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III. SENSITIVITY OF PIXIE AND PRISM EXPERIMENTS

There are two experiments that have been proposed recently in order to map the absolute intensity and the linear
polarization of the CMB as well as to measure its absolute frequency spectrum: the Primordial Inflation Explorer
(PIXIE) [21] and the Polarized Radiation Imaging and Spectroscopy Mission (PRISM) [22, 23]. PIXIE is a NASA
Explorer class mission and PRISM has been proposed as an L-class ESA mission. Both experiments have as a major
objective to detect to constrain the ratio r between primordial tensor and scalar perturbations down to r ' 3⇥ 10�4

by measuring the polarization of the CMB on large angular scales. They would therefore provide powerful constraints
on inflationary cosmology. Another important scientific goal is the measurement of the spectral distortions of the
CMB black body spectrum over a wide range of frequencies.

Both PIXIE and PRISM will probe frequencies from 30 GHz to 6 THz, in 400 spectral channels of 15 GHz
bandwidths. The PIXIE instrument sensitivity to the unpolarized signal in each frequency bin will be

�IPIXIE
⌫

= 5⇥ 10�26Wm�2Sr�1Hz�1 , (4)

which will allow a 5� dectection of µ = 5⇥ 10�8 and y = 1⇥ 10�8 distortions. In its best instrumental configuration,
PRISM will reach the sensitivity

�IPRISM
⌫

= 6.5⇥ 10�27Wm�2Sr�1Hz�1 (5)

for frequencies ⌫ < 600GHz that are the most relevant for the study of CMB distortions, which is nearly one
order of magnitude better than PIXIE. For comparison, reionisation and structure formation predict distortions
with a maximum of �I

⌫

= 10�23Wm�2Sr�1Hz�1, standard single-field slow-roll models (with no running) �I
⌫

⇠
10�25Wm�2Sr�1Hz�1 whereas distortions due to recombination lines do not exceed �I

µ

⇠ 10�26Wm�2Sr�1Hz�1.
Some typical distortion spectra together with the 1� sensitivity of PRISM are displayed in FIG. 1. One can clearly
see from that figure that for frequencies close to ⌫ ' 200GHz, there exist a window where distortions due to reionisation
and strucutre formation vanish. This is the window that may be used for the detection of intermediate type distortions
from inflation or from decaying particles.

Notice however that the PRISM and PIXIE sensitivities are not su�cient to detect the distortions induced by single
field inflation models with no significant running and where the scalar power spectrum on CMB anisotropy scales can
be extrapolated down to smaller distortion scales. Forecasts on the scalar spectrum amplitude and spectral index, at
the pivot scale kd = 42Mpc�1 lying in the middle of the range of perturbation modes that can be probed with CMB
distortions, have been calculated in Ref. [17] with a Fisher matrix method. For spectral index values close to unity
1 < ns . 1.2 the detectable amplitudes at 95 % C.L. are approximately

P
⇣

(kd = 42 Mpc�1) ⇡ 7⇥ 10�9 for PIXIE, (6)

P
⇣

(kd = 42 Mpc�1) ⇡ 4⇥ 10�9 for PRISM. (7)

The main objective of the next two sections is to identify inflationary scenarios leading to an observable level of
spectral distortions in the CMB, assuming that the detectable limits are those given by Eqs. (6) and (7). We leave
for future work the important questions of foreground removal, how to extract the primordial power spectrum signal
from other sources of distortions, as well as the derivation of accurate model specific forecasts using Fisher matrix or
Bayesian Markov-Chain-Monte-Carlo (MCMC) methods.

IV. TESTING SINGLE-FIELD INFLATION WITH CMB DISTORTIONS

In this Section, we first formulate a series of increasingly narrow critera for identifying single-field inflation models
that may lead to an observable level of CMB distortions. Applying these critera to all the possible regimes of the 49
single-field models listed in Ref. [1], we find that only a few of these may in principle yield CMB distortions at a level
that is observable by the proposed experiments. For each of these models, we then preform a complete study of the
parameter space and determine the regions predicting an increase of power for the curvature perturbations on scales
relevant for CMB distortions. By using a modified version of the idistort code [19], the spectrum of i-type and
µ-type distortions is then calculated for some relevant parameter sets and it is compared to the expected sensitivity
of the PIXIE and PRISM experiments. We did not consider the y-distortions, since these are degenerate with the
dominant contribution from the SZ e↵ect and thus very di�cult to extract.
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The power spectrum amplitude and spectral index are strongly constrained by the recent Planck results [2]. At the
pivot scale kp = 0.05 Mpc�1, which exits the Hubble radius about 60 e-folds before the end of inflation, one has

P
⇣

(kp) = 2.20± 0.06⇥ 10�9, ns(kp) = 0.960± 0.007 . (15)

As already mentioned, the main interest in searching for CMB distortions from inflation results from the fact that
these probe a di↵erent range of modes than accessible from CMB anisotropies. However, PIXIE and PRISM are
expected to detect only spectral distortions from curvature perturbations with an amplitude that is larger on smaller
scales than on the scales probed by CMB anisotropies. Considering this restriction, one can impose three necessary
criteria for an inflation model to i) satisfy the Planck constraints, and ii) to lead to an observable level of CMB
distortions:

1. There exists a phase where ✏2 < �2✏1 < 0 : With this condition we identify models for which at some point
during the scalar field evolution there is an increase of power in the spectrum of curvature perturbations (i.e.
a locally blue spectrum). Imposing this restriction already eliminates large classes of models like large field
inflation, Higgs inflation, natural inflation, exponential SUSY inflation, Logamediate inflation (for which ✏2 < 0
is possible but with ✏2 & �2✏1 only).

2. A phase with ns < 1 must be followed by a phase with ns > 1 : With this condition, we specify that the
increase of power (blue spectrum) must occur after a phase where the spectral index is in accordance with CMB
anisotropy observations (i.e. the spectrum is red at the scale kp). One therefore eliminate models where ns > 1
at all times, and models where the phase corresponding to ns > 1 takes place only at times earlier than the time
of Hubble exit of the pivot scale kp (e.g. Brane SUSY breaking inflation, Supergravity Brane inflation). An
additional important criterion is that ✏1 6= 0 (in other words, there are no points where the slope of the potential
is vanishing) between these two phases, because otherwise an infinite (or extremely large if one considers also
the quantum stochastic field evolution) number of e-folds separates these two phases. This additional criterion
permits to exclude Inflection Point inflation and MSSM Inflation models.

3. ns = 0.960 ± 0.007 at kp = 0.05Mpc�1 and ns > 1 at kd = 42Mpc�1: The first condition is required for the
model to satisfy the Planck constraints whereas the second one is a su�cient, but not necessary, condition for
an increase of power on scales relevant for CMB distortions. As already mentioned, the scale kd = 42Mpc�1 lies
in the middle of the range of perturbation modes that can be probed with CMB distortions. Our choice to kd is
arbitrary and a su�cient enhancement of power on distortion scales compared to the power on CMB anisotropy
scales can in principle be obtained if ns > 1 on scales kp < k < kd. In practice however, we did not find any
single-field model where the enhancement of the scalar power spectrum occurs only for a restricted number of
scales within this range. We do not impose a condition on the power spectrum amplitude at the pivot scale,
which can be accommodated by a simple rescaling of the potential without modifying the field evolution �(N),
where N ia the number of e-folds.

These three criteria are increasingly narrow, such that they entail an e↵ective procedure for selecting those models
that may lead to distortions detectable by PRISM or PIXIE The third criterion is the most restrictive but also the
most di�cult to apply. It requires the integration of field trajectories in order to evaluate the scalar power spectrum
and the spectral index values on the relevant scales. Nevertheless, already by imposing the first two criteria, we
exclude most single field models and a short list of only five models remains: Hybrid inflation in the valley (VHI), the
generalised Minimal Supersymmetric model (GMSSM), the generalised renormalisable inflection point model (GRIP)
and the running mass (RM) and non-canonical Kähler inflation (NCKI) models. The parameter space of these models
is explored in detail in the following Sections, observable predictions are derived and regions leading to potentially
observable CMB distortions are determined.

