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I.  Neutrino decoupling 
II.  Relativistic neutrinos 

•  Impact on background evolution 
•  Relativistic neutrino perturbations 
•  Effects of Neff on CMB and LSS 
•  Measuring Neff  

III.  Non-relativistic neutrinos 
•  Impact on background evolution 
•  Non-relativistic neutrino perturbations 
•  Effects of masses on CMB and LSS 
•  Measuring masses (current bounds, future sensitivity) 

IV.  Other constraints on neutrinos from cosmology 
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I. Neutrino decoupling 
•  For T ~ 10 MeV:  

•  Thermal bath: γ, p, n, e+, e-, { νe, νµ, ντ, νe, νµ, ντ } 
•  DM particle 
•  All other particles should have decayed when T~mi 

•  Neutrinos kept in thermal equilibrium through elastic/inelastic weak interactions: 

•  Exchange of W/Z bosons 
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Besides, the universe contains all six neutrinos: νe, νµ, ντ and their
antiparticles, maintain in thermal and kinetic equilibrium by weak inter-
actions. Their mass is at most of the order of eV, so they have no rea-
son to annihilate and contribute to the thermal plasma as ultra-relativistic
components. They could in principle carry some asymmetry associated to
chemical potentials µe, µµ and µτ (each antineutrino would then have an
opposite chemical potential due to the chemical equilibrium of the reactions
νe + ν̄e ←→ e−+e+ ←→ γ). Due to the large mixing angles in the neutrino
mass matrix, the three potentials should share a unique value at this epoch.
This issue is still a topic of research, but since such an asymmetry is difficult
to motivate and has not been observed so far, we will assume throughout
this course that neutrino chemical potentials are null, and hence that at the
time considered here all six neutrino species share exactly the same number
density.

Finally, the universe should contain photons. All other particles are
expected to have decayed by that time, excepted one or more stable “dark
matter particle” that we will not be discussed in this course. In summary,
around T ∼ 10 MeV, the universe should contain: p, n, e−, e+, six neutrino
species, γ and possibly dark matter particles. The later, if they exist, are
expect to be non-relativistic at that time. So the number of relativistic de-
grees of freedom is given by photons, electrons, positrons and six neutrinos:

g∗(∼ 10MeV) = 2 +
7

8
(2 + 2 + 6) = 10.75 . (3.30)

3.3.3 Neutrino decoupling

Weak interactions maintain neutrinos in thermal equilibrium through elas-
tic and inelastic interactions like e.g.

νe + e− ←→ νe + e− (3.31)

νe + ν̄e ←→ νi + ν̄i (i = µ or τ)

νe + νi ←→ νe + νi

νe + ν̄i ←→ νe + ν̄i

etc. (3.32)

which are all of the weak interaction type (they involve exchanges of weak
bosons Z0, W±). The thermally averaged cross sections of these reactions
are of the order of ⟨σv⟩ ∼ G2

F T 2, where GF ∼ 10−5GeV−2 is the Fermi
constant (which characterizes the magnitude of weak interactions). Hence
the relevant scattering rates are of the order of Γ = ne−⟨σv⟩ ∼ G2

F T 5.
Let us compare the evolution of Γ with that of the Hubble rate H2 =
(8πG/3)ρ ∼M−2

P T 4. We find that

Γ

H
∼MP G2

F T 3 ∼
(

T

1 MeV

)3

. (3.33)

Hence, when the temperature of the plasma drops below T ∼ MeV, the
neutrinos leave thermal equilibrium, and their distribution remains frozen,
with

fi(p) =
1

exp[p/Tν] + 1
. (3.34)

By “frozen”, one means that fi varies only due to the universe expansion,
which imposes a very trivial evolution. Each decoupled particle is a free-
falling in the FLRW universe. The geodesic equation shows that for such

