "SOIT wa

& The asymptotic spectrum can be fixed by introducing a non-dynamical

dilaton profile ® ~ r (SOft Wa”) Karch—+Katz+Son+Stephanov

e It is not a solution of equations of motion: the metric is still AdS: Neither
guv nor @ solves the equations of motion.

e This is really an “inconsistent” phenomenological model (except at the
meson sector, in the probe limit).

Holographic models for QCD, Elias Kiritsis
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T he gauge-theory/gravity duality |

e The gauge-theory/gravity duality is a duality that relates a string theory

with a gauge theory.

e The prime example is the AdS/CFT correspondence

Holographic models for QCD,

Maldacena 1997

e It states that N=4 four-dimensional SU(N) gauge
theory (gauge fields, 4 fermions, 6 scalars) is equiva-
lent to ten-dimensional IIB string theory on AdSs x S°

62
ds? = ~A¢s [er + dmudasu} + 02 1o (dS25)2

This space (AdSs) has a single boundary, at » = 0.

Elias Kiritsis
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e The string theory has as parameters,gstring, fstring, £ads- They are related
to the gauge theory parameters as

2 2 _
9y M = 4T Ggstring A=gyy N =

¢ As N — oo, A > 1 implies that lgtjng < £445 and the geometry is very
weakly curved. String theory can be approximated by gravity in that regime

and is weakly coupled.

e ASs N — oo, A <€ 1 the gauge theory is weakly coupled, but the string
theory is strongly curved.
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e Thereis one-to-one correspondence between on-shell string states ®(r, z#)
and gauge-invariant (single-trace) operators O(z*) in the sYM theory

e In the string theory we can compute the " S-matrix” , S(¢(x*)) by studying
the response of the system to boundary conditions ®(r = 0, z*) = ¢(zt)

e [ hisis done by doing the string path integral with sources at the boundary
30-



e—g’(gb(:c)) :/ DCD(T,QZ) e_Sstring((D)
S (r=0,21)=¢(ah)

e At string tree level (large N), it is enough to solve the string equations
of motion with the appropriate boundary conditions.

05

5b
e Substituting the solution into the string action we obtain the " S"-matrix
(a functional of the sources ¢(x).

0O , d(r=0,z")=¢(z")

e [ he correspondence states that this is equivalent to the generating func-
tion of c-correlators of O

<ef d*z ¢(z) O)y = o~ S(0(2))

T herefore the source corresponds to the *“coupling constant” for the op-
erator

d(r,z) =¢(@)r* 24+ +d@)r>+--- , r—0

¢ ~ (¢(x)). ¢ and (¢(x)) ARE NOT independent: regularity of the solution
determines (¢(x)) as a function of ¢(x).
Holographic models for QCD, Elias Kiritsis
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by — (> MIXIng I

e B> and (5 are typically massless.

e In the presence of (4 flux, this is not the case:
2¢
— g3 5 2 _ _ _ B
S=-M /da:flz 3 3+2 3 3+2 5 5] , F35=dC>, H3 = dB>, Fs = dC4—CoN\H3

The equations of motion that stem from this action are*

— 1 o 1 (6

V(e 2¢H3,;wp) + ZFS,upa67F3 =0 ,  VHF3 0+ ZF5,V/3043’7H3 =0

vpoT 2N,

VMFS,,MVPJT =0 — Fs jwpor = EM\/p— 360

g s

Substituting
v,u(e—Qd)HS N 6V,0(15’YF afy O ’ V'MFS N EVPO‘B'YH afy O
64s /g 64s /g

We finally decouple the equations:

2

¢ Ha,..
125123
and a similar one for F5. This equation has uniform N, scaling for e? ~ A

N,

e Both B> and (> combine to a masswe two-tensor, that is dual to the C — odd non-
conserved operator Tr[Fj, Fabey] + FabFa F,,] with UV dimension 6.
RETURN

VH V¥ (e *°Hs yp0 + cyclic] + =0

Holographic models for QCD, Elias Kiritsis
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Do — F1 Charges I

We may dualize Cy — (4

€Cuvpor Nc
(F3)u, = =2° (F” + —B”) ., F=dC,
Hop 2\/9 O
The equations become
2
_ Ne N o N

and stem from a Stuckelberg-type action

e—2¢ 1 N 2 oNZ
H24+—-(F,+ -°B,, ¢
2. 3 3+4(“+es “) +9£§]

S=-M3 / d’x+\/g
Under B> gauge transformations 1 transforms

N,
6Bo=dN , 8C1=-""N

S

e T his implies that N, units of fundamental string charge can cancel one unit of C; charge.

RETURN

Holographic models for QCD, Elias Kiritsis
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D1 — NS charges I

We now dualize B> — B3

29[ — Cuvpor foT %CUT F = dB
( 3),u1/p 2\/_ < + es ; 1
The equations become
2
N, N, N,
VH((F: v 2¢ v 2¢ F,,=0 ) A4 2¢ Esr _CBO'T =0
() + (%) Cup k2 R, 2 (4
and stem from a Stuckelberg-type action
e > 2N?2
— _ a3 5 2 = c
Under C5 gauge transformations C7 transforms
- N,
0Co =dN1 , 6B1=—""/\

S

e This implies that N, units of fundamental D-string charge can cancel one unit of B;
charge.

RETURN

Holographic models for QCD, Elias Kiritsis
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DOSONIC STtring Or superstring?’ |

e [ he string theory must have no on-shell fermionic states at all because
there are no gauge invariant fermionic operators in pure YM. (even in the
presence of quarks and modulo baryons that are expected to be solitonic ).

& We do expect a superstring however since there should be RR fields.

d A RR field we expect to have is the RR 4-form, as it is necessary to
“seed” the D3 branes responsible for the gauge group.

e It is non-propagating in 5D

e We will see later however that it is responsible for the non-trivial IR
structure of the gauge theory vacuum.

e [ he most solid indication: There is a direct argument that the axion,
dual to the instanton density F' A FF must be a RR field (as in N = 4).

e [ herefore the string theory must be a 5d-superstring theory resembling
the II-O class.

Holographic models for QCD, Elias Kiritsis
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BOSONIC String or superstring ¢ 1l |

e Consider the axion a dual to Tr[F A F]. We can show that it must come
from a RR sector.

In large-N,. YM, the proper scaling of couplings is obtained from

1 - 0 0
L = N. Tr |—F —F N F : = —~00(1
Y M e Ir | +Nc ¢ N (1)
It can be shown

2 2 2 2 94 Witten
Ey (@) = N2 Eypy(C) = NS Eypy(—C) ~Co NS+ C10° + C’QN .

In the string theory action

S~ [e2 R4+ 002+ X0+, gy A Nee?
)\2
SR 14+ 002 + 3500 4 a=0l1+-
RETURN

Holographic models for QCD, Elias Kiritsis
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| ne minimal effective string theory spectrum |

[ NS_NS — g‘u]/ <—>T,uu , B,U'V HTT’[F]3 . QSHTT’[FQ]
e RR — SpinorgxSpinors=Fy + F] + F> + (F3 + F4 + Fx)
® [« F5 — (4, background flux — no propagating degrees of freedom.

N Fp — (C34 Cp: Cpis the axion, C3 its 5d dual that couples to
domain walls separating oblique confinement vacua.

N[> F3 — (C1 «< Cr Co mixes with B, because of the C4 flux, and
is massive. (1 is associated with baryon number (as we will also see later
when we add flavor).

e In an ISO(3,1) invariant vacuum solution, only guv,¢,Cog = a can be
non-trivial.

d82 = BQA(T)(dTQ + deQI.) ) CL(?"), (]5(7“)

Holographic models for QCD, Elias Kiritsis
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e relevant detrecis”

e B,, — Fundamental string (F7). This is the YM (glue) string: funda-
mental tension ¢2 ~ O(1)

e Its dual B, — NSqg: Tension is O(NZ2). It is an effective magnetic baryon
vertex binding N. magnetic quarks.

o ('s — Dgy4: Space filling flavor branes. They must be introduced in pairs:
D4 + Dy, for charge neutrality /tadpole cancelation — gauge anomaly
cancelation in QCD.

e (4 — D3 branes generating the gauge symmetry.

37



e ('3 — Do branes : domain walls separating different oblique confinement
vacua (where 0;41 = 0 + 2m). Its tension is O(Nc)

e (> — Dq branes:. These are the magnetic strings:
(strings attached to magnetic quarks) with tension O(N.)

e (1 — Dg branes. These are the baryon vertices: they bind N. quarks,
and their tension is O(N.).

Its instantonic source when we add flavor is the (solitonic) baryon in the
string theory.

e (o — D_q branes: These are the Yang-Mills instantons.

Holographic models for QCD, Elias Kiritsis
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| he String efrective action |

e as N, — oo, only string tree-level is dominant.

e Relevant field for the vacuum solution: guv,a, ¢, Fs.

e The vev of F5 ~ N. e5. It appears always in the combination e??F2 ~ A2,
with A ~ N¢ e? All higher derivative corrections (e2?F2)" are O(1).

A non-trivial potential for the dilaton will be generated already at string
tree-level.

e [ his is not the case for all other RR fields: in particular for the axion as
a~ O(1)

A2 _
(0a)? ~ O(1) , €??(8a)* = N—g(aa)“ ~ O (N;?)

Therefore to leading order O(NCQ) we can neglect the axion.

Holographic models for QCD, Elias Kiritsis
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| he UV regime |

e In the far UV, the space should asymptote to AdSs.

e The 't Hooft coupling should behave as (r — 0)

1 1

~ — 0O : ~ —
log(rA) N "Y' E

A

e [ he effective action to leading order in N¢ is

_ 2%
Sepp~ [ doyg e (PR, €)+ 4(09)2) |, e=-2>
e For weak background fields
20 1
F=2""+ R+ -6+ O(R?% REE?) , 6¢=10-5=5
342 2
The equation for the four form is
Neeuvpor 2 >\2
VH(F: F =0 |, Fe F — prrp NV R = —
( £ ,uV,OJT) ¢ Yuvport )\ \/g 5 §(§ ) 22
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We may use the alternative action where the 4-form is “integrated-out”

1 [ ON? 22
Stree = M3Nc2/d533\/§ \2 [ — + F(R,§) — Qng(R,S) : 'ngQ = —

)\2

To continue further we must solve £ FZ = {5.

T here are several possibilities:
(a) £ - 0 as A — 0 (turns out to be inconsistent with equations of motion).
(b) £ — &(R) as A — 0.

B~ co(R) + Cl(R)

(6 - §*<R>>2+o[<s &«(R))?|

£ = &(R) + 06 ~ &(R) — + O(\?)

C]_(R) )\ \/f*(R

The gravitational equation implies that for AdS to be the leading solution
(at A = 0) we must have

Oco(R)

R«) =0 |
co(Rx) OR |R—R.

=0
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F' is therefore zero to next order and the first non-trivial contribution is at
quadratic order

22 192%¢co(R)
Solving the equations we find the one-loop B-function coefficients as

_AE(R)

by =

F(R,§) = (R— R)2+---

16

and the correction subleading correction to the AdSs metric
14 W 40w
A
— _ |1 e : R = e

© r + log(Ar) + ] 2 10g(Ar) +

3% (Rx)

_ SR
= 5+ «(Ry) Fis Ex(Rx)

e T his turns out to be a regular expansion of the solution in powers of

Prp(loglog(rA\))
(log(rA))™




e Effectively this can be rearranged as a “perturbative” expansion in A(r).
In the case of running coupling, the radial coordinate can be substituted by

A(r).

e Using A\ as a radial coordinate the solution for the metric can be written

g b
E=el = o Lted+ed®+ =) [1+dA+ B2+, A-
T
Holographic models for QCD, Elias Kiritsis
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| he UV geometry |

e [ he theory becomes asymptotically free and conformal at high energy
e Following on N=4 intuition we might expect that f44y¢ -0 — singularity.

e T here are several possibilities for such singularities:

(a) They are “mirage”: the geometry stabilizes at ¢ ~ ¢;. (different examples from WZW
models and DBI actions).

(b) The singularity is resolved by the stringy or higher dimensional physics. The true string
metric is regular (some examples from higher dimensional resolutions)

(c) The singularity remains (not our case we think)

e The N=4 relation /4 ~ \ ~ |Oér. seems to indicate a naked singularity.

e Another possibility is that the classical saddle point solution should asymp-
tote to a regular but stringy (¢ = ¢5) AdSs. This option has several advan-
tages and provides a lot of mileage:

& It allows in principle the machinery of holography to be applied

A It realizes the geometrical implementation of the asymptotic conformal
symmetry of YM theory in the UV.

Holographic models for QCD, Elias Kiritsis
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| he Iow enerqgy spectrum:detailsl

& In YM only Tr[FF] and maybe Tr[F A F] have a source. However many
operators can have a vev. We expect (Oa) ~ (/\QCD)A.

& If that is the case, this implies that many stringy states will have non-
trivial profiles in the vacuum solution.

& Operators of higher dimension are not important in the UV (that's why
we can truncate the RG flow). In the bulk, they have positive m2, that
suppresses their solutions.

These are scalar YM operators with Ayy > 4 — m?2 > 0 or higher spin fields.
® But higher dimension operators may become important in the IR.