6

its first and second derivatives,

✏1 =
M2

pl

2

 

dV
d�

V

!2

, (13)

✏2 =2M2
pl

2

4

 

dV
d�

V

!2

� 1

V 2

d2V

d�2

3

5 . (14)

The power spectrum amplitude and spectral index are strongly constrained by the recent Planck results [2]. At the
pivot scale kp = 0.05 Mpc�1, which exits the Hubble radius about 60 e-folds before the end of inflation, one has
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As already mentioned, the main interest in searching for CMB distortions from inflation results from the fact that
these probe a di↵erent range of modes than accessible from CMB anisotropies. However, PIXIE and PRISM are
expected to detect only spectral distortions from curvature perturbations with an amplitude that is larger on smaller
scales than on the scales probed by CMB anisotropies. Considering this restriction, one can impose three necessary
criteria for an inflation model to i) satisfy the Planck constraints, and ii) to lead to an observable level of CMB
distortions:

1. There exists a phase where ✏2 < �2✏1 < 0 : With this condition we identify models for which at some point
during the scalar field evolution there is an increase of power in the spectrum of curvature perturbations (i.e.
a locally blue spectrum). Imposing this restriction already eliminates large classes of models like large field
inflation, Higgs inflation, natural inflation, exponential SUSY inflation, Logamediate inflation (for which ✏2 < 0
is possible but with ✏2 & �2✏1 only).

2. A phase with ns < 1 must be followed by a phase with ns > 1 : With this condition, we specify that the
increase of power (blue spectrum) must occur after a phase where the spectral index is in accordance with CMB
anisotropy observations (i.e. the spectrum is red at the scale kp). One therefore eliminate models where ns > 1
at all times, and models where the phase corresponding to ns > 1 takes place only at times earlier than the time
of Hubble exit of the pivot scale kp (e.g. Brane SUSY breaking inflation, Supergravity Brane inflation). An
additional important criterion is that ✏1 6= 0 (in other words, there are no points where the slope of the potential
is vanishing) between these two phases, because otherwise an infinite (or extremely large if one considers also
the quantum stochastic field evolution) number of e-folds separates these two phases. This additional criterion
permits to exclude Inflection Point inflation and MSSM Inflation models.

3. ns = 0.960 ± 0.007 at kp = 0.05Mpc�1 and ns > 1 at kd = 42Mpc�1: The first condition is required for the
model to satisfy the Planck constraints whereas the second one is a su�cient, but not necessary, condition for
an increase of power on scales relevant for CMB distortions. As already mentioned, the scale kd = 42Mpc�1 lies
in the middle of the range of perturbation modes that can be probed with CMB distortions. Our choice to kd is
arbitrary and a su�cient enhancement of power on distortion scales compared to the power on CMB anisotropy
scales can in principle be obtained if ns > 1 on scales kp < k < kd. In practice however, we did not find any
single-field model where the enhancement of the scalar power spectrum occurs only for a restricted number of
scales within this range. We do not impose a condition on the power spectrum amplitude at the pivot scale,
which can be accommodated by a simple rescaling of the potential without modifying the field evolution �(N),
where N ia the number of e-folds.

These three criteria are increasingly narrow, such that they entail an e↵ective procedure for selecting those models
that may lead to distortions detectable by PRISM or PIXIE The third criterion is the most restrictive but also the
most di�cult to apply. It requires the integration of field trajectories in order to evaluate the scalar power spectrum
and the spectral index values on the relevant scales. Nevertheless, already by imposing the first two criteria, we
exclude most single field models and a short list of only five models remains: Hybrid inflation in the valley (VHI), the
generalised Minimal Supersymmetric model (GMSSM), the generalised renormalisable inflection point model (GRIP)
and the running mass (RM) and non-canonical Kähler inflation (NCKI) models. The parameter space of these models
is explored in detail in the following Sections, observable predictions are derived and regions leading to potentially
observable CMB distortions are determined.
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The power spectrum amplitude and spectral index are strongly constrained by the recent Planck results [2]. At the
pivot scale kp = 0.05 Mpc�1, which exits the Hubble radius about 60 e-folds before the end of inflation, one has
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(kp) = 2.20± 0.06⇥ 10�9, ns(kp) = 0.960± 0.007 . (15)

As already mentioned, the main interest in searching for CMB distortions from inflation results from the fact that
these probe a di↵erent range of modes than accessible from CMB anisotropies. However, PIXIE and PRISM are
expected to detect only spectral distortions from curvature perturbations with an amplitude that is larger on smaller
scales than on the scales probed by CMB anisotropies. Considering this restriction, one can impose three necessary
criteria for an inflation model to i) satisfy the Planck constraints, and ii) to lead to an observable level of CMB
distortions:

1. There exists a phase where ✏2 < �2✏1 < 0 : With this condition we identify models for which at some point
during the scalar field evolution there is an increase of power in the spectrum of curvature perturbations (i.e.
a locally blue spectrum). Imposing this restriction already eliminates large classes of models like large field
inflation, Higgs inflation, natural inflation, exponential SUSY inflation, Logamediate inflation (for which ✏2 < 0
is possible but with ✏2 & �2✏1 only).

2. A phase with ns < 1 must be followed by a phase with ns > 1 : With this condition, we specify that the
increase of power (blue spectrum) must occur after a phase where the spectral index is in accordance with CMB
anisotropy observations (i.e. the spectrum is red at the scale kp). One therefore eliminate models where ns > 1
at all times, and models where the phase corresponding to ns > 1 takes place only at times earlier than the time
of Hubble exit of the pivot scale kp (e.g. Brane SUSY breaking inflation, Supergravity Brane inflation). An
additional important criterion is that ✏1 6= 0 (in other words, there are no points where the slope of the potential
is vanishing) between these two phases, because otherwise an infinite (or extremely large if one considers also
the quantum stochastic field evolution) number of e-folds separates these two phases. This additional criterion
permits to exclude Inflection Point inflation and MSSM Inflation models.

3. ns = 0.960 ± 0.007 at kp = 0.05Mpc�1 and ns > 1 at kd = 42Mpc�1: The first condition is required for the
model to satisfy the Planck constraints whereas the second one is a su�cient, but not necessary, condition for
an increase of power on scales relevant for CMB distortions. As already mentioned, the scale kd = 42Mpc�1 lies
in the middle of the range of perturbation modes that can be probed with CMB distortions. Our choice to kd is
arbitrary and a su�cient enhancement of power on distortion scales compared to the power on CMB anisotropy
scales can in principle be obtained if ns > 1 on scales kp < k < kd. In practice however, we did not find any
single-field model where the enhancement of the scalar power spectrum occurs only for a restricted number of
scales within this range. We do not impose a condition on the power spectrum amplitude at the pivot scale,
which can be accommodated by a simple rescaling of the potential without modifying the field evolution �(N),
where N ia the number of e-folds.

These three criteria are increasingly narrow, such that they entail an e↵ective procedure for selecting those models
that may lead to distortions detectable by PRISM or PIXIE The third criterion is the most restrictive but also the
most di�cult to apply. It requires the integration of field trajectories in order to evaluate the scalar power spectrum
and the spectral index values on the relevant scales. Nevertheless, already by imposing the first two criteria, we
exclude most single field models and a short list of only five models remains: Hybrid inflation in the valley (VHI), the
generalised Minimal Supersymmetric model (GMSSM), the generalised renormalisable inflection point model (GRIP)
and the running mass (RM) and non-canonical Kähler inflation (NCKI) models. The parameter space of these models
is explored in detail in the following Sections, observable predictions are derived and regions leading to potentially
observable CMB distortions are determined.
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The power spectrum amplitude and spectral index are strongly constrained by the recent Planck results [2]. At the
pivot scale kp = 0.05 Mpc�1, which exits the Hubble radius about 60 e-folds before the end of inflation, one has

P
⇣

(kp) = 2.20± 0.06⇥ 10�9, ns(kp) = 0.960± 0.007 . (15)

As already mentioned, the main interest in searching for CMB distortions from inflation results from the fact that
these probe a di↵erent range of modes than accessible from CMB anisotropies. However, PIXIE and PRISM are
expected to detect only spectral distortions from curvature perturbations with an amplitude that is larger on smaller
scales than on the scales probed by CMB anisotropies. Considering this restriction, one can impose three necessary
criteria for an inflation model to i) satisfy the Planck constraints, and ii) to lead to an observable level of CMB
distortions:

1. There exists a phase where ✏2 < �2✏1 < 0 : With this condition we identify models for which at some point
during the scalar field evolution there is an increase of power in the spectrum of curvature perturbations (i.e.
a locally blue spectrum). Imposing this restriction already eliminates large classes of models like large field
inflation, Higgs inflation, natural inflation, exponential SUSY inflation, Logamediate inflation (for which ✏2 < 0
is possible but with ✏2 & �2✏1 only).