_ _ _ 



I. Neutrino decoupling 
•  For T ~ 1 MeV:  

•  thermally averaged cross-section 
•  Interaction rate  
•   Expansion rate 

•  Ratio  

•  Decoupling near 1 MeV, then phase-space distributions frozen very close to 

                                                                                              with Tν ~ a-1 

•  Tiny flavor-dependent corrections (e+e- annihilation, finite-temperature QED, flavor 
mixing) 
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Hence, when the temperature of the plasma drops below T ∼ MeV, the
neutrinos leave thermal equilibrium, and their distribution remains frozen,
with

fi(p) =
1

exp[p/Tν] + 1
. (3.34)

By “frozen”, one means that fi varies only due to the universe expansion,
which imposes a very trivial evolution. Each decoupled particle is a free-
falling in the FLRW universe. The geodesic equation shows that for such
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I. Neutrino decoupling 
•  For T < 1 MeV:  

•  Tν scales like a-1 but Tγ doesn’t   (e+ + e-                 γ + γ)	



•  Entropy conservation throughout electron-positron annihilation: 
•  Before   :   Tν=Tγ ~ a-1 

•  After      :   Tν = (4/11)1/3 Tγ ~ a-1 

•  Given Tγ = 2.726 K, we know the current neutrino number density 

                                                          = 56 cm-3       ( for all 6 neutrinos:  336 cm-3 ) 

•  Independent of Majorana/Dirac 
•  Oscillations irrelevant after decoupling due to nearly equal distributions 
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particles p ∝ a−1 (we already used this result many times for photons).
Hence each individual particle has a momentum redshifting like p(t) =
p(tD)a(tD)/a(t) where tD is the time of decoupling. For particles which
decoupled when they were relativistic (like the neutrinos considered in this
section), the distribution fi(p) depends on p only through the ratio p/Tν.
So, saying that all momenta shift like a−1 is strictly equivalent to saying
that Tν shifts like a−1. Hence, after neutrino decoupling and for each of
the six species i, the product (Tνa) remains exactly constant at all times.
Besides, as long as they remain relativistic with Tν ≫ mνi , they obey to:

nνi =
3

4

ζ(3)

π2
T 3

ν ∝ a−3 , (3.35)

ρνi =
7

8

π2

30
giT

4
ν ∝ a−4 , (3.36)

pνi =
1

3
ρνi . (3.37)

Neutrino decoupling is a very smooth process because before decoupling
(and as long as the number of relativistic degrees of freedom g∗ was con-
served), we already had T = Tν =∝ a−1, nνi ∝ a−3, ρνi ∝ a−4 and
pνi = ρνi/3. Hence, from the point of view of the universe expansion,
one could say that “nothing particular happens” when neutrinos decouple.
The temperature of neutrinos and of the thermal bath remain equal, both
scaling like a−1. The entropy density before decoupling reads:

s =
ρ+ p

T

∣

∣

∣

∣

plasma

=
4

3

π2

30
g∗T

3 with g∗ = 2 +
7

8
(2 + 2 + 6) = 10.75 .

(3.38)
After decoupling, the entropy receives contribution from the plasma and
from neutrinos. We have not derived the expression of entropy for a de-
coupled relativistic species, but it is simple: it reads alike the entropy of
relativistic species in equilibrium, with the appropriate value of the tem-
perature:

s =
ρ+ p

T

∣

∣

∣

∣

plasma

+
ρν + pν

Tν

∣

∣

∣

∣

neutrinos

(3.39)

=
4

3

π2

30

(

2 +
7

8
(2 + 2)

)

T 3 +
4

3

π2

30

(

7

8
× 6

)

T 3
ν . (3.40)

Since both T and Tν scale like a−1 around the time of neutrino decou-
pling, they remain equal to each other, and the expression of the entropy
is absolutely unchanged.

3.3.4 Positron annihilation

The electron and positron mass is close to 0.5 MeV. Hence, when the tem-
perature of the plasma drops below this value, electrons and positron be-
come gradually non-relativistic. This is the same situation as the one de-
scribed previously for b and b̄: the number density of e− and e+ drops down
very quickly with respect to that of photons, due to the suppression factor
exp[−me/T ]. Basically, this means that electrons and positrons annihilate
each other without being recreated, until positrons disappear completely; a
small number of electrons survives, in equal proportion to protons in order
to ensure electric neutrality. After this process, ne− = np ∼ nB ∼ 10−10nγ .