& (Many) Indications from SVZ sum rules plus data suggest that the co-
efficients of higher dimension operators are “unnaturally” small.
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e It seems a reasonable assumption to neglect all A > 4 fields when |looking
for the vacuum solution.

e VWhat are all gauge invariant YM operators of dimension 4 or less?

e They are given by Tr[FuFps].
Decomposing the lowest ones (in spin) are, the stress tensor, the scalar and
the pseudoscalar

& Therefore we will consider
Ty <> guv, tr[F?] < ¢, tr[F A F] < a

e [ he "axion” action will be suppressed by 1/NC2 since the axion is a RR
field.

e It will not be discussed in these lectures but we will make up at the
workshop talk :-)

Holographic models for QCD, Elias Kiritsis
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general expectations

e In the UV (near the boundary) the coupling is small and stringy behavior is important.
We expect an AdS space to emerge from the asymptotic conformal invariance and it will
be of stringy size.

e [ he rest of the asymptotics are perturbative around the AdS space, and we obtain an
expansion in powers of (1/logr)™.

e We do expect that A — oo (or becomes large) at the IR bottom.

e Intuition from N=4 and other 10d strongly coupled theories suggests that in this regime
there should be an (approximate) two-derivative description of the physics.

e T he simplest solution with this property is the linear dilaton solution with
A = e ~e9 , V(N ~8=10—-D — constant , R=0

e Self-consistency of this assumption implies that the string frame curvature should vanish
in the IR.

e This property persists with potentials V() ~ (logA)”. Moreover all such cases have
confinement, a mass gap and a discrete spectrum (except the P=0 case).

e At the IR bottom (in the string frame) the curvature vanishes and 5D space becomes
(asymptotically) flat.

e Interestingly, these asymptotics V(\) ~ (log \)" are the only ones that are not scaling in
the IR.

Holographic models for QCD, Elias Kiritsis
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On naked holographic singularities |

e In this case all Poincaré invariant solutions end up in a naked IR singularity.
e In GR we abhor naked singularities.

e In holographic gravity some many be acceptable. The reason is that they
do not always signal a breakdown of predictability. They could be resolved
by stringy or KK physics and/or they could be shielded for finite energy

configurations.

Something similar happens in the “Liouville wall’ of 2d gravity: all finite
energy physics is not affected by the e? — 0o singularity.

e An important task in EHT is to therefore ascertain when such naked
singularities are acceptable (alias "good"”)
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& Gubser gave the first criterion for good singularities: They should be
limits of solutions with a regular horizon. Such a singularity is expected to

be resolvable.
Gubser

e The singularity is “repulsive” (like the Liouville wall). It has an overlap

with the previous criterion. It involves the calculation of “Wilson loops”
Gursoy+E.K.+Nitti

e Another issue, when a singularity is “computable’: is the low energy
physics independent of the resolution?

e [ his criterion amounts to having a well-defined spectral problem for
fluctuations around the solution: The second order equations describing
all fluctuations are Sturm-Liouville problems (no extra boundary conditions

needed at the singularity).
Gursoy+E.K.+Nitti

e It is not known whether the list is complete. The 1st and 2-3rd criteria
are in general non-overlapping.

Holographic models for QCD, Elias Kiritsis
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QOrganizing the vacuum solutions

e The B-function can be mapped uniquely to the dilaton potential V().
e We can introduce a (pseudo)superpotential

o= [we- ()’ ()

and write the equations in a first order form:

4
A=—w , o= a
9 dd
I
B = AT
4 dlog A\

e W(¢) evaluated at the UV as a function of the boundary value of ¢ is the
legendre transform of the (quantum) effective potential.

Kiritsis+Niarchos

Holographic models for QCD, Elias Kiritsis
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AN assessment of IR asymptotics |

V() ~ VO)\QQ Coa=e? =
e [ he solutions can be parameterized in terms of a fake superpotential
64 4 3
V=_—W2—-XW-? | W>IJ3V
27 3 3

The crucial parameter resides in the solution to the diff. equation above.

There are three types of solutions for W(\):
Gursoy+E.K.+Mazzanti+Nitti

1. Generic Solutions (bad IR singularity)

4
W) ~A3 , \— oo

400
30|
20|

10+

45



2. Bouncing Solutions (bad IR singularity)

4
W) ~A"3 , X— oo

10+

3. The ‘“special” solution.

W) ~Weod? | A= 00 | Wooz\/

W(Q)
30~

20+

10+

A
0 10 20 30 40

Good+4computable IR singularity if Q < 43—\/5



o For @ > % all solutions are of the bouncing type (therefore bad).
e [ here is another special asymptotics in the potential namely @ = %
Below @ :% the spectrum changes to continuous without mass gap.

In that region a finer parametrization of asymptotics is necessary

4 P
V(A ~ Vg A3 (log \)

e For P > O there is a mass gap, discrete spectrum and confinement of
charges. There is also a first order deconfining phase transition at finite
temperature.

e For P < 0O, the spectrum is continuous, without mas gap, and there is a
transition at T=0 (as in N=4 sYM).

e At P = 0 we have the linear dilaton vacuum. The theory has a mass gap
but continuous spectrum. The order of the deconfining transition depends
on the subleading terms of the potential and can be of any order larger
than two.

Gursoy

Holographic models for QCD, Elias Kiritsis
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Wilson-Loops and confinement

e Calculation of the static quark potential using
the vev of the Wilson loop calculated via an F-
string world-sheet.
Rey—+Yee, Maldacena
T E(L) — Sminimal(X)

We calculate
1

L =2 /TO dr :
0 \/ AA(r)—4As(rg) _ 1

It diverges when e?s has a minimum (at r = r4). Then
E(L) ~ Ty e24s(m) [,

e Confinement — As(ry) is finite. This is a more general condition that
considered before as As is not monotonic in general. Ay = Ap+ 3®

e Effective string tension

2Ag(rs
Tstring = 1y e s(r+)
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e In simple cases like AdS/QCD, & is constant, but r is bounded below.

exp (2 As]
0.002

0.00175 "

0.0015 |
0.00125 |

0. 001"
0. 00075
0. 0005 |

0. 00025 -

r

10 20 30 40 50 60 70
The string frame scale factor in a background that confines non-trivially.

Holographic models for QCD, Elias Kiritsis
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Comments on contining bacquounds'

e For all confining backgrounds with rg = oo, although the space-time is
singular in the Einstein frame, the string frame geometry is asymptotically
flat for large r. Therefore only A grows indefinitely.

e String world-sheets do not probe the strong coupling region, at least
classically. The string stays away from the strong coupling region.

e [ herefore: singular confining backgrounds have generically the property
that the singularity is repulsive, i.e. only highly excited states can probe it. This
will also be reflected in the analysis of the particle spectrum (to be presented later)

e [he confining backgrounds must also screen magnetic color charges.
This can be checked by calculating 't Hooft loops using Dy probes:

& All confining backgrounds with g = co and most at finite rqg screen properly

& On the other hand “hard-wall” AdS/QCD confines also the magnetic quarks.

Holographic models for QCD, Elias Kiritsis
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(aeneral _criterion 1or continement

e the geometric version:

A geometry that shrinks to zero size in the IR is dual to a confining 4D
theory if and only if the Einstein metric in conformal coordinates vanishes
as (or faster than) e ¢" as r — oo, for some C > 0.

e It is understood here that a metric vanishing at finite »r = rg also satisfies
the above condition.

M the superpotential
A 5D background is dual to a confining theory if the superpotential grows
as (or faster than)

W ~ (IogA)P/2A2/3 as A—>oo , P>0
M the [S-function A 5D background is dual to a confining theory if and only
if

A 1
lim &—I—— log A = K, —o0o < KO0
A—oo \ 3\ 2
3

(No explicit reference to any coordinate system) Linear trajectories correspond to K = —16

Holographic models for QCD, Elias Kiritsis
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ClassiTication Of contining superpotentlials |

Classification of confining superpotentials W(\) as A — oo in IR:

1\ 20
)Q, E — 0.

P 9
W) ~ (log\)z \? | A~ E 39 (Iog =
e ) >2/3or @=2/3 and P > 1 leads to confinement and a singularity at finite » = ro.

) (ro — 7“)99@%4 Q > %
e’ (r) ~ o 5
xp | =S| Q=3

e ) =2/3,and 0 < P < 1 leads to confinement and a singularity at »r = co The scale factor
e vanishes there as

e (r) ~ exp[—Crt/A=P),

e ) =2/3,P =1 leads to confinement but the singularity may be at a finite or infinite
value of r depending on subleading asymptotics of the superpotential.

& If Q < 2v/2/3, no ad hoc boundary conditions are needed to determine the glueball spec-
trum — One-to-one correspondence with the g-function This is unlike standard AdS/QCD
and other approaches.

e when (@ > 2\/5/3, the spectrum is not well defined without extra boundary conditions in
the IR because both solutions to the mass eigenvalue equation are IR normalizable.

Holographic models for QCD, Elias Kiritsis
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contining g-tunctions I

A 5D background is dual to a confining theory if and only if

(@ l)k)g)\:[(7 —o0o < KO0

3 2

(No explicit reference to any coordinate system). Linear trajectories correspond to K =

_3
16

lim
A—00

e \We can determine the geometry if we specify K:

e K — —o0: the scale factor goes to zero at some finite rg, not faster than a power-law.

e —00 < K < —3/8: the scale factor goes to zero at some finite ro faster than any power-
law.

e —3/8 < K < 0: the scale factor goes to zero as r — oo faster than e=¢""" for some e > 0.

e K = 0: the scale factor goes to zero as r — oo as e~ 7 (or faster), but slower than e~ ¢
for any € > 0.

The borderline case, K = —3/8, is certainly confining (by continuity), but whether or not
the singularity is at finite » depends on the subleading terms.

Holographic models for QCD, Elias Kiritsis
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Selecting the IR asymptotiCs I

4
The potentials with asymptotics V ~ A3(log\)!’) have a singularity at r =
c0. They are compatible with

e Confinement (it happens non-trivially: a minimum in the string frame scale factor )
e Mass gap-discrete spectrum (except P=0)

e '‘good-Hrepulsive” singularity

e Curvature— 0 justifying the original assumption. More precisely: the string frame metric
becomes flat at the IR .

& It is interesting that the lower endpoint: P=0 corresponds to linear
dilaton and flat space (string frame). It is confining with a mass gap but
continuous spectrum.

e For linear asymptotic trajectories for fluctuations (glueballs) we must
choose P=1/2

4
V(\) =~ A3vIog X 4 subleading as A — 00
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e It is interesting above and near 1., the YM Pressure behaves as

p aoT4—|—a1T2

Pisarski
This T2 is mysterious!
. . . . 4 P
e Here, this power is correlated with P in V(\) ~ A3 (log\)
4 _1
p~agl™ +ay1T1-F
Gursoy
Holographic models for QCD, Elias Kiritsis
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Particle Spectra:. generalities |

e Linearized equation:

E42BE+Tae =0 , &(rz) =£60)eW (@), DWW () =m2P ()
e Can be mapped to Schrodinger problem
d°B

d” _ 2 _
— Ve =mte V) =5+

dB

2
) e = FOy0)

e Mass gap and discrete spectrum visible from the asymptotics of the
potential.

e Large n asymptotics of masses obtained from WKB

nmw = /er \/m2 — V(r) dr
r1

e Spectrum depends only on initial condition for \ (~ /\QCD).

Holographic models for QCD, Elias Kiritsis
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e scalar glueballs

3 1 BOY?
B(r) =-A — 1o
(r) = SA@) + 5 log =73
e tensor glueballs
3
B(r) = EA(T‘)
e pseudo-scalar glueballs
3 1
B(r)=ZA() +31092(\) , Z~ A?
e Universality of asymptotics
m721—>oo O++) n—>oo(o+—) 1 _ m\2
7t Ty =42
M 00(2771) mi0o(0TT) 4

predicts d = 4 via

=2n+ J 4+ c,

2Tog

Holographic models for QCD, Elias Kiritsis
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Summary |

e \We argued that an Einstein dilaton system with a potential can capture some important
properties of YM: asymptotic freedom in the UV and confinement in the IR

SN/IR—%@@2+VW4

e [ he potential is regular in the UV

12
V—>€—2[1+C1A+CQA2+---}

e In the IR it should behave as
V ~ As(log M\)F
for linear trajectories P = 1/2.

e \We can solve the equations of motion with A — 0 in the UV.
e The solutions have only one parameter: Agcp

e The intermediate behavior of the potential is not fixed (phenomenological parameters).

Holographic models for QCD, Elias Kiritsis
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Linearity of the glueball spectrum |

M M
100 | R i A
o"’ 7 -
. |
0’.. 8r A
80 o i
o |
o' A
o r u
".‘ 6r
60 - ‘0‘ L A
ot | ™
o
o' [ A
‘,0‘ 4+ "
40} ot 7
A
“" r =
o |
20} R 2+ A
o"’ [
o A
o n
.
9‘. n
: n
10 20 30 40 50 60 70 2 4 6 8

(a) Linear pattern in the spectrum for the first 70 071 glueball states. M?2
is shown units of 0.015¢2.

(b) The first 8 071 (squares) and the 2T (triangles) glueballs. These
spectra are obtained in the background I with bg = 4.2, A\g = 0.05.
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Comparison with lattice data (Meyer) \

M M
¢ ¢
6000! . 6000} .
L] L]
5000/ . . 5000/ A .
4000 . o 4000 . -
3000} M 3000} ¥
n % n
& ¢
(a) (b)

Comparison of glueball spectra from our model with bg = 4.2, \g = 0.05
(boxes), with the lattice QCD data from [Ref. T (crosses) and the AdS/QCD
computation (diamonds), for (a) 0T+ glueballs; (b) 2771 glueballs. The
masses are in MeV, and the scale is normalized to match the lowest 0T
state from Ref. L.

Holographic models for QCD, Elias Kiritsis
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Shortcomings of the glue description

Not everything is perfect: There are some shortcomings localized at the
uv

e The conformal anomaly (proportional to the curvature) is incorrect.

e Shear viscosity ratio is constant and equal to that of N=4 sYM.