2. A phase with ns < 1 must be followed by a phase with ns > 1 : With this condition, we specify that the
increase of power (blue spectrum) must occur after a phase where the spectral index is in accordance with CMB
anisotropy observations (i.e. the spectrum is red at the scale kp). One therefore eliminate models where ns > 1
at all times, and models where the phase corresponding to ns > 1 takes place only at times earlier than the time
of Hubble exit of the pivot scale kp (e.g. Brane SUSY breaking inflation, Supergravity Brane inflation). An
additional important criterion is that ✏1 6= 0 (in other words, there are no points where the slope of the potential
is vanishing) between these two phases, because otherwise an infinite (or extremely large if one considers also
the quantum stochastic field evolution) number of e-folds separates these two phases. This additional criterion
permits to exclude Inflection Point inflation and MSSM Inflation models.

3. ns = 0.960 ± 0.007 at kp = 0.05Mpc�1 and ns > 1 at kd = 42Mpc�1: The first condition is required for the
model to satisfy the Planck constraints whereas the second one is a su�cient, but not necessary, condition for
an increase of power on scales relevant for CMB distortions. As already mentioned, the scale kd = 42Mpc�1 lies
in the middle of the range of perturbation modes that can be probed with CMB distortions. Our choice to kd is
arbitrary and a su�cient enhancement of power on distortion scales compared to the power on CMB anisotropy
scales can in principle be obtained if ns > 1 on scales kp < k < kd. In practice however, we did not find any
single-field model where the enhancement of the scalar power spectrum occurs only for a restricted number of
scales within this range. We do not impose a condition on the power spectrum amplitude at the pivot scale,
which can be accommodated by a simple rescaling of the potential without modifying the field evolution �(N),
where N ia the number of e-folds.

These three criteria are increasingly narrow, such that they entail an e↵ective procedure for selecting those models
that may lead to distortions detectable by PRISM or PIXIE The third criterion is the most restrictive but also the
most di�cult to apply. It requires the integration of field trajectories in order to evaluate the scalar power spectrum
and the spectral index values on the relevant scales. Nevertheless, already by imposing the first two criteria, we
exclude most single field models and a short list of only five models remains: Hybrid inflation in the valley (VHI), the
generalised Minimal Supersymmetric model (GMSSM), the generalised renormalisable inflection point model (GRIP)
and the running mass (RM) and non-canonical Kähler inflation (NCKI) models. The parameter space of these models
is explored in detail in the following Sections, observable predictions are derived and regions leading to potentially
observable CMB distortions are determined.
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The power spectrum amplitude and spectral index are strongly constrained by the recent Planck results [2]. At the
pivot scale kp = 0.05 Mpc�1, which exits the Hubble radius about 60 e-folds before the end of inflation, one has
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As already mentioned, the main interest in searching for CMB distortions from inflation results from the fact that
these probe a di↵erent range of modes than accessible from CMB anisotropies. However, PIXIE and PRISM are
expected to detect only spectral distortions from curvature perturbations with an amplitude that is larger on smaller
scales than on the scales probed by CMB anisotropies. Considering this restriction, one can impose three necessary
criteria for an inflation model to i) satisfy the Planck constraints, and ii) to lead to an observable level of CMB
distortions:

1. There exists a phase where ✏2 < �2✏1 < 0 : With this condition we identify models for which at some point
during the scalar field evolution there is an increase of power in the spectrum of curvature perturbations (i.e.
a locally blue spectrum). Imposing this restriction already eliminates large classes of models like large field
inflation, Higgs inflation, natural inflation, exponential SUSY inflation, Logamediate inflation (for which ✏2 < 0
is possible but with ✏2 & �2✏1 only).

2. A phase with ns < 1 must be followed by a phase with ns > 1 : With this condition, we specify that the
increase of power (blue spectrum) must occur after a phase where the spectral index is in accordance with CMB
anisotropy observations (i.e. the spectrum is red at the scale kp). One therefore eliminate models where ns > 1
at all times, and models where the phase corresponding to ns > 1 takes place only at times earlier than the time
of Hubble exit of the pivot scale kp (e.g. Brane SUSY breaking inflation, Supergravity Brane inflation). An
additional important criterion is that ✏1 6= 0 (in other words, there are no points where the slope of the potential
is vanishing) between these two phases, because otherwise an infinite (or extremely large if one considers also
the quantum stochastic field evolution) number of e-folds separates these two phases. This additional criterion
permits to exclude Inflection Point inflation and MSSM Inflation models.

3. ns = 0.960 ± 0.007 at kp = 0.05Mpc�1 and ns > 1 at kd = 42Mpc�1: The first condition is required for the
model to satisfy the Planck constraints whereas the second one is a su�cient, but not necessary, condition for
an increase of power on scales relevant for CMB distortions. As already mentioned, the scale kd = 42Mpc�1 lies
in the middle of the range of perturbation modes that can be probed with CMB distortions. Our choice to kd is
arbitrary and a su�cient enhancement of power on distortion scales compared to the power on CMB anisotropy
scales can in principle be obtained if ns > 1 on scales kp < k < kd. In practice however, we did not find any
single-field model where the enhancement of the scalar power spectrum occurs only for a restricted number of
scales within this range. We do not impose a condition on the power spectrum amplitude at the pivot scale,
which can be accommodated by a simple rescaling of the potential without modifying the field evolution �(N),
where N ia the number of e-folds.

These three criteria are increasingly narrow, such that they entail an e↵ective procedure for selecting those models
that may lead to distortions detectable by PRISM or PIXIE The third criterion is the most restrictive but also the
most di�cult to apply. It requires the integration of field trajectories in order to evaluate the scalar power spectrum
and the spectral index values on the relevant scales. Nevertheless, already by imposing the first two criteria, we
exclude most single field models and a short list of only five models remains: Hybrid inflation in the valley (VHI), the
generalised Minimal Supersymmetric model (GMSSM), the generalised renormalisable inflection point model (GRIP)
and the running mass (RM) and non-canonical Kähler inflation (NCKI) models. The parameter space of these models
is explored in detail in the following Sections, observable predictions are derived and regions leading to potentially
observable CMB distortions are determined.

6

its first and second derivatives,

✏1 =
M2

pl

2

 

dV
d�

V

!2

, (13)

✏2 =2M2
pl

2

4

 

dV
d�

V

!2

� 1

V 2

d2V

d�2

3

5 . (14)

The power spectrum amplitude and spectral index are strongly constrained by the recent Planck results [2]. At the
pivot scale kp = 0.05 Mpc�1, which exits the Hubble radius about 60 e-folds before the end of inflation, one has
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As already mentioned, the main interest in searching for CMB distortions from inflation results from the fact that
these probe a di↵erent range of modes than accessible from CMB anisotropies. However, PIXIE and PRISM are
expected to detect only spectral distortions from curvature perturbations with an amplitude that is larger on smaller
scales than on the scales probed by CMB anisotropies. Considering this restriction, one can impose three necessary
criteria for an inflation model to i) satisfy the Planck constraints, and ii) to lead to an observable level of CMB
distortions:

1. There exists a phase where ✏2 < �2✏1 < 0 : With this condition we identify models for which at some point
during the scalar field evolution there is an increase of power in the spectrum of curvature perturbations (i.e.
a locally blue spectrum). Imposing this restriction already eliminates large classes of models like large field
inflation, Higgs inflation, natural inflation, exponential SUSY inflation, Logamediate inflation (for which ✏2 < 0
is possible but with ✏2 & �2✏1 only).

2. A phase with ns < 1 must be followed by a phase with ns > 1 : With this condition, we specify that the
increase of power (blue spectrum) must occur after a phase where the spectral index is in accordance with CMB
anisotropy observations (i.e. the spectrum is red at the scale kp). One therefore eliminate models where ns > 1
at all times, and models where the phase corresponding to ns > 1 takes place only at times earlier than the time
of Hubble exit of the pivot scale kp (e.g. Brane SUSY breaking inflation, Supergravity Brane inflation). An
additional important criterion is that ✏1 6= 0 (in other words, there are no points where the slope of the potential
is vanishing) between these two phases, because otherwise an infinite (or extremely large if one considers also
the quantum stochastic field evolution) number of e-folds separates these two phases. This additional criterion
permits to exclude Inflection Point inflation and MSSM Inflation models.