It is particularly interesting to follow the evolution of entropy dur-
ing electron-positron annihilation. Intuitively, entropy conservation implies



I. Neutrino decoupling 

•  Beyond standard model:  

•  Distribution can be modified by neutrino-antineutrino asymmetry (chemical potential). If 

large flavor-dependent asymmetry, then oscillations become important. 

•  Non-thermal enhancement due to decay of unstable particle after neutrino decoupling 

(e.g. Majoron) 

•  Overall suppressed, non-thermal distribution for low-temperature reheating 

•  Extra population of sterile neutrinos (thermalised or not) 
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II. Relativistic neutrinos 

•  Background: only ρν(a) is important 
3 standard neutrinos, 

Instantaneous decoupling: 
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2.4 A first look at photon and neutrino backgrounds 103

Using (2.180) and assuming negligible chemical potentials, the number density of
cosmic neutrinos is given for each flavour by

nν,0 = nν,0 ∼ 56 cm−3, (2.196)

yielding a remarkably large flux with respect to other astrophysical neutrino
sources, including solar neutrinos. Unfortunately their distribution peaks at a very
low energy, making their direct detection impossible or at least very challenging
(see the related discussion in Chapter 7).

After e± annihilation, the relativistic degrees of freedom populating the universe
are photons and neutrinos only, so that the corresponding energy density can be
written as

ρR = ργ

(

1 + 7
8

(
4
11

)4/3

3

)

. (2.197)

This result holds only if

! there are only three light neutrino species and no other relativistic particles;! neutrino distributions are standard Fermi–Dirac functions with zero chemical
potentials;! we trust the instantaneous decoupling limit.

A convenient way to parameterize any deviation from these assumptions consists
in defining the effective number of neutrino species Neff ,

ρR = ργ

(

1 + 7
8

(
4

11

)4/3

Neff

)

. (2.198)

The name of this parameter is historically linked to the fact that in the 1980s, the
number of active (light) neutrino generations was still debated. After LEP precision
electroweak measurements on the Z resonance and its invisible width, we know that
this number is three (Beringer et al., 2012), but before these experimental results
were available, cosmology was already able to put some bounds, mainly from
primordial nucleosynthesis, since the first analysis of Shvartsman, 1969; Steigman
et al., 1977. Measuring Neff (in the broader sense of measuring the radiation density)
is still of great interest today, and the set of observable quantities which can be
used to this end is even enlarged. In fact, beside nucleosynthesis, we will see in
Chapters 5 and 6 that the spectra of CMB anisotropies and of matter fluctuations can
provide powerful constraints on ρR and therefore on Neff . Of course, the question
is not any more to assess the number of light-flavour neutrino species, but rather to
check if there is any evidence for other as yet unidentified light particles contributing
to ρR, or if the neutrino distributions in phase space have some nontrivial features,
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2.4 A first look at photon and neutrino backgrounds 103

Using (2.180) and assuming negligible chemical potentials, the number density of
cosmic neutrinos is given for each flavour by

nν,0 = nν,0 ∼ 56 cm−3, (2.196)
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low energy, making their direct detection impossible or at least very challenging
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electroweak measurements on the Z resonance and its invisible width, we know that
this number is three (Beringer et al., 2012), but before these experimental results
were available, cosmology was already able to put some bounds, mainly from
primordial nucleosynthesis, since the first analysis of Shvartsman, 1969; Steigman
et al., 1977. Measuring Neff (in the broader sense of measuring the radiation density)
is still of great interest today, and the set of observable quantities which can be
used to this end is even enlarged. In fact, beside nucleosynthesis, we will see in
Chapters 5 and 6 that the spectra of CMB anisotropies and of matter fluctuations can
provide powerful constraints on ρR and therefore on Neff . Of course, the question
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II. Increasing Neff 

•  Keeping Ωi fixed and increasing H0, Neff preserves characteristic redshifts 

•  Positive correlation between  H0, Neff  

 

 