(This is not expected to be a serious error in the experimentally interesting
T. <T < 4T, range.)

Both of the above need Riemann curvature corrections.

e Many other observables come out very well both at T=0 and finite T

Holographic models for QCD, Elias Kiritsis
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| he 1attice glueball data I

Available lattice data for the scalar and the tensor glueballs. Ref. I =H. B. Meyer, [arXiv:hep-1at/0508002].

and Ref. II = C. J. Morningstar and M. J. Peardon, [arXiv:hep-1at/9901004] + Y. Chen et al., [arXiv:hep

[at/0510074]. The first error corresponds to the statistical error from the the continuum extrapolation. The

second error in Ref.l is due to the uncertainty in the string tension {/o. (Note that this does not affect

the mass ratios). The second error in the Ref. II is the estimated uncertainty from the anisotropy. In the

last column we present the available large N. estimates according to B. Lucini and M. Teper, [arXiv:hep

[at/0103027]. The parenthesis in this column shows the total possible error followed by the estimations in

the same reference.

Holographic models for QCD, Elias Kiritsis
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| he glueball wavetunctions |

Normalized wave-function profiles for the ground states of the 071 (solid
line) ,0~ 1 (dashed line), and 21T+ (dotted line) towers, as a function of
the radial conformal coordinate. The vertical lines represent the position

corresponding to B = mg+4+ and E = Ap.

Holographic models for QCD, Elias Kiritsis
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Comparison of scalar and tensor potential I

Effective Schrodinger potentials for scalar (solid line) and tensor (dashed
line) glueballs. The units are chosen such that ¢ = 0.5.

Holographic models for QCD, Elias Kiritsis
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a-dependence Oof scalar spectrum

M

ﬁ * %
10000}
8000} * 20

j :10
6000 ‘ +3

I $
4000| ' ‘ . 2
2000,

2 3 4 5 N

The 0T spectra for varying values of o that are shown at the right end
of the plot. The symbol * denotes the AdS/QCD result.
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| he TIT To glueball Tattice data |

JPC | RefI (MeV) | Our model (MeV) | Mismatch | N.— oo | Mismat
ot+ | 1475 (4%) 1475 0 1475 0
2+t 2150 (5%) 2055 4% 2153 (10%) 5%
0—t | 2250 (4%) 2243 0
ot+* | 2755 (4%) 2753 0 2814 (12%) 2%
2t++* | 2880 (5%) 2901 4%
0~ T* | 3370 (4%) 3288 2%
ot+t** | 3370 (4%) 3561 5%
O+t | 3900 (5%) 4253 6%

Comparison between the glueball spectra in Ref_1 and in our model. The
states we use as input in our fit are marked in red. The parenthesis in the
lattice data indicate the percent accuracy.

Holographic models for QCD, Elias Kiritsis
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'he gauge-theory at finite temperature |

e T he finite temperature ground state of the gauge theory corresponds to

a different solution in the dual string theory: the AdS-Black-hole solution
E. Witten, 1998

dr?

f(r)

62
d82 — ACQZS
T

+ f(r)dt® + dmid:p,&-] + 02,0 (d25)° ,  f(r)=1— ()"

e [ he horizon is at r = LT
7T
e [ he dynamics of low-energy gravitational fluctuations is governed by the

relativistic Navier-Stokes equation.

Holographic models for QCD, Elias Kiritsis
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lemperature versus horizon position |

Big black holes ' Small black Holes

M
0 ' min
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500 |
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[
I
} a<l
|

rh

We plot the relation T'(r;,) for various potentials parameterized by a. a =1
is the critical value below which there is only one branch of black-hole
solutions.
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| e Tree enerqy |

e [ he free energy is calculated from the action as a boundary term for
both the black-holes and the thermal vacuum solution. They are all UV
divergent but their differences are finite.

]T

M3V3

— 12G(T) — T S(T)

e G is the temperature-depended gluon condensate (Tr[F?])y — (Tr[F?])r—q
defined as

lim  Ap(r) — Ar=0(r) = G(T) rf 4

e It is G the breaks conformal invariance essentially and leads to a non-
trivial deconfining transition (as S > 0 always)

e The axion solution must be constant above the phase transition (black-
hole). This is the only regular solution. (the would be normalizable solution
diverges at the BH horizon). Therefore (F' A F') vanishes in agreement with
indications from lattice data.

Holographic models for QCD, Elias Kiritsis
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Free energy versus horizon position |

rh

We plot the relation F(r;) for various potentials parameterized by a. a =1
iIs the critical value below which there is no first order phase transition .

Holographic models for QCD, Elias Kiritsis

66



| e transition In the Tree enerqgy

F

NZ T Vs
0.01+ ;

—0.01

—0.02 -

—0.03r

Holographic models for QCD, Elias Kiritsis

67



Parameters |

e We have 3 initial conditions in the system of graviton-dilaton equations:

& One is fixed by picking the branch that corresponds asymptotically to

1
A~ 10g(r/A\)

#® The other fixes A — Agcp-

& The third is a gauge artifact as it corresponds to a choice of the origin
of the radial coordinate.

e \We parameterize the potential as

V() = 2—22 {1 + VoA 4+ 11 04/3 [log (1 + V043 4 V3A2)} 1/2} ,

e We fix the one and two loop B-function coefficients:
2
8 23 + 36b1 /b2 b 51
Vo= by , Vo=1"} + 21/0 ;=
9 81Vj b§ 121
and remain with two leftover arbitrary (phenomenological) coefficients.

Holographic models for QCD, Elias Kiritsis
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Fit and comparison I

HQCD lattice N, = 3 lattice N, — oo Parameter
[p/(NZT*)]r=or, 1.2 1.2 - V=14
Ly/(N2T#) 0.31 0.28 (Karsch) 0.31 (Oeper*rucni) | V3=170
[/ (N2T)rogos | 72/45 72 /45 72 /45 Myl = [4572]71/3
mo++ /0 3.37 3.56 (Ched ) 3.37 (OeperFLucmi) | 4¢s/¢ = 0.15
mo-+/Mo++ 1.49 1.49 (Chen ) - cq = 0.26
x | (191MeV)* | (191 MeV)* (DEllbehhid) - Zo = 133/4
Te/mo++ 0.167 - 0.177(7)
Moet+ /Mg++ 1.61 1.56(11) 1.90(17)
Mot+ /Mo++ 1.36 1.40(4) 1.46(11)
m0*7+/m0++ 2.10 2.12(10) -
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e G. Bovyd, J. Engels, F.

Karsch, E. Laermann, C. Legeland, M. Lut-

gemeier and B. Petersson, “Thermodynamics of SU(3) Lattice Gauge
Theory,” Nucl. Phys. B 469, 419 (1996) [arXiv:hep-1at/9602007].

e B. Lucini, M. Teper and U. Wenger, “Properties of the deconfining
phase transition in SU(N) gauge theories,” JHEP 0502, 033 (2005)

arXiv:hep-lat/0502003]j;

“SU(N) gauge theories in four dimensions: Exploring the approach to

N =o0,” JHEP 0106, 050 (2001) [arXiv:hep-1at/0103027].

e Y. Chen et al., “Glueball spectrum and matrix elements on anisotropic

lattices,” Phys. Rev. D 73 (2006) 014516 [[arXiv:hep-lat/0510074].

e L. Del Debbio, L. Giusti and C. Pica, “Topological susceptibility in the

SU(3) gauge theory,” Phys. Rev. Lett. 94, 032003 (2005) [arXiv:hep-

th/0407052].
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| hermodynamicC variables |
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Equation Ot state I

e—-3p

NCZT4

0.4+

0.3+ i

02"

0.1
) — T
1 2 3 4 5 T,
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he conformal anomaly in flat space |

e In YM we have the following anomaly equation in flat space:

_ B(M)
— 2
t
e Defining the pressure p and energy density p,
_i _F+TS
2% 72

T+ Tr[F?],

7

p:

the trace is

B(At)

4N?

(THYg = p— 3p = 60MyN2G(T) = (Tr[F2)r — (TTr[F?])o),

e [ he left hand side is the trace of the renormalized thermal stress tensor,
(T}Yr = (T}) — (T})o, and it is proportional to G ~ (Tr[F?]),

Holographic models for QCD, Elias Kiritsis
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| he speciTic heat I

Holographic models for QCD, Elias Kiritsis
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drameters I

e We have 3 initial conditions in the system of graviton-dilaton equations:

& One is fixed by picking the branch that corresponds asymptotically to

1
A~ log(r/N\)

® The other fixes A — Agcp-

& The third is a gauge artifact as it corresponds to a choice of the origin
of the radial coordinate.

e \We parameterize the potential as

V() = 2—22 {1 + VoA + 11A%3 [log (1 4 152%/3 4 132)] 1/2} |

e We fix the one and two loop p-function coefficients:

2
8 23 + 36b1 /b2 by 51
Vo=—-byg , Vo=~0¢ 2/0 , =
9 81V b3 121

and remain with two leftover arbitrary (phenomenological) coefficients.

74



e We also have the Planck scale M,
Asking for correct T'— oo thermodynamics (free gas) fixes

1
1 2 8 3
3 —_— — R ~Y
(Mpt)> = 253 0 Monysical = Mp 3= (45772@3) ~ 4.6 GeV

e [ he fundamental string scale. It can be fixed by comparing with lattice
string tension
b2 (rs ) A3 (ry)
O — 3
27l2

e / is not a parameter for bulk calculations due to a special "scaling”
pseudosymmetry in the Einstein frame:

2
e® =k e? | v = guv , L= , Lls— K3 Lls V(e?) = V(k e?)

e It is a parameter when using the Nambu-Goto action.

Holographic models for QCD, Elias Kiritsis
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Comparing to Gubser+Nelore’s formula |

e Gubser+Nelore proposed the following approximate formula for the speed

of sound
5 1 1V’7?
Cs ™ o~ 575
3 2V<ip=¢,
0. 35}
0. 3} -~
0. 25
0.2 i
3
0. 15! :
i 2 3 4 5 &
Gursoy (unpublished) 2009

Elias Kiritsis

e Red curve=numerical calculation, Blue curve=Gubser’s adiabatic/approxime

formula.
Holographic models for QCD,
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e axion I

Similar arguments lead to an action of the form

S:NCQ Sg,¢+5axion+"'

Saion ~ [ 2/ G(R, ) (90)?

e Higher powers of (da)? are subleading in Ne.

e \We may therefore find the solution using the solution of the metric-dilaton
system.

Holographic models for QCD, Elias Kiritsis
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| he axion background I

e [ he axion solution can be interpreted as a "running” 6-angle

e This is in accordance with the absence of UV divergences (all correlators
(Tr[F N F]™) are UV finite), and Seiberg-Witten type solutions.

e The axion action is down by 1/N2

M 5 2
Sazion = _Tp/d ZIZ\/§ Z (M) (Oa)
lim Z(A)=Zo[1+01>\+02>\2+-“] ,olim ZO\) = e M-, d=4
A—0 A—00
e [ he equation of motion is
B 2N . . C 34
“r ( i z<,\>> ’ “TTZ0)

e [ he full solution is
e—3A

Z(N\)

a(r) =0y + 27k 4+ C /Ordr C = (Tr[F A F])

7



e a(r) is a running effective #-angle. Its running is non-perturbative,

4

a(r) ~r* ~e boA

e [ he vacuum energy is

M3
E(fpy) = ——— / d°2/g Z(N) (9a)? = ——~Ca(r)
e Consistency requires to impose that a(rg) = 0. This determines C' and
M3 (Opy + 27k)?
E(Oyy) = YM'”k ro  dr
0 e34Z())
a(r) J© 3AZ(>\)

QUVf+-2ﬂ%3 fb 63AZ(A)
e [ he topological susceptibility is given by
M3

1 5 4 _
BO=x 400" | x= g

0 e34Z())

Holographic models for QCD,

Elias Kiritsis
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e T he effective #-angle “runs’ also in the D4 model for QCD, and also
vanishes in the IR

o(U) = 0(1—US/U3)
° i In Improved Holographic QCD:

Ouv
1.0 -

0.8

T

0.6

T

T

0.4

0.2

T

0.0L- D1 E(MeV)
0 100 200 300 400 500 600

We have taken: Z()\) = Zo(1 + co)\?) ~ 133(1 4+ 0.26)\%)
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Sshear VISCOSITY data |

e V5 is the elliptic flow coefficient

Luzum-+Romatchke 2008

Holographic models for QCD, Elias Kiritsis
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\VISCOSIty |

e Viscosity (shear and bulk) is related to dissipation and entropy production

Oiv: + O, 25'-8 2—|—C(8 )2
1Uj j’UrL—g ij0 - U f -V

Os
ot T
e Hydrodynamics is valid as an effective description when relevant length scales > mean-
free-path:
e Conformal invariance imposes that ¢ = 0.

e Viscosity can be calculated from a Kubo-like formula (fluctuation-dissipation)

w—0 w

2 Im Gﬁ w
L (52'1«5.7'1 + dudjr — g%&cz) + (3ij0m = — lim jini ()

Gl = ~i [ o [ dt 6(2) (©I17(7,0), T(G,0)[0)

e In all theories with gravity duals (A — o) at two-derivative level
n__ 1

s 4w

[Folicastro+Starinets+Son 2004, [Kovtun+SsSon—+Starinets 2004, [buchel+Liu 2004

e In Einstein-dilaton gravity shear viscosity is equal to the universal value.