3. ns = 0.960 ± 0.007 at kp = 0.05Mpc�1 and ns > 1 at kd = 42Mpc�1: The first condition is required for the
model to satisfy the Planck constraints whereas the second one is a su�cient, but not necessary, condition for
an increase of power on scales relevant for CMB distortions. As already mentioned, the scale kd = 42Mpc�1 lies
in the middle of the range of perturbation modes that can be probed with CMB distortions. Our choice to kd is
arbitrary and a su�cient enhancement of power on distortion scales compared to the power on CMB anisotropy
scales can in principle be obtained if ns > 1 on scales kp < k < kd. In practice however, we did not find any
single-field model where the enhancement of the scalar power spectrum occurs only for a restricted number of
scales within this range. We do not impose a condition on the power spectrum amplitude at the pivot scale,
which can be accommodated by a simple rescaling of the potential without modifying the field evolution �(N),
where N ia the number of e-folds.

These three criteria are increasingly narrow, such that they entail an e↵ective procedure for selecting those models
that may lead to distortions detectable by PRISM or PIXIE The third criterion is the most restrictive but also the
most di�cult to apply. It requires the integration of field trajectories in order to evaluate the scalar power spectrum
and the spectral index values on the relevant scales. Nevertheless, already by imposing the first two criteria, we
exclude most single field models and a short list of only five models remains: Hybrid inflation in the valley (VHI), the
generalised Minimal Supersymmetric model (GMSSM), the generalised renormalisable inflection point model (GRIP)
and the running mass (RM) and non-canonical Kähler inflation (NCKI) models. The parameter space of these models
is explored in detail in the following Sections, observable predictions are derived and regions leading to potentially
observable CMB distortions are determined.
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B. Hybrid inflation in the Valley (VHI)

The original hybrid potential [26] has a nearly flat direction with non-vanishing potential energy. Along this
direction, there is a critical point that seperates a valley from a region of tachyonic instability. Inflation occurs within
the valley until the inflaton crosses the critical point, which triggers the so-called waterfall phase during which the
scalar-field configuration settles at the global minimum of the potential. In the common picture, the waterfall phase
is nearly instantaneous (contrary to the mild waterfall case studied in Sec. VC) and the dynamics along the valley is
described by the e↵ective single-field potential

V (�) = ⇤

✓

1 +
�2

µ2
VHI

◆

, (16)

which is of a very simple form that we illustrate in Fig. 2. Notice that the inflationary valley can be reached by field
trajectories exterior to it without specific fine-tuning of initial conditions [27–30]. One of the attractive features of the
hybrid model is that many e-folds of expansion (much more than 60) can be realized for sub-Planckian field values,
such that possible corrections from gravitational interactions can be ignored in the e↵ective field theory description.
This regime corresponds to µVHI � Mpl, but note however that the inflaton mass m2 = 2⇤/µ2

VHI takes values lower
than the Planck mass when imposing the observed normalisation of the power spectrum. Depending on the dominant
contribution to the potential, we refer to the small field regime as vacuum dominated and to the large field regime
as field dominated. In the case where µVHI . 1.5Mpl, the slow-roll conditions are violated at the transition between
the large field (� > µVHI) and small field phases (� < µVHI), such that the inflaton field acquires a su�cient amount
of kinetic energy to prevent inflation from taking place in the small field regime [27]. In this situation, all of the last
60 e-folds of inflation occur at large field values, and the spectral index is red and possibly in agreement with CMB
observations.

In order to avoid the regime where the slow-roll dynamics is violated at the transition between the large and small
field phases, we will focus on parameter values µVHI & 1.5Mpl. The slow-roll parameters are given by
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, (17a)
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where we have defined x ⌘ �/µVHI. They are plotted in Fig. 2 for various values of the parameter µVHI. In the
vacuum dominated regime, since ✏1 ⌧ 1 and ✏2 < 0, a blue spectrum of scalar perturbation is expected. Inflation
stops at the critical point �

c

(which is thus a third model parameter) below which the potential develops the tachyonic
instability.

Since we look for a model predicting a red spectrum on large scales and a blue spectrum on small scales, we focus
on the intermediate regime, for which i) the slow-roll approximation is valid for all field values above the critical
instability point �

c

, including trans-Planckian configurations, i.e. we require µVHI > 1.5Mpl, ii) scales relevant for
CMB anisotropies leave the Hubble radius close to the point where � = µVHI, at which ✏1 = O(0.1) and |✏2| < ✏1, such
that the spectral index is red and in agreement with observations, and iii) a few e-folds later, the vacuum dominated
regime has just taken over and the spectral index for corresponding modes is blue. An enhancement of power therefore
occurs on small scales, which may lead to CMB distortions at an observable level.

As long as the slow-roll approximation is valid, one can integrate

d�
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d lnV
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in order to get the number of e-folds realized between some field value � and the end of inflation at �end = �c,
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This relation can be inverted to get the field value �
k

at which the perturbation mode k leaves the Hubble radius, N
k

e-folds before the end of inflation. For simplicity we have set N
kp = 60, independent of the energy scale of inflation

and the details of the reheating history. Once �
k

is obtained, the power spectrum amplitude and the spectral index
for the mode k can be easily calculated by using Eqs. (11), (12) and (17).

In order to decide whether CMB distortions at an observable level may be produced, we now apply the third
criterion from Section IVA. For this purpose, we evaluate the spectral index in the plane (µVHI, xend) for the two
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B. Hybrid inflation in the Valley (VHI)

The original hybrid potential [26] has a nearly flat direction with non-vanishing potential energy. Along this
direction, there is a critical point that seperates a valley from a region of tachyonic instability. Inflation occurs within
the valley until the inflaton crosses the critical point, which triggers the so-called waterfall phase during which the
scalar-field configuration settles at the global minimum of the potential. In the common picture, the waterfall phase
is nearly instantaneous (contrary to the mild waterfall case studied in Sec. VC) and the dynamics along the valley is
described by the e↵ective single-field potential
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which is of a very simple form that we illustrate in Fig. 2. Notice that the inflationary valley can be reached by field
trajectories exterior to it without specific fine-tuning of initial conditions [27–30]. One of the attractive features of the
hybrid model is that many e-folds of expansion (much more than 60) can be realized for sub-Planckian field values,
such that possible corrections from gravitational interactions can be ignored in the e↵ective field theory description.
This regime corresponds to µVHI � Mpl, but note however that the inflaton mass m2 = 2⇤/µ2

VHI takes values lower
than the Planck mass when imposing the observed normalisation of the power spectrum. Depending on the dominant
contribution to the potential, we refer to the small field regime as vacuum dominated and to the large field regime
as field dominated. In the case where µVHI . 1.5Mpl, the slow-roll conditions are violated at the transition between
the large field (� > µVHI) and small field phases (� < µVHI), such that the inflaton field acquires a su�cient amount
of kinetic energy to prevent inflation from taking place in the small field regime [27]. In this situation, all of the last
60 e-folds of inflation occur at large field values, and the spectral index is red and possibly in agreement with CMB
observations.

In order to avoid the regime where the slow-roll dynamics is violated at the transition between the large and small
field phases, we will focus on parameter values µVHI & 1.5Mpl. The slow-roll parameters are given by
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where we have defined x ⌘ �/µVHI. They are plotted in Fig. 2 for various values of the parameter µVHI. In the
vacuum dominated regime, since ✏1 ⌧ 1 and ✏2 < 0, a blue spectrum of scalar perturbation is expected. Inflation
stops at the critical point �

c

(which is thus a third model parameter) below which the potential develops the tachyonic
instability.

Since we look for a model predicting a red spectrum on large scales and a blue spectrum on small scales, we focus
on the intermediate regime, for which i) the slow-roll approximation is valid for all field values above the critical
instability point �

c

, including trans-Planckian configurations, i.e. we require µVHI > 1.5Mpl, ii) scales relevant for
CMB anisotropies leave the Hubble radius close to the point where � = µVHI, at which ✏1 = O(0.1) and |✏2| < ✏1, such
that the spectral index is red and in agreement with observations, and iii) a few e-folds later, the vacuum dominated
regime has just taken over and the spectral index for corresponding modes is blue. An enhancement of power therefore
occurs on small scales, which may lead to CMB distortions at an observable level.

As long as the slow-roll approximation is valid, one can integrate
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d lnV
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(18)

in order to get the number of e-folds realized between some field value � and the end of inflation at �end = �c,
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This relation can be inverted to get the field value �
k

at which the perturbation mode k leaves the Hubble radius, N
k

e-folds before the end of inflation. For simplicity we have set N
kp = 60, independent of the energy scale of inflation

and the details of the reheating history. Once �
k

is obtained, the power spectrum amplitude and the spectral index
for the mode k can be easily calculated by using Eqs. (11), (12) and (17).

In order to decide whether CMB distortions at an observable level may be produced, we now apply the third
criterion from Section IVA. For this purpose, we evaluate the spectral index in the plane (µVHI, xend) for the two
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D-term models [31–36]. Moreover they do not require super-planckian field values (contrary to large field models),
neither a fine-tuning of initial field values [27–30] (contrary to small field models), and a long phase of inflation can
be generated at very low energy density. However for the original hybrid model [26, 54], the scalar spectral index
takes values larger than unity, which is now excluded by Planck, whereas for the simplest versions of F-term and
D-term models it must be larger than ns & 0.98 which is now observationally disfavored 2. In hybrid models, inflation
is usually realized along a nearly flat valley of the potential. It ends when an auxiliary field develops a Higgs-type
tachyonic instability forcing the field trajectories to reach one of the global minima of the potential where a phase
of tachyonic preheating is triggered [56–58]. It is a common assumption to consider a nearly instantaneous waterfall
phase (lasting less than one e-fold). But it has been shown that inflation can continue during the waterfall for more
than 60 e-folds [59–64]. This therefore modifies the observable predictions of hybrid models. It is also interesting
to notice that topological defects that can be formed at the point of instability and have dramatic consequences for
cosmology are conveniently stretched outside our observable patch of the Universe. However, for the hybrid models

2 The spectral index can nevertheless be lowered to acceptable values for the F-term model if a soft-SUSY breaking mass term is added
to the potential [55]. This nevertheless requires some tuning of the parameters.
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FIG. 24: Intermediate (dashed) and µ-type (solid) spectral distortion for the e↵ective model of a sudden-turning trajectory,
and same parameter values than in FIG. 20.

that have been studied so far (original and F/D-term moles), if the waterfall phase lasts for N � 60 e-folds the scalar
spectral index is given by ns = 1�4/N

kp [60–62] which is too low for being observationally viable. On the other hand
if N & 60 entropic modes induce an enhancement of to the power spectrum of curvature perturbations by several
order of magnitudes, well above the observed amplitude [62].

For those reasons we consider in this section an intermediate case where the waterfall lasts for 20 . N . 60 e-folds
of inflation. The model is based on the two-field potential

V (�, ) = ⇤

"

✓

1�  2

M2

◆2

+
�

µ
+

2�2 2

�2cM
2

#

, (34)

where  = ±M is the position of the global minima of the potential at � = 0 and where the parameter µ controls the
slope of the potential close to the critical point of instability �c. The observable modes with CMB anisotropies leave
the Hubble horizon prior to instability point and thus the scalar power spectrum on those scales can be calculated
with the standard 1-field slow-roll formalism. If there is no additional term to the potential, one would get ✏2 = 0,
and because a mild waterfall phase requires ✏1 ⌧ 1 at the point of instability, the scalar spectral index would be very
close to unity. This problem can be avoided if the inflaton � gets a mass term driving ✏2 to acceptable values. Such
an additional mass term could arise for instance due to logarithmic loop corrections to the potential 3.

According to Refs. [60–62], two phases can be distinguished during the waterfall. During the phase-1, the transverse
field contribution to the slope of the potential in the inflaton direction is subdominant compared to the ⇠ µ�1 term. It
is dominant during the phase-2, which is e↵ectively single field. During phase-1, the power spectrum is enhanced due
to the important contribution of entropic modes. In the following we look for the region of the parameter space leading
to an increase of power by more than a factor ten (which corresponds approximatively to the level of detectability of
the resulting CMB distortions) on CMB distortions scales, compared to the amplitude on CMB anisotropy scales.

An analytical approximation of the power spectrum of curvature perturbation for modes exiting the Hubble radius
in the phase-1 has been derived in Ref. [62] by using the �N formalism,

P
⇣

(k) ' ⇤M2µ�c
192⇡2M6

pl�2 2
k

. (35)

where ⇠ and � have been defied as � = �c exp(⇠) ' �c(1 + ⇠) and  =  0 exp(�). The validity of this approximation
have been checked numerically by unsung the �N formalism and by integrating the exact multi-field background

3 Notice however that for F-term and D-term, the mass of � at the critical point in the mild waterfall regime cannot reconcile with the
spectral index. Other models should therefore be envisaged

µ-type
i-type µ = 1.3 x 10-7

The peak increases ~                  with

i-type > µ-type  

23

1 5 10 50 100 500 1000

!5."10!26

0

5."10!26

1."10!25

Ν !GHz"

$
I
!W

m
!

2
S

r!
1
H

z
!

1
"

FIG. 21: Intermediate (dashed) and µ-type (solid) spectral distortion for the effective model of a softly turning trajectory
and the same parameters as in FIG. 20. The spectra for three of the parameter sets are superimposed and actually do not
significantly differ from that of a single-field trajectory with constant ns. They lead to µ = 5.0 × 10−9 and y = 5.4 × 10−9.
In the case of µiso = 1 (green), which corresponds to a maximal enhancement of power, i-type and µ-type distortions are
respectively about two times or three times larger, but nevertheless should not reach the level of detectability by PIXIE and
PRISM (µ = 1.47× 10−8 and y = 5.4× 19−9.)

non-detectable very sharp feature of the spectrum. However, as noticed in Refs [46, 47], a transversed heavy field can
be excited by the sudden turn and the resulting high-frequency field oscillations subsequently affect the inflationary
dynamics. Two effects generating an imprint on the power spectrum of curvature perturbations can in general be
distinguished: the modification of the Hubble parameter (called the deformation effect) and the mixing between
adiabatic and isocurvature modes (called the conversion effect). Interestingly, in the case of models with canonical
kinetic terms, the parametric resonances induced by the two effects accidentally cancel out each other [47], such that
the main feature generated in the power spectrum is a very clear peak at the turning scale. In the following, we
look for a regime in which features of the power spectrum arise on scales relevant for CMB distortions, while prior to
the turn, the spectrum should remain unaffected. For this purpose, we use the analytical approximation derived in
Ref. [47] by using the in-in formalism,

Pζ(k) = P0
ζ (k)

[
1 + µisoα

2 (sinxt − xt cosxt)2

x3
t

]
, (33)

which is valid in the heavy mass regime miso ! 10H, and where xt ≡ k/kt. The sudden turn is characterized by the
angle α performed in the field space and, as before, µiso ≡

√
m2

iso/H
2 − 9/4, as well as the scale kt that becomes

super-Horizon during the turn, which occurs at the e-fold time Nt.
Fig. 22 shows the function f(xt) ≡ (sinxt−xt cosxt)2/x3

t , which is maximal for xt # 2.46 with f(2.46) # 0.43, and
then exhibits a series of damped oscillations. The amplitude of the oscillations in the power spectrum is therefore
controlled by µα, whereas their frequency is a fixed prediction of the model. Several examples have been plotted on
Fig. 23, focusing on the range a detection with CMB distortion experiments like PIXIE or PRISM may be possible.
Notice that for angles α " π/2, one requires miso ! O(100)H for inducing an observable level of CMB distortions.
The corresponding distortion spectra are plotted on FIG. 24. Contrary to the single-field VHI model, we find that
the intermediate i-type distortions are more important than those of the µ-type, because the oscillatory features in
the spectrum are damped and thus the smallest scales contribute less significantly to the distortion signal. Note also
that a variation of the turning scale changes the ratio between i-type and µ-type distortions.