Holographic models for QCD, Elias Kiritsis
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| Né DUIK VISCOSItY In lattice I

¢

S

H. Meyer 2004

10

0.8

0.6

04
0.2

- N n/s
T

Pure YM only. Error bar are statistical only.
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g/n

2(1/3-cs?)
30

25
2.0[

15[

0.5

T he Buchel parametrization (bound) I

iIBuchel 2004

0L

1.0‘ o

Holographic models for QCD,

Elias Kiritsis

82


http://arxiv.org/abs/0708.3459

ne sum ru

me’

NOQC

[Karsch-+FKharzeev-+t Tuchin, 2008

e A rise near the phase transition but the scale cannot be fixed.

Holographic models for QCD,

Elias Kiritsis
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EIPTIC FIOW VS DUIK VISCOSITY, I

[U HeinzFH.S5ong 2008
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Spatial string tension

(. bova et al. 1994

e T he blue line is the spatial string tension as calculated in Improved hQCD,

with no additional fits. Nitti (unpublished) 2009

e The red line is a semi-phenomenological fit using

2
'l 51 7w 1'\13
— 0.51 |lo O (2Io —)]
d T, T 121 d d T,

Os c C

Alanen+Kajantie+Suur-Uski, 2009

Holographic models for QCD, Elias Kiritsis
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Heavy quarks, energy Ioss and Langevin diffusion I

e An important class of probes in Heavy ion collisions are heavy quarks.
e [ hey are heavy and relatively easily identifiable from end products.

e [ hey can provide useful “localized” information about the quark-gluon
fireball in a heavy-ion collision.

e [ hey have not been so prominent in the initial phases of RHIC due to
energy availability.

e [ hey are becoming more prominent recently and they play a leading role
now both at RHIC and LHC, complementing the collective observables.

Holographic models for QCD, Elias Kiritsis
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Brownian Motion and Langevin DynamicCs |

e Heavy particles moving inside a thermal bath undergo Brownian motion:
once in a while they collide with fluid particles and suddenly change path.

e This phenomenon has an elegant description in terms of the (local)
lLangevin equation which in its simplest form is

PO = i PO +E@ (€D =0, (€D =26 5t~ 1)

nJ is an average ‘“viscous” (dissipative) force

x' is the diffusions coefficients.

e Physically both of them have a common origin: the interactions of the
heavy probe with the heat-bath.

e The first describes the averaged out (smooth) motion, while the second
the (stochastic) fluctuations around the average motion.

e [ he Langevin equation is a stochastic equation and as such makes sense
only in a (time) discretized form (Itd calculus).

Holographic models for QCD, Elias Kiritsis
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| he Kramers Equation |

e [ he Brownian motion induced by the Langevin equation can be remodeled
as an evolution in phase space

e Let P(a,p' t) d3zd3p be the probability of an ensemble of probes. The
Langevin evolution translates to

p_ o 9 [ i liw
(5 o) P = o (179 + 5" ) P

e [ he equilibrium distribution in a homogeneous ensemble is expected to
satisfy,

o ; 1 8 g
] - Z] S
o (179 + ) =0
FE
e It will be a (non-relativistic) Boltzmann distribution P ~ e T if the
Einstein relation holds
. . ﬁ2
kW =2MT n"” |, E=-——
2M
where T is the bath temperature.
Holographic models for QCD, Elias Kiritsis
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SOIUTIoONn OT the Langevin Equation I

p=-nmp+¢& ., (E@EW)) =ro(t—1t)

with solution

p(6) = p(0)e M + [ "t e (¢
(p(1)) = p(0)e "

®?) — ()2 = [ il 1= | e D (e () = 2—”;7 (1 &2

e Long times: ¢t > %: (p) —» 0 and (Ap?) — 2—”‘;7
e Short times: ¢t < %: (p) ~ p(0) and (Ap?) = K t.

89



e Consider a multidimensional motion and separate

p=pl+p- , #pt=0

e The transverse momentum obeys a Langevin process with (by definition)
(p1) = 0 but with an increasing dispersion

((Aph)?) — 2kT ¢

e [ his defines the “jet quenching parameter”

___{((aphH)? okt
q= = )
vt v

e This is a “local” (in time) transport coefficient.

Holographic models for QCD, Elias Kiritsis
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Jet gquenching Influence |

e A non-zero value for the jet quenching parameter for light quarks is essen-
tial in explaining the RHIC data. Below we show the nuclear modification
factor

Eskola et al. 2005

Holographic models for QCD, Elias Kiritsis
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| he generalized Langevin equation |

e For our purposes a more general analysis is necessary. We consider the
coupling of the coordinates of the probe with the bath degrees of freedom

Sint = /dT)Z'(T) . F
where F' is the force from the heat-bath.

e [ he generalized Langevin equation in general has memory and reads
Pl [T aty T (X —1) = (1) . 39() = GHO) , (D)) = Gl (D
where

Gr(t) = —i0@)([F(©), F(O)) , Ga(t) = i9(—t)<[5”(t),f(0)]>

Gom(®) = ~ZUF O, FON)  Ganti-sym(®) = ~5{[FO, FO)
TFWFO) = 600 FOF ) + (- FOF(D) = Gaym + =G + G

e T he main goal is to use holography in order to evaluate Gsym and Gp for
the forces of interest in QGP

Holographic models for QCD, Elias Kiritsis
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ne

OCd

LMIT

e For t > t. the autocorrelation time of the force

o0 / / y / y o0 / /
| dtr@X(E—t) = nX@®) . n= [ty
/ / o0
P4+nX=¢ — P4npP=¢ _ X, =
na — npt — y  ND — P”'? — ~M
e In Fourier space
Im G
w—0 w

e T he relation between Gr and Gp is ensemble-dependent. For a thermal

ensemble

Gsym(w) = coth (%) Im Gp(w) = k=2Tn=2MTnp

we recover the non-relativistic Einstein relation.

Holographic models for QCD,

Elias Kiritsis
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| he holograpniC Sstrateqy |

e [0 determine the stochastic motion of heavy quarks we must therefore
calculate the force correlator in QCD as

eiseff — <€’LfX.F>

e \We will calculate them using a holographic dual.
1. We must identify the force operator F.
2. We must solve the classical equations of motion

3. Calculate the correlators from the boundary on-shell action using the
Son-Starinets prescription for the real-time correlators.

Holographic models for QCD, Elias Kiritsis
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| e holograpniC setup |

e There is a 5D bulk described by a general 5D black hole with metric (in
the string frame)

2 _ .2 dr? 2 | 0
ds< = b“(r) — f(r)dt + d¥
f(r)
e [ he boundary is at
r—-0 , f—1 |, b——-—+--
T

and at the BH horizon

r—ry o, frp) =0, 4T =|f(rp)]

e [ his is the holographic description of a general strongly coupled plasma
(deconfined phase) in a heat bath.

Holographic models for QCD, Elias Kiritsis
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Classical Heavy quark motion

e A heavy quark is modeled by a string moving in the BH background with
(constant) velocity .

[Herzog—+Karch-+Kovtun—+Kozcac+yarrq, Gubsen
[Casaldelrrey-Solana-+ Teanéey, [Liu+FRajagopal+VWWiedeman

e [ he dynamics of the string is given by the Nambu-Goto action

1 — ~
SNG = —W/d%\/det 9 5 GaB = guv OaXM0gX"
S

Holographic models for QCD, Elias Kiritsis
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| e drag torce I

e [ he classical dragging string solution is

xt=0 , xXll=wt+etr) |, €0)=0
'(r) — C f("")_’UQ . —v2 _ 2?“ r
f( )—f(T)\lb4(T)f(?“)—C2 ’ f( S)— 9 C_b ( S)f( S)

e [ he “drag’ force is in the longitudinal direction

2 2
dp” _ 0 (rs) _ class, || class _ 1 b (rs) _ 1
L 2 U — —771) p ’ 77D - 2 ) Y =
dt 2l M~ 2l 1 — 02
Gursoy—+Kiritsis+Michalogiorgakis+Nitti,2009
Holographic models for QCD, Elias Kiritsis
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ne Woria-sneet dCK Nole

e Change coordinates to

. /I Ufl
t_T_I_C(T) 9 C_f—'UQ
and write the induced world-sheet metric as
b*(r)

ds?® = b2(r) | = (f(r) — v2)dr? + dr? :

b*(r) f(r) — C2
e This has a (world-sheet) horizon at r = rs.

e It is an asymptotically AdS>, two-dimensional black-hole.

e [ he Hawking temperature can be calculated to be

1 b/(rs) f,(TS)
Ts = — rs) f(rs) |4
; 47TJf< ) (rs) [ ORI
e In general Ts depends on T, A,v. In the conformal case, T = %
Giecold+Iancu+Mueller, 2009
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T
Ts -1 as v—0 , Tg—— as v—1

Nal
e In all examples we analyzed, Ts < T'.

e We always have 0 <rs <ry. s =0 when v =1 and rs = rp, when v = 0.

Holographic models for QCD, Elias Kiritsis
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FluCtuations of the tralling string |

e So far we have calculated the average damped motion of the trailing
string.

e [0 study the fluctuations we set

. 7L
X(r,t) = (vt + 5("“)); + 6 X (r,t)
e From the boundary coupling
Spdr = /dt X;(t) Fi(t) ~ Sp,. + /dt 5X;(t) FUt)

e Correlators of F in the dual QFT are given by holographic correlators of
0X,;(t) in the bulk string theory.

e [ hey can be obtained according to the standard holographic prescriptions
by solving the second order fluctuation equations for 6 .X;(t).

e For the retarded correlator we must impose “incoming” boundary condi-
tions at the world-sheet horizon and unit normalization at the boundary.
98



e Introducing the Fourier modes of fluctuations
5X(r,t) = e“T5X (r,w)

the second-order radial equations are of the form

Or N (f =o' f = C%) o, (5Xi)] + S 65X+ =0
V=02 f - C2)
Or [%V(f —0?)(b*f = C?) o (5X”)] -+ S sxl=o0

22\/(f = v?)(b*f — C?)

f(r) = o2
b(r)*f(r) = C2

Z(r) = b(r)QJ

e [ hey are different for longitudinal and transverse fluctuations.

Holographic models for QCD, Elias Kiritsis
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VWorld-Sheet Hawking temperature |

02 04 06 08 10'

The ratio of the world-sheet temperature to the bulk black hole temperature, as a function
of velocity, for different values of the bulk temperature. The dashed line indicates the AdS-
Schwarzschild curve, Ts =T/, /7.

Holographic models for QCD, Elias Kiritsis
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Asymmetry factor (Z2) I

Y L(rs)
101+

1.00|

0.99

I

098]

I | I I I | I I I | I I I | I I I | V
0.2 0.4 0.6 0.8 1.0

The function vZ(rs) as a function of velocity, (y = 1/y/1 — v2), computed
numerically varying the velocity, at different temperatures. The dashed line
represents the conformal limit, in which vZ = 1 exactly.

Holographic models for QCD, Elias Kiritsis
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Jet quenching parameters |

q,/Tc

300
250
200
150
100

50

p(Gev)
fjH charm
q,/Tc’
120i 250
100;— 25T, i
g0/ §
60; 27,
40:, [
f 15T, ?
20+ T.
T e L pice
q, bottom (j” bottom

The quantities ¢, /T and g /T plotted as a function of the quark momentum p. The plots for the charm
and the bottom quark differ by a scaling of the horizontal direction.
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The jet-quenching parameters g, and ch plotted as a function of T'/T., for different quark

momenta.
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Locality of Langevin evolution \

e [ he validity of the local approximation demands that

1
t > teorrelation ™ ?s
e For (Aph)? to be characterized by k- we must have
1
t < trelaxation ™~ —
np
T herefore we need
1 S 1
npD T

If this fails we need the full non-local (in time) Langevin evolution.
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Charm Bottom
Ts/np

\

4.5T3T. 2T, Te 4.5T, 3T¢ 2T,

| | P (GeV) | |
4 10 22 40 60 75 80 50 100 150 200 250 300

(2) (b)

The quantity Ts/np is plotted against quark momentum, for different bulk temperatures.

Figures refer to the charm and bottom quark, respectively. For each temperature, the

validity of the local Langevin equation constrains p to the left of the corresponding vertical
line, which marks the transition of Ts/np across unity.

Holographic models for QCD, Elias Kiritsis
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Schwinger-Keldysh derivation I

Consider a system with degrees of freedom { @ } and density matrix p(Q,Q’,t). that
evolves as

p(Qfa Q/f? t) — U(Qfa QO) ta tO)ﬁ(QO) Q67 tO)UT(Q/fa Q/07 ta tO)

where the evolution operator is given by the path integral

U(Q;, Qo,t, t0) = / DQ 5@ = / DQ e T gy =00 . Q) =0,

Therefore the density matrix is a double path integral

p(Qf’fo’t> — /DQ/DQI ei(s(Q)—S(Q/))p(QO,QE)’tO)

It is natural to double the fields, call Q@ = Q4+, Q"= @Q_, and consider Q4+ the values of Q
on the double (Keldysh) contour
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We now consider a single particle described by X (¢), and a statistical ensemble, described
by a QFT with degrees of freedom d(x,t). We assume a linear interaction between X
and some functional F(t) of the QFT fields &.