C. Mild waterfall trajectory

Hybrid models are a particularly well-motivated class of inflation models, because they can be embedded in various
high-energy frameworks. They are most commonly studied in the context of supersymmetry, where the most prominent
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In the case of µiso = 1 (green), which corresponds to a maximal enhancement of power, i-type and µ-type distortions are
respectively about two times or three times larger, but nevertheless should not reach the level of detectability by PIXIE and
PRISM (µ = 1.47× 10−8 and y = 5.4× 19−9.)

non-detectable very sharp feature of the spectrum. However, as noticed in Refs [46, 47], a transversed heavy field can
be excited by the sudden turn and the resulting high-frequency field oscillations subsequently affect the inflationary
dynamics. Two effects generating an imprint on the power spectrum of curvature perturbations can in general be
distinguished: the modification of the Hubble parameter (called the deformation effect) and the mixing between
adiabatic and isocurvature modes (called the conversion effect). Interestingly, in the case of models with canonical
kinetic terms, the parametric resonances induced by the two effects accidentally cancel out each other [47], such that
the main feature generated in the power spectrum is a very clear peak at the turning scale. In the following, we
look for a regime in which features of the power spectrum arise on scales relevant for CMB distortions, while prior to
the turn, the spectrum should remain unaffected. For this purpose, we use the analytical approximation derived in
Ref. [47] by using the in-in formalism,

Pζ(k) = P0
ζ (k)

[
1 + µisoα

2 (sinxt − xt cosxt)2

x3
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]
, (33)

which is valid in the heavy mass regime miso ! 10H, and where xt ≡ k/kt. The sudden turn is characterized by the
angle α performed in the field space and, as before, µiso ≡

√
m2

iso/H
2 − 9/4, as well as the scale kt that becomes

super-Horizon during the turn, which occurs at the e-fold time Nt.
Fig. 22 shows the function f(xt) ≡ (sinxt−xt cosxt)2/x3

t , which is maximal for xt # 2.46 with f(2.46) # 0.43, and
then exhibits a series of damped oscillations. The amplitude of the oscillations in the power spectrum is therefore
controlled by µα, whereas their frequency is a fixed prediction of the model. Several examples have been plotted on
Fig. 23, focusing on the range a detection with CMB distortion experiments like PIXIE or PRISM may be possible.
Notice that for angles α " π/2, one requires miso ! O(100)H for inducing an observable level of CMB distortions.
The corresponding distortion spectra are plotted on FIG. 24. Contrary to the single-field VHI model, we find that
the intermediate i-type distortions are more important than those of the µ-type, because the oscillatory features in
the spectrum are damped and thus the smallest scales contribute less significantly to the distortion signal. Note also
that a variation of the turning scale changes the ratio between i-type and µ-type distortions.

C. Mild waterfall trajectory

Hybrid models are a particularly well-motivated class of inflation models, because they can be embedded in various
high-energy frameworks. They are most commonly studied in the context of supersymmetry, where the most prominent
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FIG. 23: Power spectrum of curvature perturbations for suddenly turning trajectories, with Nt = 55 (blue and red curves) and
Nt = 50 (yellow and green curves), and for µisoα

2 = 100 (blue and yellow) and µisoα
2 = 10 (red and green).

examples are the well-known F- and D-term models [31–36]. Moreover, they do not necessarily require super-Planckian
field values (contrary to large field models), neither a fine-tuning of initial field values [27–30] (contrary to small field
models), and a long phase of inflation can occur for a very low energy density. However, for the original hybrid
model [26, 54], the scalar spectral index takes values larger than unity, which is now excluded by Planck, whereas for
the simplest versions of F-term and D-term models, it must be larger than ns ! 0.98 which is now observationally
disfavored 2. In hybrid models, inflation is usually realized along a nearly flat valley of the potential. It ends when an
auxiliary field develops a Higgs-type tachyonic instability, where a phase of tachyonic preheating is triggered [56–58].
Eventually, the field configuration reaches one of the global minima of the potential. It is a common assumption to
consider a nearly instantaneous waterfall phase (lasting less than one e-fold). But it has been shown that inflation can
continue during the waterfall for more than 60 e-folds [59–64], what consequently modifies the observable predictions
of hybrid models. It is also interesting to notice that topological defects that can be formed at the point of instability,
and that may have dramatic consequences for cosmology are conveniently stretched outside our observable patch of

2 The spectral index can nevertheless be lowered to acceptable values for the F-term model if a soft-SUSY breaking mass term is added
to the potential [55]. This nevertheless requires some tuning of the parameters.
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examples are the well-known F- and D-term models [31–36]. Moreover, they do not necessarily require super-Planckian
field values (contrary to large field models), neither a fine-tuning of initial field values [27–30] (contrary to small field
models), and a long phase of inflation can occur for a very low energy density. However, for the original hybrid
model [26, 54], the scalar spectral index takes values larger than unity, which is now excluded by Planck, whereas for
the simplest versions of F-term and D-term models, it must be larger than ns ! 0.98 which is now observationally
disfavored 2. In hybrid models, inflation is usually realized along a nearly flat valley of the potential. It ends when an
auxiliary field develops a Higgs-type tachyonic instability, where a phase of tachyonic preheating is triggered [56–58].
Eventually, the field configuration reaches one of the global minima of the potential. It is a common assumption to
consider a nearly instantaneous waterfall phase (lasting less than one e-fold). But it has been shown that inflation can
continue during the waterfall for more than 60 e-folds [59–64], what consequently modifies the observable predictions
of hybrid models. It is also interesting to notice that topological defects that can be formed at the point of instability,
and that may have dramatic consequences for cosmology are conveniently stretched outside our observable patch of

2 The spectral index can nevertheless be lowered to acceptable values for the F-term model if a soft-SUSY breaking mass term is added
to the potential [55]. This nevertheless requires some tuning of the parameters.
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FIG. 25: Power spectrum of curvature perturbations for the waterfall inflation model, with ⇧ = 250/300/350 (respectively
green, red and blue lines).

plus linear perturbation dynamics. In di↵erent patches of the Universe a non vanishing value  0 of auxiliary field at
the critical instability point is expected due to quantum stochastic fluctuations. Solving the corresponding Langevin
equation for the auxiliary field gives

q

h 2
0i =

✓

⇤
p
2�cµ1M

96⇡3/2

◆1/2

. (36)

One must therefore see the classical waterfall regime as quickly emerging from a stochastic patch where the quantum
fluctuations of  are important. The subscript 2 in Eq. 35 denotes an evaluation at the time of transition between
phase-1 and phase-2. Solving the slow-roll dynamics in these phases, one gets

�2 ⌘ ln

 

�
1/2
c M

2µ1/2
1  0

!

. (37)

as well as the relation �
k

= 4�cµ1⇠
2
k

/M2 for modes exiting the Hubble horizon during phase-1, with ⇠
k

= �M2
pl(Nk

+
N2)/(µ1�c). The number of e-folds N2 realized in phase-2 is well approximated by

N2 = � M2
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p
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⇠endp
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⇠2p
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◆�

, (38)

with C ⌘ �xi22 +  2
0 exp[2�2]/(2�2c) and ⇠end = �M2/(8M2

pl).
All the ingredients are now given to calculate the power spectrum of curvature perturbations. Notice that Eq. 35

can be used also for the modes which exit the horizon a few e-folds before the instability point and which are a↵ected
on super-horizon scales by entropy perturbations generated during the first phase of the waterfall. An other important
remark is that the power spectrum is fixed by the combination of the potential parameters ⇧ ⌘ M(�cµ1)1/2/M2

pl.
The power spectrum of curvature perturbation has been plotted in Fig. 25 for di↵erent values of ⇧. We find that
within the range

250 . ⇧2 . 350 (39)

one gets a significant increase of power on CMB distortion scales whereas the spectrum amplitude remains nearly
scale invariant on CMB anisotropy scales. The resulting spectral distortions are shown in FIG. 26.
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FIG. 26: Intermediate (dashed) and µ-type (solid) spectral distortion for the mild waterfall model, with ⇧ = 350 (left panel),
⇧ = 300 (right panel, red line) and ⇧ = 250 (right panel, green line). These parameter sets induce respectively µ-type and
y-type distortions at the level µ = 1.93⇥ 10�6

, 1.90⇥ 10�8
, 6.79⇥ 10�9 and y = 6.64/5.32/5.32⇥ 10�9.

VI. TESTING A CURVATON MODEL WITH CMB DISTORTIONS

Another rather apparent way to generate a scalar power spectrum, that is red on the largest observable angular
scales, and nonetheless enhanced on the smaller scales that are relevant for spectral distortions, is to superimpose a
red with a blue spectrum. Blue spectra are a generic prediction for simple models with a massive curvaton, where
the small scales are enhanced because these su↵er less damping after horizon exit than the larger scales. In order to
achieve a distortion signal, that complies with the observational bounds from the Planck and WMAP experiments, we
must require that the curvaton mass is of order (but somewhat below) the Hubble rate and that the amplitude of the
curvaton spectrum is subdominant compared to the red component of the power spectrum at the scale kp = 0.05Mpc�1,
but it should be dominant for kd = 42Mpc�1. While this choice of the relative amplitudes entails a coincidence that
may be hard to motivate, the coincidence of the curvaton mass with the Hubble rate may be explained by a mechanism
that generates a dynamic, Hubble-induced mass.

As a concrete realisation of the scenario outlined above, we consider a massive curvaton �. The normalised solutions
for the momentum modes are given by

�(kc, ⌘) = �H⇤⌘

r

⇡⌘

4
H(1)

⌫

(�|kc|⌘) , (40)

where

⌫ =

s

9

4
� m2

�

H2
⇤
. (41)

Here, kc is a comoving momentum, that is related to the physical momentum as k = kc/a, and during inflation,
the scale factor is a = �1/(H⌘), where ⌘ is the conformal time. Moreover, H⇤ is the Hubble rate during inflation,
which we take here to be constant for simplicity, and as it is a good approximation for small-field models. The power
spectrum at the end of inflation then is

P
��

(k, tend) =
|kc|3
2⇡2

�2(kc, ⌘end) =
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4⇡2
(|k|/H)3�2⌫

, (42)

where the variable t with or without subscript refers to comoving time. The time at which inflation ends is denoted
by tend. Before the oscillations of the curvaton field start, the power spectrum su↵ers an additional damping, such
that

P
��

(k, t) = P
��

(k, tend)e
�

tR

tend

dt

2m2

3H

, for tend < t < tosc . (43)

We denote here by by tosc the time where H ⇡ m
�

and curvaton oscillations start. Similarly, for the background
curvaton,

�(t) = �(tend)e
�

tR

tend

dt

m2

3H

, for tend < t < tosc . (44)

µ-type
i-type

µ = 1.9 x 10-6
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In order to obtain the curvature perturbation, we calculate the evolution of the cosmic fluid components from a
time tosc, when the curvaton energy density is negligible compared to the critical density, up to a constant energy
hypersurface around the time tdec, where the curvaton decays (in sudden decay approximation) and it makes up a
fraction ⌦

�dec of the critical density. The number of e-folds depends on the intial value of the curvaton field at tosc.
One can therefore use the �N formalism in order to derive the power spectrum of curvature perturbations [49, 65]
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We observe that within the final expression for the curvaton-induced curvature power spectrum, the damping of the
curvaton field after inflation [Eqs. (43,44)] cancels. Moreover, in order to obtain a strong blue tilt, which is our
present phenomenological interest, we require that H⇤ & m

�

, such that the oscillations begin very soon after the end
of inflation and that this epoch of damping plays no quantitatively important role.

This perturbation from the curvaton adds linearly to an extra contribution, that may be generated by the inflaton
and which we parametrise by the standard form

P
⇣inf(k) = ainf

✓ |k|
kpivot

◆

n

(inf)
s �1

, (47)

such that

P
⇣

(k) = P
⇣inf(k) + P

⇣� (k) . (48)

We may perform phenomenological studies of these spectra that are parametrised by the amplitudes and their
tilts. In order to interpret the parameter a

�

, we should note that we cannot too delibaretly adjust it by choosing a
small ⌦

�dec, as this is tightly bound by observatiobal limits on non-Gaussianities through the relation [65] 3
5fNL =

3
4 (P⇣�

/P
⇣

)2/⌦
�dec . Rather, one can tune a

�

by adjusting �(tend) through initial conditions, or it may be fixed along
an approximately flat direction that is lifted due to Hubble-induced mass terms during inflation [66, 67]. When
neglecting the spectral tilt in Eq. (46), one may conclude that �(tend) ⇠ 104H⇤ in order to obtain a substantial
contribution of the curvaton to the observed anisotropies. However, the tilt can easily be strong enough such that
smaller values of �(tend) can be used in order to have an observationally relevant amplitude at the pivot scale. One
should check in such a situation, that the spectrum, which is then strongly enhanced on small scales, complies with
the bounds from ultracompact minihaloes (UCMHs) [68] and primordial black holes (PBHs) [69].

The relevant constraint from UCMHs is [68]

P
⇣

(|kUCMH|) < PUCMH , (49)

where

PUCMH ⇡ 5⇥ 10�8 and |k|UCMH ⇡ 5⇥ 107Mpc�1 . (50)

In terms of e-folds after exit of the pivot scale, |k|UCMH corresponds to NUCMH
e ⇡ 21. Constraints from UCMHs

are also present on larger scales, but as we assume that around |k| ⇡ |kUCMH|, P⇣

is dominated by the blue-tilted
curvaton contributions, these are fulfilled provided the relation (49) is satisfied.

Similarly, PBHs require that [69]

P
⇣

(|k|) < PPBH , where PPBH ⇡ 5⇥ 10�2 . (51)

This constraint should hold down to the smallest scales that exit the horizon during inflation. Again, due to the
blue-tilted component that dominates the spectrum on small scales, the PBH constraints are most severe on the
smallest scales. For definiteness, we assume that these exit the horizon NPBH

e ⇡ 50 e-folds after the pivot scale.
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FIG. 29: Intermediate (dashed) and µ-type (solid) spectral distortion for the curvaton model and same parameter values than
in FIG. 28.

level of spectral distortions can be produced if the turning point is tuned within the range of scales relevant for
distortions, i.e. about 8 . k . 104Mpc�1. A peak in the scalar power spectrum is also a generic prediction of hybrid
models ending with a mild waterfall. The peak can be located in the good range of scales when inflation continues for
about 40 e-folds of expansion during the waterfall. This may lead to an important level of CMB distortions and we
have determined the parameter range that will be probed with PIXIE and PRISM like experiments. It is important
to note that the ratio between µ-type and intermediate i-type distortions could be a good discriminator between the
models.

Finally, we have considered another possible scenario potentially leading to a strong distortion signal: a massive
curvaton whose blue spectrum is subdominant on CMB angular scales and overtakes the inflaton spectrum on smaller
distortion scales. However, we find that the generated level of distortions does not reach the sensitivity of PRISM
and PIXIE when we impose the bounds from ultra compact minihaloes.

Our analysis demonstrates that if µ-type or intermediate i-type distortions are discovered by future experiments,

29

FIG. 27: Constraints on aσ and n(σ)
s . The blue region is excluded due to the non-observation of PBHs, relation (51), the

red region is excluded due to constraints from UCMHs, relation (49). Above the brown region, the power spectrum from the
curvaton is comparable or larger than the red-tilted component of the power spectrum at the smallest scales relevant for CMB
distortions, which is more precisely stated by relation (52). The white region thus indicates the parameter space that is of
interest in view of future observations of CMB distortions.

This constraint should hold down to the smallest scales that exit the horizon during inflation. Again, due to the
blue-tilted component that dominates the spectrum on small scales, the PBH constraints are most severe on the
smallest scales. For definiteness, we assume that these exit the horizon NPBH

e ≈ 50 e-folds after the pivot scale.
In Figure 27, we summarise the constraints (49,51) . We also indicate the region, for which

Pζσ = Pζinf (52)

(assuming n(inf)
s = 0.96) at Ne ≈ 14 e-folds after the exit of the pivot scale, which is the smallest scale relevant for

CMB distortions. In FIG. 28 we show the total power spectrum for three parameter sets in the region allowed by
UCMH and the non observation of PBHs. The resulting spectral distortions are plotted in FIG. 29. While being close,
these do not reach the level of detectability, apart for parameter sets where there is a significant increase of power
already on CMB angular scales, which is excluded by Planck. One can therefore conclude that the model should not
lead to detectable distortions by PIXIE or PRISM when the constraints from UCMHs are satisfied.