S = So(X) + Sgrr(®) + Sint (X, ) ,  Sin(X,P) = /dt X (t)F (1)
We assume that the particle starts at X = x; at ¢;, = —©
pi = 6(X — 2)8(X" — ;) pi(P, D)
We would like to compute the reduced density matrix at time t:
o(X, X', t) =Trep(X, X', d,d' 1)
That we can now write as a path integral using a doubled set of fields

(X, X' t) = / DX, / DX _ e%(Xp)=iS(X) / Doy DP_ S En®) =i (X)) (b D)
where the the trace in the QFT path integral is obtained by setting (®4); = (P_); and
Sj: — SQFT —I— /X]:

Therefore the effective density matrix evolves according to the effective action

Serf( X4, X ) = S0(X4) — So(X-) + Srr( Xy, X)
e = <€ifX+}—+_ifX}->QFT ensemble
Feynman-+Vernon, 1963
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We expand the exponential to quadratic order

<€ifX+]:+_ifX}—>QFT ensemble = 1 + i/dt <-7:(t)>(X+ _ X—)_

—%/dt/dt' =X () i(Fr(O)Fr@)X4 (@) + X () i(F-(O)F ()X ()+
+ X () ((Fr(O)F-()X-(t) — X_(t) i(F_(t)F-(t') X_(t)]

~ exp [i/dt (FO)(Xy — X_) — %/Xa(t) Gan(t, )Xy ()

with
Gap(t,t") = i(PF.(t)Fp(t'))
with P being path ordering along the keldysh contour:

e |+ operators are time-ordered, — operators are anti-time-ordered

e — operators are always in the future of 4+ operators.
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The Keldysh propagators can be written in terms of the standard ones:

Gr(t) = —i0@)([F (&), F(O)]) , Ga(t) =i0(—t){[F(£), F(O)])

Gon() = ~LUFW,F©) . Cansi (@) = —{[F(1), FO)

(TF(OF(0)) = 6(1) (F(NFO)) + 6(-D)(F(O)F (1)) = Gy + 5 (G G

1 1
G—l——|— — Gsym + E(GR + GA) , G = Gsym — E(GR + GA)

1 1
G+— — Gsym + 5(_GR + GA) ) G——l— — Gsym + §(GR - GA)

G+ +G - —-G4_—G_4 =0
Using this we can rewrite the effective action as

1
Serr = So(X4) — So(X-) + /(X+ — X )Gp(X4+ +X-) + §(X+ — X_)Gsym(X4 — X—)/
We now define

1
Xclass = 5(X+‘|‘X—) , y=X4 — X
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In the semiclassical limit y < X¢ass and we can expand

So(X4) — So(X_) =~ / dt 525'0 Y+ 00
to obtain
Sopy = / dt (1) [ 5Xjass( 5+ / 48 G, 1) X cass (! )] / dt / 4ty () Gayen (1, )y (1)

Therefore the X path integral becomes
B / D Xclasss / Dy & vO[ w2im+ [ At Xam(®) |+ [ dt [ dty()Gom(t)y(t)

We integrate-in a gaussian variable £(t) with variance Gsym. This will linearize the y
integration

. 0S 1
Z = /Df/DXclass/Dy exp [Z/dt y( 0 + GrXclass — 5) - _stymfl
5Xc|ass 2

Integrating over y we obtain a 6 functional,

0S .
— /D€/DXclass 5( ° +GRXC|355—§) e 28Gomt

class

Therefore the path integral is localized in a solution of the generalized Langevin equation

4.5 t
X O(t) +/ dt' Gt 1) Xaass(t) = £() ,  (EDER)) = Gaym(t, 1)
class — 00
Holographic models for QCD, Elins Kiriteis
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String Tluctuations and torce correlators I

In the diagonal wold-sheet frame

af
2) 1 H
Sya = —27T£§ /dT dr 5

BaXas X! & I

and the fluctuation equations are

O (HP9) X+ =0 , 0, ( 7 85) xll=0

_ b 0 f—°
HB = ( V) (b f—C?) ) . 2= .
0 V=) - C?) if=C
We look for harmonic solutions § X (r,t) = ™" §X (r,w)
2b4
8, _ ) (b — C?) 8, 5X¢] - SX+ =0
[\/(f ES - € 003X | +
1 w2b*
Or | — —02)(B*f = C?) b, 5X|] sxlh=o0
[ZQW S = o (5x1) T A G-

e Near the boundary the equations is symmetric

2
V=W Rt =0, W w) ~ Co(w) + Cu(w)r? 4
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e Near the world-sheet horizon, r — rg

1

743_74

w
47TT8(TS - T)

iw iw

2
) V=0 , W(rw)~Cou(w)(rs—r)=+Cip(w) (rs —r) ==

W//_|_ W,—I_(

e [0 calculate the retarded correlator we have

(
Ho#
) J—)
27?2
S = /d’f’d’T HOP O WosW | HP = ¢
HoB
| 2me2 Z2 I
e For the retarded correlator
GR((U) = HTQ(T)W*(T,W)aaW(T,W) R \U(O,W) =1 ) \U(’r — ’I"S,w) ~ (7"8 — 7">_4;wa
boundary

e [ he metric entering the wave equations for fluctuations is 2d BH metric, with temper-
ature T,. Using the Schwinger-Keldysh formalism we can show that

) ()

and therefore the temperature entering the fluctuation-dissipation relations is T5.

: w
G" — coth
) = cotn (2

S

e This is NOT the thermal equilibrium relation of the plasma.

Holographic models for QCD, Elias Kiritsis
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Langevin ditTfusion constants |

G
k= Gsym(w = 0) = =27 r(w)
w w=0
H™ <=
ImG,.(r,t) = 5 V*ow =J(rt) , 0OJ =
7
We can compute ImGgr(w), anywhere, and the easiest is at the horizon, r = ry:
" Hrr 5
\U:C fr._rr»_4ﬂ'[5 . e , ImG - C w
h (7s ) T k ArTs(rs — 1) rs‘ a
e WU can be computed exactly as w — 0
(.2
b (TS)TS ) J—a
r HrT 1
\U21—|—w/ H"(r) dr' = C,=1 = k= = —
0 27 (rs — 1) lr, l2 ) bz(rs) 3
(47-‘-) / 2TS Y ||7
\ f (TS)
Holographic models for QCD, Elias Kiritsis
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Langevin Triction terms \

i=—nl pll 5 —np pt + &)
To connect to the holographic equations we must rewrite them as equations
for 6 X

We have

—

X =34 6X

. P= —— = VM7 +6p
\/1 — XX

We expand to first order to obtain the equations for the position fluctua-

tions

yMoXt = —ptoxt et | PBmeXll = gllsx!l 4l
1 1 o |

We have computed holographically
wl L

2T

L

/r’||7
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which lead to the modified Einstein relations

K = 2vMTs nf = 2FET5 775 : kll = 273MT3

I
1 om0 2D
77D+’Y v ap]

to be compared with the standard one kK = 2MTnp.

e Consistency check

bQ(TS)
M~ (27e2)

satisfies both Einstein relations.

Holographic models for QCD, Elias Kiritsis
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ne dadiffusion _constants

e From direct calculation we obtain

IQJ_ = bQ(TS)

KJH _ b2(7“3) (47‘(‘)2 T3
Wﬁg

ng f,(TS)Q i

Ts

e \We also obtain the relation

Giym(w) = coth (;; ) Gl (W)

S

and therefore the temperature entering the fluctuation-dissipation relations
Is T5.

e Because the diffusion and friction coefficients are generically momentum
dependent there are non-trivial relations between Langevin equations for
momenta and position fluctuations.
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i=—n pll 5 —np pt+€1)

In configuration space

yMSX+ = —ptoxt et BMmeXN = —gllsxll 4 ¢l
1 1 an)
L+ 1 | — | Mo 1D
=y = ey {nlﬂ-’y " ap

e We have computed holographically

o Al

2T
which lead to the modified Einstein relations

n

o
KJJ_ZQ’)/MTS 771%=2ET3 771% : m||=2’y3MTS 77%+’YM’U 77[)]

op

to be compared with the standard one kK = 2MTnp.
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e Consistency check:

bQ(TS)
M~ (27e2)

L

satisfies both Einstein relations.

e T his type of relativistic Langevin evolution is different from what has

been described so far in the mathematical physics literature.
Debasch+Mallick+Ribet, 1997

e The diffusion constants satisfy the general inequality (in the deconfined
phase)

blrs) -
f(rs)b(rs) —

fiu_:: <¢¢F7}
K] f'(rs)

equality is attained at v = 0.

2
) =1+ 4v°

e For systems similar to QCD, the WKB approximation valid for large w
seems to be valid down to very low frequencies, providing an analytical
control over the Langevin correlators.

Holographic models for QCD, Elias Kiritsis
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Adding the quarks|

e We would like to add N, quarks q£ and antiquarks q{;.

e We must add in the string theory (in 5d) space-filling Ny D4 and Ny Dy
branes.

e In the same spirit of kicking the most important (=relevant) operators
we will keep:

(a) The left and right-handed currents of the U(Ny), x U(Ny)g chiral sym-
metry. They are dual to U(Ny)y x U(Ng)g gauge fields A%, Al

(b) The quark mass operator (j}/q‘é dual to a complex N; x Ng (bifun-
dametal) complex scalar, TY  that in string theory is known as the open
string tachyon.

108



108-



e [ he interactions on the flavor branes are weak, so that Aﬁ’R,T are as
sources for the quarks.

e Integrating out the quarks, generates an effective action Sflavor(Aﬁ’R,T),
so that Aﬁ’R,T can be thought as effective qq composites, that is : mesons

e On the string theory side: integrating out D3 — D4 and Dz — D4 strings
gives rise to the DBI action for the D4 — D4 branes in the D3z background:

SflavOT(Aﬁ’R,T) — SDB[(Aﬁ’R,T) holographically

e In the "vacuum” only T can have a non-trivial profile: Tfj(r). Near the
AdSs boundary (r — 0)

TIj(T)zMIjT-l-”"F@i q}];>7«3_|_...

Casero+Kiritsis+Paredes

Holographic models for QCD, Elias Kiritsis
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General properties I

e A typical solution has (a) T vanishing in the UV and (b ) T"— oo in the
IR.

e At the point r = r« where T = oo, the D, and D4 branes “fuse’. The
true vacuum is a brane that enters folds on itself and goes back to the

boundary.

e A non-zero T breaks chiral symmetry.
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e WWhen mg = 0, the meson spectrum contains N]% massless pseudoscalars,
the U(Ny)4 Goldstone bosons.

e The WZ part of the flavor brane action gives the U(1)4 axial anomaly
and an associated Stuckelberg mechanism gives an O(%) mass to the

would-be Goldstone boson 7/, (agreeing with Veneziano-Witten).

e \We can derive formulae for the anomalous divergences of flavor currents,
when they are coupled to an external source.

e [ =0 is a solution. In case of confinement, it is excluded from the absence
of IR boundary for the branes: Holographic Coleman-Witten theorem.

e Fluctuations around the T'(r) solution for T, Aﬁ’R give the spectra (and
interactions) of various meson trajectories.

e A GellMann-Oaks-Renner relation is always satisfied (for an asymptotic
AdSs space)

Holographic models for QCD, Elias Kiritsis
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| he tachyon DBIl action |

e The flavor action is the Dy — D4 action: S[T, AL, A% = Spp;+ Sy

Ne¢
Spr; = /drd4ac - Str !V(T) <\/— det (gW + D¢, TTD,, T + Fj,,)+

+\/— det (g + Dy, TTD,, T + Fﬁ))l
DT = 8,T —iTAL +iAST , DT = 8,17 —1ALTT +iTT AT
transforming covariantly under flavor gauge transformations
T = VTV, . Al s vl —awviavp)v) o AR S vl —iviave) v

e For the vacuum structure and spectrum Str = T'r.

e [ he tachyon potential in flat space can be computed from boundary
CFT.

Kutasov-+Marino+Moore

2
V(T) = Ko e HTT"

e Two extrema: T = 0 (unbroken chiral symmetry) and T = oo (broken
chiral symmetry).

Holographic models for QCD, Elias Kiritsis
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| he tachyon W/Z action |

e [T he WZ action is given by
Kennedy+Wilkins, Kraus+Larsen, Takayanagi+ Terashima-+Uesugi

Swy = Ta / C AStr exp [i2na/F]
Ms

e Msx is the world-volume of the D4-D4 branes that coincides with the full
space-time.

5—n
e C is a formal sum of the RR potentials C =5 ,,(—1) 2 Cy,

e F is the curvature of a superconnection A:

- f Ty — T T
’I,.AZ zAL T ’ i F — ZFL T DT
T iAp DT iFp —TTT

F=dA—iANA , dF —iANF+iFAA=0
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e Under (flavor) gauge transformation it transforms homogeneously
T
T Vi O o %5 OT
O Vg 0 Vp
e EXxpanding:

SWZ=T4/C’5/\ZO—I—C3/\ZQ—I—01/\Z4—|—C’_1/\Z6

where Z»,,, are appropriate forms coming from the expansion of the expo-
nential of the superconnection.

e /o = 0, signaling the global cancelation of 4-brane charge, which is

equivalent to the cancelation of the gauge anomaly in QCD.

Zo=dS21 , Qq =iSTr(V(T'T))Tr(A; — AR) — log det(T)d(StrV (T'T))
Casero+Kiritsis+Paredes

e This term provides the Stuckelberg mixing between Tr[A; — Ajf] and the
QCD axion that is dual to C3. Dualizing the full action we obtain

SCP—odd = /d%\fZ()\) (Da +i21)?

2N?Z2
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3 2
— M7 / d°x\/gZ () (c%a + COuV (1) — @V(ﬂ%‘)

1
(=SlogdetT , Ap—Ap=——AT+ (A9 — AL\
2N

e This term is invariant under the U(1)4 transformations, reflecting the
QCD U(1) 4 anomaly.