VII. CONCLUSION

We have performed the first exhaustive model-oriented analysis of the observational prospects for inflation in view
of future observations of spectral distortions. These are produced prior to recombination, when acoustic waves of
Silk-damping scales dissipate their energy into the temperature monopole. We find that only very few models can
lead to distortions at a level that is detectable by the future PIXIE and PRISM experiments.
After having introduced a methodology for the model selection, all 49 single-field inflation models listed in the

Encyclopaedia Inflationaris by Martin et al. in Ref. [1] have been considered. We find that only one of them can
satisfy simultaneously the Planck constraints on the primordial scalar power spectrum and generate a significant
increase of power on smaller distortion scales, leading to a detectable level of intermediate and µ-type distortions,
while the y-type component should be dominated by other sources, such as the thermal SZ effect. This one scenario
of interest is the original hybrid model with an instantaneous waterfall phase but super-Planckian field values. The
increase of power on small scales results from the field dynamics evolving from the field dominated towards the false
vacuum dominated inflationary regime, where the spectrum is generically blue. Finally, it is important to note that
the region of parameter space that is interesting in the present context appears strongly tuned. Therefore, it would
be rather fortuitous, if distortions from single-field inflation were detected by PIXIE or PRISM.
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In order to obtain the curvature perturbation, we calculate the evolution of the cosmic fluid components from a
time tosc, when the curvaton energy density is negligible compared to the critical density, up to a constant energy
hypersurface around the time tdec, where the curvaton decays (in sudden decay approximation) and it makes up a
fraction ⌦

�dec of the critical density. The number of e-folds depends on the intial value of the curvaton field at tosc.
One can therefore use the �N formalism in order to derive the power spectrum of curvature perturbations [49, 65]

P
⇣� (k) =P

��

(k, tosc)
4

9
⌦2

�dec

✓

1

�(tosc)

◆2

= P
��

(k, tend)
4

9
⌦2

�dec

✓

1

�(tend)

◆2

(45)

⇡a
�

✓ |k|
kpivot

◆

n

(�)
s �1

,

where

a
�

=
H2

⇤
9⇡2�2(tend)

⌦2
�dec

✓

kpivot
H⇤

◆3�2⌫

. (46)

We observe that within the final expression for the curvaton-induced curvature power spectrum, the damping of the
curvaton field after inflation [Eqs. (43,44)] cancels. Moreover, in order to obtain a strong blue tilt, which is our
present phenomenological interest, we require that H⇤ & m

�

, such that the oscillations begin very soon after the end
of inflation and that this epoch of damping plays no quantitatively important role.

This perturbation from the curvaton adds linearly to an extra contribution, that may be generated by the inflaton
and which we parametrise by the standard form

P
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such that
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We may perform phenomenological studies of these spectra that are parametrised by the amplitudes and their
tilts. In order to interpret the parameter a

�

, we should note that we cannot too delibaretly adjust it by choosing a
small ⌦

�dec, as this is tightly bound by observatiobal limits on non-Gaussianities through the relation [65] 3
5fNL =

3
4 (P⇣�

/P
⇣

)2/⌦
�dec . Rather, one can tune a
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by adjusting �(tend) through initial conditions, or it may be fixed along
an approximately flat direction that is lifted due to Hubble-induced mass terms during inflation [66, 67]. When
neglecting the spectral tilt in Eq. (46), one may conclude that �(tend) ⇠ 104H⇤ in order to obtain a substantial
contribution of the curvaton to the observed anisotropies. However, the tilt can easily be strong enough such that
smaller values of �(tend) can be used in order to have an observationally relevant amplitude at the pivot scale. One
should check in such a situation, that the spectrum, which is then strongly enhanced on small scales, complies with
the bounds from ultracompact minihaloes (UCMHs) [68] and primordial black holes (PBHs) [69].

The relevant constraint from UCMHs is [68]

P
⇣

(|kUCMH|) < PUCMH , (49)

where

PUCMH ⇡ 5⇥ 10�8 and |k|UCMH ⇡ 5⇥ 107Mpc�1 . (50)

In terms of e-folds after exit of the pivot scale, |k|UCMH corresponds to NUCMH
e ⇡ 21. Constraints from UCMHs

are also present on larger scales, but as we assume that around |k| ⇡ |kUCMH|, P⇣

is dominated by the blue-tilted
curvaton contributions, these are fulfilled provided the relation (49) is satisfied.

Similarly, PBHs require that [69]

P
⇣

(|k|) < PPBH , where PPBH ⇡ 5⇥ 10�2 . (51)

This constraint should hold down to the smallest scales that exit the horizon during inflation. Again, due to the
blue-tilted component that dominates the spectrum on small scales, the PBH constraints are most severe on the
smallest scales. For definiteness, we assume that these exit the horizon NPBH

e ⇡ 50 e-folds after the pivot scale.
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FIG. 29: Intermediate (dashed) and µ-type (solid) spectral distortion for the curvaton model and same parameter values than
in FIG. 28.

level of spectral distortions can be produced if the turning point is tuned within the range of scales relevant for
distortions, i.e. about 8 . k . 104Mpc�1. A peak in the scalar power spectrum is also a generic prediction of hybrid
models ending with a mild waterfall. The peak can be located in the good range of scales when inflation continues for
about 40 e-folds of expansion during the waterfall. This may lead to an important level of CMB distortions and we
have determined the parameter range that will be probed with PIXIE and PRISM like experiments. It is important
to note that the ratio between µ-type and intermediate i-type distortions could be a good discriminator between the
models.

Finally, we have considered another possible scenario potentially leading to a strong distortion signal: a massive
curvaton whose blue spectrum is subdominant on CMB angular scales and overtakes the inflaton spectrum on smaller
distortion scales. However, we find that the generated level of distortions does not reach the sensitivity of PRISM
and PIXIE when we impose the bounds from ultra compact minihaloes.

Our analysis demonstrates that if µ-type or intermediate i-type distortions are discovered by future experiments,
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FIG. 27: Constraints on aσ and n(σ)
s . The blue region is excluded due to the non-observation of PBHs, relation (51), the

red region is excluded due to constraints from UCMHs, relation (49). Above the brown region, the power spectrum from the
curvaton is comparable or larger than the red-tilted component of the power spectrum at the smallest scales relevant for CMB
distortions, which is more precisely stated by relation (52). The white region thus indicates the parameter space that is of
interest in view of future observations of CMB distortions.

This constraint should hold down to the smallest scales that exit the horizon during inflation. Again, due to the
blue-tilted component that dominates the spectrum on small scales, the PBH constraints are most severe on the
smallest scales. For definiteness, we assume that these exit the horizon NPBH

e ≈ 50 e-folds after the pivot scale.
In Figure 27, we summarise the constraints (49,51) . We also indicate the region, for which

Pζσ = Pζinf (52)

(assuming n(inf)
s = 0.96) at Ne ≈ 14 e-folds after the exit of the pivot scale, which is the smallest scale relevant for

CMB distortions. In FIG. 28 we show the total power spectrum for three parameter sets in the region allowed by
UCMH and the non observation of PBHs. The resulting spectral distortions are plotted in FIG. 29. While being close,
these do not reach the level of detectability, apart for parameter sets where there is a significant increase of power
already on CMB angular scales, which is excluded by Planck. One can therefore conclude that the model should not
lead to detectable distortions by PIXIE or PRISM when the constraints from UCMHs are satisfied.

VII. CONCLUSION

We have performed the first exhaustive model-oriented analysis of the observational prospects for inflation in view
of future observations of spectral distortions. These are produced prior to recombination, when acoustic waves of
Silk-damping scales dissipate their energy into the temperature monopole. We find that only very few models can
lead to distortions at a level that is detectable by the future PIXIE and PRISM experiments.
After having introduced a methodology for the model selection, all 49 single-field inflation models listed in the

Encyclopaedia Inflationaris by Martin et al. in Ref. [1] have been considered. We find that only one of them can
satisfy simultaneously the Planck constraints on the primordial scalar power spectrum and generate a significant
increase of power on smaller distortion scales, leading to a detectable level of intermediate and µ-type distortions,
while the y-type component should be dominated by other sources, such as the thermal SZ effect. This one scenario
of interest is the original hybrid model with an instantaneous waterfall phase but super-Planckian field values. The
increase of power on small scales results from the field dynamics evolving from the field dominated towards the false
vacuum dominated inflationary regime, where the spectrum is generically blue. Finally, it is important to note that
the region of parameter space that is interesting in the present context appears strongly tuned. Therefore, it would
be rather fortuitous, if distortions from single-field inflation were detected by PIXIE or PRISM.
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For single field inflation models, it seems rather fortuitous that detectable 
CMB distortions are produced.

Detectable distortions more likely produced by multi-field inflation                   
e.g. :  sudden turn, mild waterfall.                                                                       
This requires some tuning of the parameters.  

Distortions from a simple curvaton model not detectable (due to      
constraints from ultracompact mini-halos)

µ-type and i-type distortions could help to distinguish models

Perspective:  Fisher Matrix or MCMC analysis on specific models

A new window on the very early Universe is open...     
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µ-type and i-type distortions could help to distinguish models

Perspective:  Fisher Matrix or MCMC analysis on specific models

A new window on the very early Universe is open...     
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