(—(+e€e Aﬁ%Aﬁ— lif@ue : a—>a—NfeV(T)

® This is responsible for the mixing between the QCD axion and the n” — we have two

scalars a,¢ and an (axial) vector, A;j‘. Then an appropriate linear combination of the two
scalars will become the 01 glueball field while the other will be the n’. The transverse
(5d) vector will provide the tower of U(1)4 vector mesons.

e The term Cq1 X Zy ~ V Cq[F, NF; + Fr N\ Fg|] + --- couples the flavor
instanton density to the baryon vertex.

e Using Zg = dS25 we may rewrite the last term as
/FO/\Q5 . Fy=dC_q
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Fo ~ N¢ is nothing else but the dual of the five-form field strength. This
term then provides the correct Chern-Simons form that reproduces the
flavor anomalies of QCD. It contains the tachyon non-trivially

Casero+Kiritsis+Paredes

e TO proceed further and analyze the vacuum solution we set T'=7 1 and
set the vectors to zero. Then the DBI action collapses to

S[r, Ay] = NNy / drd® G_CDV(T) \/— det (guy + Out0LT)

We assume the following tachyon potential, motivated/calculated in stud-
ies of tachyon condensation:

w2 2

V(t) = Ve 27

where p has dimension of mass. It is fixed by the requirement that t
has the correct bulk mass to couple to the quark bilinear operator on the
boundary.

Holographic models for QCD, Elias Kiritsis
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aCcnhyon dynamics |

e In the vacuum the gauge fields vanish and T'~ 1. Only DBI survives

64A5(T) 2

i

V(r) Ve L 22 | V() =e 27

2

S[7] :TD4/de4ZC

e \We obtain the nonlinear field equation:

A D
T+ <3A5 — X) -+ 62A5u27 + e 24s

4AS—X] S 4t 2 =0.

e In the UV we expect

r=mgr+ori+-. , p>=3

e \We expect that the tachyon must diverge before or at » = rg. We
find that indeed it does at the (dilaton) singularity. FoOr the rg = oo
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backgrounds

2
TNexp[——fr] as r— 00
a

e Generically the solutions have spurious singularities: 7(r«) stays finite but
its derivatives diverges because:

TNT*_I_’Y’\/T'*—T’.

‘The condition that they are absent determines o as a function of my.

e [he easiest spectrum to analyze is that of vector mesons. We find
(ro = 00)
1 3 (a2\ D2 g a2
Nglueballs = o’ Nmesons = 7 <2—RQ> x< o (E) .
This suggests that o« = 2 preferred also from the glue sector (linear tra-
jectories).

Holographic models for QCD, Elias Kiritsis
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A “warmup’ model |

Take a simple confining background: AdSg soliton, a solution of non-critical
string theory (a 6d version of the black-D4 Witten model for glue)

R2 _ 22
dsg = ) [dw%,s + frtdz? + fa d?ﬂ , fa=1- 5 o € [0, zA]
A

with n periodic, & — constant.
Kuperstein+Sonnenschein

e We consider Ny D4+ D4 branes at a fixed n, and we will will neglect the
coordinate of the branes transverse to the n circle.

S = —/d4a:sz(|T|) W— det Ay 4 /- detAR)

AN = gun + 21 Ay + ma! (D T)*(DNT) 4+ (DNT)* (D T))

Dy T = (0p +iAY, —iARNT.
e [ he active fields are two 5-d gauge fields and a complex scalar T' = Tew,
which are dual to the low-lying quark bilinear operators which correspond
to states with JF¢ =1—— 1++ o+ otT,
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e We will take T'"= 71

V=Ke 2" , R2=6/(2
so that A = 3.
e [achyon equation:
3 2f/\ 22 A

e Near the boundary z = 0O, the solution can be expanded in terms of two
integration constants as:

T=c1z+ 20%23 l0g z + c32° 4+ O(2°)

e c1, c3 are related to the quark mass and condensate

e [here is a one-parameter family of diverging solutions in the IR:
C

T = T —
(zp — 2)20

3 3
— 2)20 + ...
67TC(Z/\ 2)20 +
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0.35 -
0.30
0.25+

020+

0.15

0.10-

0.05

0‘.2‘“0‘.4‘“0‘.6“‘0‘.8“‘1‘.0C1/ZA

e Chiral symmetry breaking is manifest.
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For the vectors

amit) = 1.4540.718¢; , aami?) = 2.64 + 0.594¢; aam$P =3.45 4+ 0.581¢1
aml? = 4134 0.578¢; , aam{P =4.7240.577¢; 2am!{® =5.25 4 0.576¢; .

For the axial vectors:
aml?) = 1.9341.23¢; , zam$P =3.2841.04c1 , zam$?) =4.2940.997¢;
z/\m1(4) = 5.1340.975¢c1 , 2za m1(4) = 5884+ 0.962c1 , 2za ml(él) = 6.55 4+ 0.954¢4

For the pseudoscalars:

amit) = \/2.47c% + 5.32¢1 aam$?) =2.79 4+ 1.16¢1 aam$P =3.87 4 1.08¢1
aam$? = 477 4 1.04c; , aam$) =5.54 4 1.01cy, aamt® =6.24 40.997¢; .

For the scalars:

aam§? = 2.4740.683¢c; , aam$?) = 3.73 4 0.488¢1 aam$? = 4.41 +0.507¢1,
aam$Y) = 4.9940.519¢, zam$? = 5.50 4+ 0.536¢1 , aamt® =5.98 4 0.543¢; .

e Valid uptoec; =1

e In qualitative agreement with lattice results
Laerman+Schmidt., Del Debbio+Lucini+Patela-4+Pica, Bali+Bursa
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We fit the two parameters to the “confirmed’” isospin 1 mesons

L —s03mev , Ci9Mt — 00135
ZA
JPC | Meson | Measured (MeV) | Model (MeV)
1= | p(770) 775 735
p(1450) 1465 1331
p(1700) 1720 1742
p(1900) 1900 2083
p(2150) 2150 2380
11T+ | 41(1260) 1230 980
a1(1640) 1647 1661
o~ 0 135.0 135.3
7(1300) 1300 1411
7(1800) 1816 1955
0+ T+ | ag(1450) 1474 1249
e The RMS error defined as 100 x >0 Wlth n=11-2 is 11%

\/_
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e ''less confirmed mesons”

JPC | Meson | Measured (MeV) | Model (MeV)
1= | p(2270) 2270 2649
11T+ | 41(1930) 1930 2166
a1(2096) 2096 2591
a1(2270) 2270 2965
a1(2340) 2340 3303
0—t | #(2070) 2070 2406
7(2360) 2360 2798
0+t | ag(2020) 2025 1883

e The RMS error here is 23%

e AXial vector mesons are consistently overestimated.
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Advantages of this simple model

e Compared to the SS model it contains all trajectories corresponding to
1-—,1+t+ 0=+, 07T and can accommodate a mass of the quarks. The

asymptotic masses of mesons are m2 ~ n are they should.

e Compared to the hard wall AdS/QCD model chiral symmetry breaking is

dynamical and not input by hand. Asymptotic masses behave as m% ~ n2.

e In the soft wall model, chiral symmetry breaking is not dynamical and
different aspects of that model are inconsistent.

e It needs to be improved along the lines of the glue sector+add the non-
abelian structure.

Holographic models for QCD, Elias Kiritsis

113-



ne chiral vacuum Structure

e \We take the potential to be the flat space one
V="V,

with a maximum at 7' =0 and a minimum at 7' = oo.

e Near the boundary z = 0, the solution can be expanded in terms of two
integration constants as:

T=c1z+ gc:fz?j log z + 0323 —- (9(25)

e c1, c3 are related to the quark mass and condensate.

e At the tip of the cigar, the generic behavior of solutions is

T ~ constanty + constanto/z — zZp

e \With special tuned condition there is a one-parameter family of diverging
solutions in the IR depending on a single parameter:

C 13
(27— )50 67C

T = (z/\—z)23_0—|—...
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e This is the correct “regularity condition” in the IR as 7 is allowed to
diverge only at the tip.

.
O_O — ;7';!7'”' i
1.0f 0.2 -
~0.2!
0.8
_0.4!
0.6/
~0.6!
0.4
~0.8!
0.2
~1.0!
0. . ‘
0.0 0.2 0.4 0.6 0.8 1.0°

All the graphs are plotted using zp = 1, 2 = m and ¢; = 0.05. The tip of the cigar is at z =25 = 1. On the
left, the solid black line represents a solution with ¢z =~ 0.3579 for which 7 diverges at zp. The red dashed
line has a too large c3 (c3 = 1) - such that there is a singularity at z = z; where 0,7 diverges while 7 stays
finite. This is unacceptable since the solution stops at z = z; where the energy density of the flavor branes
diverges. The red dotted line corresponds to ¢z = 0.1; this kind of solution is discarded because the tachyon
stays finite everywhere. The plot in the right is done with the same conventions but with negative values of
c3 = —0.1,—-0.3893, —1. For c3 =~ —0.3893 there is a solution of the differential equation such that = diverges

to —oco. This solution is unstable.
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e Chiral symmetry breaking is manifest.

Holographic models for QCD, Elias Kiritsis
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Chiral restauration at decontinement

e In the deconfined phase, the bulk metric is that of a bh.
e [ he branes now are allowed to enter the horizon without recombining.

e [0 avoid intermediate singularities of the solution the boundary conditions
must be tuned so that tachyon is finite at the horizon.

e Near the horizon the correct solution behaves as a one-parameter family

3CT 9CT
r=cr— - (ap—2) -

8 + e — )24 ...
5o QOOzT( + pier)(zp — 2)° +
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0.2

Y02 04 o6 08 107

0.2

-0.4

0.6

Plots corresponding to the deconfined phase. We have taken ¢; = 0.05. The solid line
displays the physical solution ¢z = —0.0143 whereas the dashed lines (¢ = —0.5 and
c3 = 0.5) are unphysical and end with a behavior of the type 7 = k1 — kov/25s — 2.
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C3
0.20

0.15
0.10
0.05

PO 02 04 06 08 1.0C1
~0.05

~0.10
~0.15

These plots give the values of c3 determined numerically by demanding the correct IR

behavior of the solution, as a function of ¢;.

Holographic models for QCD, Elias Kiritsis
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Jump Of the condensate at the phase transition I

e From holographic renormalization we obtain

3
(qq) = %<2m’lcR3A) (_403 + (%) p2(1+ a)) . mg=pc1

e \We calculate the jump at the phase transition that is scheme independent
for a fixed quark mass.

_ _ _ 1
Aqq) = <QQ>conf - <QQ>deconf — _45(2770/KR3>‘)AC3

e [ his is equivalent to Acs
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e \We plot it as a function of the quark mass.

Ac3
0.35¢
0.30}
0.25¢
0.20¢
0.15¢
0.10¢

0.05¢

dACg
dc 1

|
|
H
|

~0.05}

~0.10} |

—0.200 |

—-0.25*

~0.15} |

The finite jump of the quark condensate and its derivative with respect
to c¢; when the confinement-deconfinement transition takes place. The
important features appear when mq ~ Agcp

Holographic models for QCD,

Elias Kiritsis
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Meson spectra I
For the vectors

amit) = 1.4540.718¢c; , aam{?) =2.64 4 0.594¢; aam{P =3.45 4 0.581¢1

am$? = 4134 0.578¢; aam{P =4.7240.577¢; aami® =5.25 +0.576¢; .

For the axial vectors:

aam) ~ 2.054 1.46¢; , aam P ~ 3.47 + 1.24¢; oamP ~ 4544+ 1.17¢;

ZA m;) ~ 5.44 4 1.13c¢y, ZA m;)’v6.23—|—1.1101, ZA mﬁl)N6.95—|—1.1Oc1 .
For the pseudoscalars:
aamit) & \/3.53c§ +6.33¢; , aam$? ~2.91 4+ 1.40¢; , aam'P ~ 4.07 +1.27¢;
amlP ~ 5044121, aam$) ~ 587 4+ 1.17¢y aamt® ~6.62 4 1.15¢; .
For the scalars:
aam§? = 2.4740.683¢; , aam$?) =3.73 4 0.488¢1 aam$? = 4.41 +0.507¢,
ZA mg ) = 4.99 4 0.519cy, ZA mg ) = = 5.50 4 0.536¢1, ZA mg ) — = 5.98 4+ 0.543¢;1 .

e Valid up to ¢; ~ 1.

e In qualitative agreement with lattice results
Laerman—+Schmidt., Del Debbio+Lucini+Patela+Pica, Bali+Bursa

Holographic models for QCD, Elias Kiritsis
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Mass dependence of f; I

df,

Jr dey
0.24| 02
022 0.1 02 03 0.4
— \\\&\ N —
020 -02|
T 0.2 0.3 0.4 “1=04
///// B

The pion decay constant and its derivative as a function of ¢; - the quark mass. The
different lines correspond to different values of k. From bottom to top (on the right plot,
from bottom to top in the vertical axis) k = 2,23,22. The pion decay constant comes in

units of z,*.

Holographic models for QCD, Elias Kiritsis
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L Inear rRegge |rajectories |

15+

10}

o 20 3 40N

Results corresponding to the forty lightest vector states with ¢; = 0.05 and ¢; = 1.5.

Holographic models for QCD, Elias Kiritsis
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Spectra O "'ss states I

They can be "estimated” using

m(*n") = y2mk —m? ., m("$(1020)") = 2m(K(892))=m(p(TTON .,

Jrc Meson Measured (MeV) | Model (MeV)

17— | “¢(1020)" 1009 857
“$(1680)" 1363 1432

11T+ | “£1(1420)" 1440 1188

o~ Tt ' 691 740
“n(1475)" 1620 1608

o+t | “fo(1710)" 1386 1365

The "mass” of the s-quark is ¢1 4 = 0.350. The rms error for this set of
observables (n =6 — 1) is erms = 11%.

[ Tdeconf — 4575Tz/\ ~ 200MeV .

Holographic models for QCD, Elias Kiritsis
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e Veneziano Ilimit: motivation

e For several phenomena in QCD (=SU(N.) theory with N, quarks) the
presence of quarks is important

e Sometimes the relevant physics can be studied in the "Quenched Ap-
proximation”: quarks are probes in the glue dynamics. Several interesting
phenomena have been studied in this context.

e For others however, one should include propagating quarks inducing quan-
tum corrections in order to see them. In this second class we can mention:

& T he conformal window: the theory flows to an IR CFT for Ty = %f; > Te

if quarks are massless. Chiral symmetry is expected to remain unbroken in

this phase. The conformal window ends at the Banks-Zaks point, T = ﬂ

& The phase transition at Ty = Tc that is conjectured to be in the BKT
class. This type of transition where for Ty < Zc there is a condensate is

known as a conformal transition. Miransky, Kaplan+Stephanov+4-Son

& The region just below z. where the theory is expected to exhibit walking
behavior. This type of behavior has been advocated to be crucially useful
for technicolor models.
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&® The QCD thermodynamics as a function of T

& The phase diagram as a function of baryon density. Here we expect a

color superconducting phase, as well as a color-flavor locking phase.
Alford+Rajagopal+Wilczek

e All of the phenomena above except the Banks-Zaks region are at strong
coupling and therefore hard to analyze.

e Several (uncontrolable) techniques were applied so far for their study:
Truncated Schwinger-Dyson equations, lattice calculations, guesswork on
B functions, etc. It is with such techniques that some of the expectations
above were found.

e T he purpose of this effort is to explore the construction of holographic
models that exhibit similar phenomena, so that: (a) Explore the landscape
of possibilities (b) Construct realistic strong coupling models of QCD in
the Veneziano Limit.

Holographic models for QCD, Elias Kiritsis
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The case of N =1 SU(N¢) superQCD with Ny quark multiplets is known
and provides an interesting (although much more complex) example for the

non-supersymmetric case.
Seiberg

e r — O the theory has confinement, a mass gap and N, distinct vacua
associated with a spontaneous breaking of the leftover R symmetry Zy..

e At O <z < 1, the theory has a runaway ground state.

e At =z = 1, the theory has a quantum moduli space with no singularity.
This reflects confinement with xSB.

e At z =1+ Nlc the moduli space is classical (and singular). The theory
confines, but there is no xSB.
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o At 1—|—N% <x < % the theory is in the non-abelian magnetic IR-free phase,
with the magnetic gauge group SU(Nf — N¢) IR free.

o At % < x < 3, the theory flows to a CFT in the IR. (conformal window)
Near x = 3 this is the Banks-Zaks region where the original theory has an

IR fixed point at weak coupling. Moving to lower values, the coupling of
the IR SU(N.) gauge theory grows.

However near » = 3 the dual magnetic SU(N; — N¢) is in its Banks-Zaks
region, and provides a weakly coupled description of the IR fixed point

theory.

e At = > 3, the theory is IR free.

Holographic models for QCD, Elias Kiritsis
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VValking region-4 Technicolor I

e [echnicolor: EW symmetry breaking is due to a new strong gauge inter-
action with Apo ~ 1TeV.

e [The EW Higgs is scalar TC meson and the vev is due to a condensate of
TC fermions (H) ~ (Ypciprc) from TC chiral symmetry breaking.

e [ he Higgs vev is the TechniColor f; and should be set to ~ 250 GeV.

e T he composite Higgs couplings to the SM fermions x are now four-fermi
terms,

HXx ~ Yrcre XX
and should be generated by a new (ETC) interaction at a higher scale,
NETC-

e [ here are some important problems with this idea:
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& At the qualitative level: it relies on non-perturbative physics and therefore
is not easily controlable/calculable.

& There can be important flavor changing processes (that are suppressed
in the SM)

& To get the correct size for all masses, the dimension of operators Voo
must be close to two (instead of 3 in perturbation theory).

& The dimensionless quantity
Peskin+ Takeuchi

5= %mx/(q% S NC)

o (% - q“3”> Ni(¢%) = (J;(0) J,(0))
q-=0 q

controls the correction to the EW coupling constants and the EW gaueg
boson propagators.

e It is O(1) in generic theories from the spectral decomposition+sum rules,
but EW data imply that its should be ©(102) .
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& It has been argued by many scientists that a way out of the above is a

TC theory that is near conformal ("walking”) in the TC regime,
Holdom, Appelquist+Karabali+Wijewardhana

& Because S = 0 in the conformal window it was argued by continuity that

S — 0 in the walking region.
Appelquist+Sannino

& Because of approximate scale invariance, the theory was expected to have

a light scalar, "the dilaton”, namely the singlet scalar meson (o-meson).
Yamawaki+Bando+Matumoto

& Despite a lot of work in the last 15 years, whether such a theory exists,
and whether it has the required properties has remained elusive till now,
especially because lattice techniques are hard to apply to almost massless
setups.

Holographic models for QCD, Elias Kiritsis
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| e BankKs-ZakKs region I

e The QCD g function in the V-limit is

A= B(N) = —boA24b1X3+0(NY) |, by = 2(11 = 2zy) _ 2084~ 137))

3 (4r)2 0 P T T3  (an)4

e [ he Banks-Zaks region is

11
:Efzg—e with 0<ekK1l

We obtain a fixed point of the g-function at

_(8m)? 2
Asg = e+ O(e?)

which is trustable in perturbation theory, as A« can be made arbitrarily
small.
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e The mass operator, v{;)p has now dimension smaller than three, from

the perturbative anomalous dimension (in the V-limit)

dlogm 3 (203 — 10z/)

— A
dlogpn | (47)2 12 (47)%

A2+ O(N3, N ?)

e EXxtrapolating to lower X we expect the phase diagram

IRFP Banks-
hs ChS Zaks
1 ] ] \
1 1 1 /
0 X.~4 5.5 x=N./N,

Holographic models for QCD,

Elias Kiritsis
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| he strateqy |

e Construct (toy) holographic models resembling QCD in the Veneziano
limit.

e Put together two ingredients: the holographic model for glue developed

earlier: IHQCD
Gursoy+E.K-+Nitti

e and the model for flavor based in Sen’s tachyon action.
Casero+E.K.+Paredes, Iatrakis+E.K.+Paredes

Holographic models for QCD, Elias Kiritsis
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—Uslon I

The idea is to put together the two ingredients in order to study the chiral
dynamics and its backreaction to glue.

4 2
S =nN2 M3 / d®z./g [R _ 5(8/\/\2)

+ Vgo\)] —

— NN, M3 / dzVi(\, T)\/— det(gay + h(\)0aTO,T)
with
Vi(AT) = Vo(A) exp(—a(N)T?)

e We must choose Vy(A),a(N), h(N).

& The simplest and most reasonable choices, compatible with glue dynamics
do the job! The phase structure at T"' = 0 is robust against many different
choices in the IR.

Holographic models for QCD, Elias Kiritsis
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drameters |

e A theory with a single relevant (or marginally relevant) coupling like YM
has no parameters.

e [ he same applies to QCD with massless quarks.

e QCD with all quarks having mass m has a single (dimensionless) param-

eter : .
NQcp

e After various rescalings this single parameter can be mapped to the
parameter Ty that controls the diverging tachyon in the IR.

e [ here is also T f that has become continuous in the large N. Veneziano
limit.

Holographic models for QCD, Elias Kiritsis
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| he etfective potential I

For solutions 7' = Ty = constant the relevant non-linear action simplifies

S — M3N2/d5xf [R_f(é;\A)z

+ Vg(A) —z Vi (A, T)]

Vi T) = Vp(A) e @IT2

e Minimizing for Tx we obtain 7% = 0 and 7, = oco. The effective potential
for \ is

& T.=0, Vorp = Vg(\) —zVp(N) with a IR fixed point at A = \.(z/).

& 7. = oo, V,pp = Vy(\) with no fixed points.

Holographic models for QCD, Elias Kiritsis
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condensate dimension at the IR TiXed point |

e By expanding the DBI action we obtain the IR tachyon mass at the IR
fixed point A = A\« which gives the chiral condensate dimension:

24a(Ax)
h(A*)(Vb(A*)‘—iﬁbe(A*))

—mirlir = AR(4 — AR) =

2 ,2
—Mirf R

e Must reach the Breitenlohner-
Freedman (BF) bound (horizontal
line) at some =z..

e - marks the conformal phase tran-
sition
Kaplan+Lee-+Son-+Stephanov

Holographic models for QCD, Elias Kiritsis
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UV mMass VS IR parameter

A

AV

o | eft figure: Plot of the UV Mass parameter m, as a function of the IR
Tp scale, for x < x.

e Right figure: Similar plot for x > x..

e Such plots are sketched from the numerics, analytical expansions and
some guesses.
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e [ he tachyon starts at the boundary, evolves into the sinusoidal form for a

while, T ~ r2sin |k logr + ¢], and then at the end diverges. Similar behavior
seen at

Kutasov+Lin+Parnachev

e For the n-th solution, the tachyon changes sign n times before diverging
in the IR.

e At m = 0 there is an co number of saddle point solutions (Efimov-like
minima)

e [ he Efimov minima have free energies AE,, with

AFEg> AFE] > AFEy > -+

130-



e [ his suggests that the presence of double trace deformations can alter
the ground state of the system and make the second Effimov vacuum be

the ground state.

Holographic models for QCD, Elias Kiritsis
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Recap I

IRFP Banks-
s ChS Zaks
1 | | \
1 1 1 /
0 X.~4 5.5 x=N./N,

e For x = 0O, the theory has a mass gap, and confines.

o O <o < xe~4 the theory has chiral symmetry breaking, massless pions,
and gapped spectrum otherwise.

o o < x < % the theory is chirally symmetric, and flows to a non-trivial
fixed point in the IR.

Holographic models for QCD, Elias Kiritsis
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elow 1ne — DOUNAa

e Correlation of the violation of BF bound and the conformal phase tran-
sition
o For Air(4 — A1) < 4
T(r) ~ mqfr'4_AIR + orPIR
e For Air(4 — Ag) >4
T(r) ~ Cr?sin [(IMAR) logr + ¢]
Two possibilities:

e r > x.. BF bound satisfied at the fixed point = only trivial massless
solution (T = 0, ChS intact, fixed point hit)

e r < x.. BF bound violated at the fixed point = a nontrivial massless
solution exists, which drives the system away from the fixed point.

Conclusion: phase transition at x = x.

Holographic models for QCD, Elias Kiritsis
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Matching to QCD: UV |

e As A — 0 we can match:

& V,(\) with (two-loop) Yang-Mills g-function.

® V,(\) —zVp(A) with QCD g-function.

& a())/h(N) with anomalous dimension of the quark mass/chiral condensate
1

e [ he matching allows to mark the BZ point, that we normalize at x = 17

e After the matching above we are left with a single undetermined param-
eter in the UV:

Vg~ Vo+0M) , Vo~Wo+ ON)
12
Vo—aWo = 5
Uv
Holographic models for QCD, Elias Kiritsis
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otential (. hoices

e Potentials I vs II

12 12 1 1 ay

2
e Value of 0 < Wy < % with xfegwo = 12( — %—OV)

e Fixed point of V;(\) — V¢(A) exists for all X, or for x4« <z < 12—1

2 2
—Mirf1r

Holographic models for QCD, Elias Kiritsis
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Varying the model |

“prediction” for x.

After fixing UV coefficients from QCD, there is still freedom in choosing the
leading coefficient of Vp at A — 0 and the IR asymptotics of the potentials

Thick blue — Vp

Thin red — V][

Resulting variation of the
edge of conformal window

3.7<2.<4.2

Holographic models for QCD, Elias Kiritsis
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6.10f
6.05}
6.00f
5.95}¢

| he IR TiIXed point I

B
0.6¢

Verr(A) = Vg(A) — Vo ()

45
40¢
35
30¢
25
20¢
15¢

0.2}

Low X

15 20 “_o.ol

250¢
200¢
150¢
100¢

50¢

50

Two possibilities: (a) The
exists for x > x«.

Holographic models for QCD,

50 100
maximum

160 2(.)0A—50-
exists for all .

10 50 200"

(b) The maximum

Elias Kiritsis
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Matching to QCD: IR I

e In the IR, the tachyon has to diverge = the tachyon action o« e
becomes small

T2
4
o V() ~ A3/ )\ chosen as for Yang-Mills, so that a “good” IR singularity

exists etc.

& Vo(N), a(N), and h(N\) chosen to produce tachyon divergence: there are
several possibilities.

& The phase structure is essentially independent of IR choices.
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Choice I, for which in the IR

81 3°/0(115 — 162)%/3(11 —z) r
A ~ Thex S : s
()~ Toex® 812944 21/6 R T

R is the IR scale of the solution. Ty is the control parameter of the UV
mass.

Choice II: for which in the IR

27 23/431/4 [ _ 71
/4619 R ’

T("“)N r — 00

R is the IR scale of the solution. rq is the control parameter of the UV
Mmass.

Holographic models for QCD, Elias Kiritsis
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| e Tree enerqy |

The free energy difference be-
tween the ChS and ChSB mgq =0
solutions

Chiral symmetry breaking solution
favored whenever it exists (z < x¢)

IAEI/ALy
1 .
0.01}
10~4
10_6 I ,l’_--~~\
/, \\

00 05 10 15 20 25 30 35 A4l

e [he Efimov minima have free energies AE, with

AFEg> AFE] > AFEy > -+

Holographic models for QCD,

Elias Kiritsis
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—100¢
—120¢

x=39

The g-functions for vanishing quark mass for various values of x. The red solid, blue
dashed, and magenta dotted curves are the g-functions corresponding to the full
numerical solution (d\/dA) along the RG flow, the potential Ve = V; — 2V}, and the
potential V,, respectively.
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log T |
— log r i 5

—80 —60 <40 o 5
—50} | 20}
: 15

—100¢ :
| 10¢
—150¢ | 5¢

. L L . log r

— 200k —80 —60 —40 —-20 0

The tachyon logT (left) and the coupling X\ (right) as functions of logr
for an extreme walking background with x = 3.992. The thin lines on the
left hand plot are the approximations used to derive the BKT scaling.

Holographic models for QCD, Elias Kiritsis

139-



HolographiC S-TuNnCtions I

The second order equations for the system of two scalars plus metric can

be written as first order equations for the g-functions
Gursoy—+Kiritsis-+Nitti

d\ dT
=BT =T

The equations of motion boil down to two partial non-linear differential
equations for 3, .

Such equations have also branches as for DBI and non-linear scalar actions

the relation of e=4A’ with the potentials is a polynomial equation of degree
higher than two.

140



The red lines are added on the top row at 8 =0 in order to show the location of the
fixed point.
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X=2
BQ)
0

20 60 80 100 120
—20k o
—40t
—60F
—80F
_100}

—120¢

~ -
~~~~~~~~

x=35 Xx=39

The g-functions for vanishing quark mass for various values of x. The red
solid, blue dashed, and magenta dotted curves are the g-functions
corresponding to the full numerical solution (dA/dA) along the RG flow,
the potential Ve = Vy — 2Vyg, and the potential Vjy, respectively.

Holographic models for QCD, Elias Kiritsis
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UV mass vsS 1p and rq I

The UV behavior of the background solutions with good IR singularity for the scenario I
(left) @nd parameter 7d and scenario II (right) @nd parameter r4.

The thick blue curve represents a change in the UV behavior, the red dashed curve has zero
quark mass, and the contours give the quark mass. The black dot where the zero mass
curve terminates lies at the critical value x = z.. For scenario I (II) we have z. ~ 3.9959
(z. ~ 4.0797).

Holographic models for QCD, Elias Kiritsis
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Numerical solutions: Massless with x < x. I

Massless backgrounds with x < x. ~ 3.9959 (A, A, T)

X=2 X=3
A, A, log(T) A, A, log(T)
10} 201
L 20t
“aa-c-ah-—-—-—- log(r /¢)—— . . -?.t-\g"‘"", » log(r /¢
: S T, =5 N 5 09070
. /,,»"" | —20} ‘\‘
x=39
A, A, log(T)

 log(r/e) : = < log(r /¢
5 g(/)-30 25 20 mTTRECE B A

£
'ﬂ
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Massless backgrounds: beta functions g = j—j‘l , (e >~ 3.9959)

X=2

r=23,353.9
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dlo

Massless backgrounds: gamma functions % = dﬂT

/T
0.0

—0.5}
—1.0f
- 1.5}
—2.0f
- 2.5}
-3.0

r=12,3,3.5,3.9

Holographic models for QCD, Elias Kiritsis
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Matching to QCD: IR I

e In the IR, the tachyon has to diverge = the tachyon action o« e
becomes small

T2
4
o V() ~ A3/ )\ chosen as for Yang-Mills, so that a “good” IR singularity

exists etc.

& Vo(N), a(N), and h(N\) chosen to produce tachyon divergence: there are
several possibilities.

& The phase structure is essentially independent of IR choices.
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Choice I:

44 \ 4619 22

2
0x2" T 388874 (1 + 1/(872))2/3 V1+109(1 +2/(87°))

Vo(A) =12+

Vi T) = Vo(\)e oW

12 4(33 —2z) \ 4 23473 — 2726z + 9272

- 22
11 + 9972 + 4276814

Vo(M)

a()\) = %(11 )

1
h(\) =
M) (1_|_115—16:c>\)4/3
28872
For which in the IR
81 3°/9(115 — 162)%/3(11 — z) ﬂ
['(r) ~ Toexp — , T —» OQ
(r) ~To { 812044 21/6 R

R is the IR scale of the solution. Ty is the control parameter of the UV

Mass.
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Choice II:

_ 2
1_|_115 1637)\_'_%
0

3 21672
&(A):E(ll—x) (1+>\/>\0)4/3
1
R SR VW T

for which in the IR

27 23/431/% r —ry
V4619 R

T (r) ~ , T — 00

R is the IR scale of the solution. rq is the control parameter of the UV
mass.

Holographic models for QCD, Elias Kiritsis
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Comparison to previous “guesses’ |

YV

» » » X
4.0 4.5 5.0 5.5

The anomalous dimension of the quark mass at the IR fixed point as a function of x within
the conformal window in various approaches.

The solid blue curve is our result for the potential I.

The dashed blue lines show the maximal change as Wy is varied from 0 (upper curve) to
24/11 (lower curve).

The dotted red curve is the result from a Dyson-Schwinger analysis, the dot-dashed ma-
genta curve is the prediction of two-loop perturbative QCD, and the long-dashed green
curve is based on an all-orders g-function.

Holographic models for QCD, Elias Kiritsis
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Miransky scaling for the masses

3.69307 3.69307
Dots:Scalar Masses of 1st mode, Line:0.5952177 e Va7 Dots:Pseudoscalar Masses of 1st mode, Line:2.588980 ¢ V37-x
log(m) log(m)

The plots depict the scalar and pseudoscalar masses of the first mode close to z. fit to the Miransky

exponential factor.
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[he phase diagram I
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| he Improved Sen tachyon action |

e The Sen action is conjectured for unstable branes and DD pairs in flat
space. It passes several constraints on its dynamics.

e [ here are background independent arguments that Vf — 0 when D-branes

annihilate.
Sen

e [he InQCD background for glue, becomes flat in the string frame in the
IR. The dilaton runs however (quadratically).

e [ he Sen action is expected to have open string corrections: these are
not expected to change it basic asymptotics: Vf — 0.

e The /|DT|? at large T is subleading and does not affect qualitatively the
dynamics.
RETURN
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Characterizing IR asymptotics|

N N 1
N 2 ‘S \\
N I N
N N N
\\ s
\~ N
4/ = N ~\\
K \ h 3 \ \ o
3 S 4
1 "~ —1 s L it 2
\\ L 3 \\
S AN
S N
‘. \\
N
‘ i T -1t
-1 s .
S N
N ‘\
N <
0 ‘\\
~1} . ~2 .
K S

Map of the acceptable IR asymptotics of the functions «(\) ~ A" (log A\) " and a(\) ~ A% (log \)7¢. Left:
qualitatively different regions of tachyon asymptotics as a function of the parameters «, and a, characterizing
the power-law asymptotics of the functions. Right: regions of tachyon asymptotics at the critical point
kp = 4/3, ap = 0 as a function of the parameters x, and a, characterizing the logarithmic corrections to the
functions. In each plot, the shaded regions have acceptable IR behavior, and the thick blue lines denote
changes in the qualitative IR behavior of the tachyon background. On the solid blue lines good asymptotics
can be found, whereas on the dashed lines such asymptotics is absent. The thin dashed green line shows
the critical behavior where the BF bound is saturated as z — 0. Potentials above this line are guaranteed
to have broken chiral symmetry at small .

Finally, on the red dashed lines the asymptotic meson mass trajectories are linear with subleading logarithmic
corrections. The red circle shows the single choice of parameters where the logarithmic corrections are
absent.
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The tachyon log T (left) and the coupling X (right) as functions of logr for
an extreme walking background with x = 3.992. The thin lines on the left
hand plot are the approximations used to derive the BK'T scaling.
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BKT /Miransky scaling I

We obtain BKT-Miransky scaling:

2K 2K
~ A3 ex — ~ /\3 ex —
o uv €XP ( VW )\C> uv ©XP < - $>

and the function that controls K, K is

24a(\)
Ar(4 — A = —mil? =G\, ) = :
RUE = A1R) = TRl = G2 = 05000 — +Vj000) he.
l0g(a/Ady) mog /)
t 90 395 400
—20} : 50¢
=40t 20}
- 60} 10}
—80¢ 5} .
_100. 2 2 2 2 2 2 AX
0.0050.0100.020 0.0500.1000.200

Left: log(o/A3) as a function of =z (dots), compared to a BKT scaling fit (solid line). The vertical dotted

line lies at x = z.. Right: the same curve on log-log scale, using Ax = x. — x.
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Spectra |

e [ he main difference from all previous calculations is that here flavor back
reacts on color.

e In the singlet sector the glueballs and mesons mix to leading order and
the spectral problem becomes complicated.

e | he conclusions are:

& All masses follow Miransky scaling in the walking region.

& There is no dilaton. Instead all (bound-state) masses go to zero expo-
nentially fast.

& T here are several level crossings as T f varies but they seem accidental

& There is a subtle (and unexpected) discontinuity associated with the
S-parameter.
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Ratios of masses
-e- 2nd/1st vector
- 3rd/1st vector
-o- 2nd/1st axial vector
-4 3rd/1st axial vector
m/Ayy n v 2nd/1st scalar
_:----‘,._._*____ 10F -G 3rd/1st scalar
- 2nd/1st pseudoscalar
-& 3rd/1st pseudoscalar

0.01f

104} Masses of lowest modes
- Vectors
_6 - Axial vectors
107°T - Scalars
A Pseudoscalars ol
10—8 L | I———— = = —_— o

X

05 10 15 20 25 30 35

05 1.0 15 20 25 30 35
Non-singlet meson spectra in the potential II class with Stefan-Boltzmann (SB) normal-
ization for Wy, with . ~ 3.7001. Left: the lowest non-zero masses of all four towers of

mesons, as a function of x, in units of Ayy, below the conformal window. Right, the ratios

of masses of up to the fourth massive states in the same theory as a function of x.
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Ratios of masses
-o- 2nd/1st vector
= 3rd/1st vector
- 2nd/1st axial vector
-4 3rd/1st axial vector
5¢ —¥- 2nd/1st scalar
[ -G 3rd/1st scalar
[ -8 3rd/2nd pseudoscalar
4t —~ 4th/2nd pseudoscalar

M asses of lowest modes
. Vectors
0.01f - Axial vectors
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0.001} A Pseudoscalars
—41
10 X ' : R i
1 2 3 4 0 1 2 3 )

Non-singlet meson spectra in the potential I class (Wy = %), with z. ~ 4.0830. Left: the
lowest non-zero masses of all four towers of mesons, as a function of x, in units of Ayv,
below the conformal window. Right, the ratios of masses of up to the fourth massive

states in the same theory as a function of x.
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» » » » » » X » » » » » » » X
00 05 10 15 20 25 3.0 35 05 10 15 20 25 30 35

Singlet scalar meson spectra in the potential II class with SB normalization for Wy. They
contain the 071 glueballs and the singlet 0t mesons that mix here at leading order. Left:
the four lowest masses as a function of x in units of Ayy. Right: the ratios of masses of
up to the fourth massive states as a function of z.
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m/Auy fo/~/Nf Ne /Ayy

107°} 1t
107} ool ° F
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» » » X * » » » » » » »
3.62 3.64 3.66 3.68 05 1.0 15 20 25 30 35

Potential II with SB normalization for Wy. Left: A fit of the p mass to the Miransky
scaling factor, showing that it displays Miransky scaling in the walking region. Right, f;

as a function of xz in units of Ayy. It vanishes near x. following again Miransky scaling.
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S/(NcNf) S/(NcNf)
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» » » » X + » » » » » » »
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Left: The S-parameter as a function of x for potential class I with Wy = 13—1 Right: The

S-parameter as a function of x for potential class II with SB normalization for Wy. In both

cases S asymptotes to a finite value as z — x..
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Finite lemperature: the generic phase diagram |

Qualitative behavior of the transition temperature between the low and high T phases of
V-QCD matter.

e How does the deconfinement transition compete with the chiral transi-
tion?

e Are there further transitions (or crossovers) ?

Holographic models for QCD, Elias Kiritsis
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| he different types of blackholes I
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p/T*

40 -

30
20

10 - end

]
I
|

15 100 x BA(T3))

Examples of the Ty, 4. Th and Tcrossover transitions in potential II with Stefan-Boltzmann -normalization
of 'CUV and with z; = 3 The curving of T,(\,) at A\, ~ 0.2, T ~ 2 is related to the crossover transition.
Right: an overview of the pressure in the same case, also showing the interaction measure, the peak of
which determines the position of Tcrossover- The black curve shows the vacuum beta function, scaled
to fit, as a function of temperature in the symmetric phase, so that B(T) = B(\s(T)), where \(T) is the
inverse function of Ts(\;). The walking maximum of the beta function clearly coincides with the plateau

related to T¢, ssover» CONFiIrming that the p/T* ~ constant phase below T¢,....... IS indeed the quasi-conformal

phase related to walking dynamics.
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An example of the Tg transition in potential I with Wp = 24/11 and with 2y = 0.3 The local maximum and

minimum which generate the 1st order Tg -transition.
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> |

1067 Tend
104+ N2
100 -
Ty,

1 0.1 f 100 10000

S ——— T Tp(Ap)

| | ! ! )(h

0.01 100 10* 10° 108

Left: An example of the T, transition in potential I with Wp = 12/11 and with zy = 3.5. The overall
structure of T'(\,), with an inset showing the maximum and minimum in more detail.

Right: An example of a configuration where all but the crossover and hadronisation transitions Tcrossover:
Ty, are in the thermodynamically unstable region, in the initial stages of the approach to the IHQCD Ilimit.
The potential is I with Wp = 12/11 and with x; = 0.4 Note that everything to the right of the T}, transition

is in the unstable phase.
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Thermodynamics for some values of z; within the conformal window, computed for Potl.
Note that in the conformal window always = = 0 and the functions a(\), ()\) do not

affect the result.
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| e phase diagrams I
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The phase diagram for potential II, Wy = 24/11, z. = 3.80.
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