•  Sound horizon at decoupling ~ H0 

•  Angular diameter distance to decoupling ~ H0 

•  Silk damping scale at decoupling ~ H0
2 
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II. Increasing Neff 
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But in matter spectrum, 

in Fourier space,  

shift in sound horizon  

visible in BAO scale 
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•  PSD perturbation 
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5.2 Neutrino perturbations 239

The difference between massive and massless neutrinos appears when the terms
dx⃗/dη and dy/dη are replaced in the Liouville operator. For nonrelativistic par-
ticles, these terms are given respectively by yn̂/ϵ and by Eq. (5.4), and depend
explicitly on the mass through the energy ϵ. In that case, the collisionless Boltzmann
equation cannot be simplified by integrating over momentum. The physical expla-
nation is that for nonrelativistic particles, gravitational interactions induce a relative
momentum shift depending on the momentum itself, i.e., some nonthermal distor-
tions of the perturbed phase-space distribution. The Boltzmann equation can still be
simplified to some extent by introducing the relative fluctuation of the phase-space
distribution,

#ν(η, x⃗, y, n̂) = fν(η, x⃗, y, n̂)
fν0(η, y)

− 1, (5.70)

expressed at first order in perturbations.
As long as neutrinos remain relativistic, the quantity #ν(η, x⃗, y, n̂) can be related

to the variables introduced previously for massless neutrinos. In the case of standard
neutrinos with a Fermi–Dirac distribution, we can write the perturbed distribution in
the particular form fν(η, x⃗, y, n̂) = fν0(y/[aT ν{1 + %ν(η, x⃗, n̂)}]) with constant
aT ν and make a Taylor expansion at first order in %ν to find

#ν(η, x⃗, y, n̂) = −%ν(η, x⃗, n̂)
d ln fν0(y)

d ln y
. (5.71)

In the general case, #ν can be identified in the relativistic limit with

#ν(η, x⃗, y, n̂) = −1
4
Fν(η, x⃗, n̂)

d ln fν0(y)
d ln y

. (5.72)

Equations (5.71) and (5.72) are no longer valid when the particles become nonrel-
ativistic and gravitational interactions introduce nonthermal distortions.

If we take the Boltzmann equation (2.92) in the collisionless limit, replace
fν(η, x⃗, y, n̂) as a function of #ν(η, x⃗, y, n̂) and simplify the Liouville operator
using the same steps as for photons and massless neutrinos (always at order one in
perturbations), we obtain an equation of motion for #ν :

# ′
ν + y

ϵ
n̂ · ∇⃗#ν + d ln fν0

d ln y

[
φ′ − ϵ

y
n̂ · ∇⃗ψ

]
= 0. (5.73)

In the relativistic limit, the ratio (y/ϵ) is equal to unity, and using Eq. (5.72), we
immediately recover the massless neutrino Boltzmann equation. As for photons
and massless neutrinos, one can transform Eq. (5.73) to Fourier space, make use
of the axial symmetry around n̂, expand #ν in Legendre polynomials and obtain
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240 Neutrinos in the cosmic microwave background epoch

an infinite hierarchy of equations:

!ν0
′ = −yk

ϵ
!ν1 − φ′ d ln fν0

d ln y

!ν1
′ = yk

3ϵ
(!ν0 − 2!ν2) − ϵk

3y
ψ

d ln fν0

d ln y
(5.74)

!νl
′ = yk

(2l + 1)ϵ

[
l!ν(l−1) − (l + 1)!ν(l+1)

]
, ∀ l ≥ 2.

Finally, using Eq. (5.10), one can show that the usual four scalar degrees of freedom
of the perturbed stress–energy tensor can be obtained by integrating !ν l=0,1,2 over
momentum:

δρν = ρνδν = 4πa−4
∫

y2dy ϵ fν0(y)!0 (5.75)

δPν = 4π

3
a−4

∫
y2dy

y2

ϵ
fν0(y)!0 (5.76)

(ρν + P ν)θν = 4πa−4
∫

y2dy ϵ fν0(y)!1 (5.77)

(ρν + P ν)σν = 4πa−4
∫

y2dy
y2

ϵ
fν0(y)!2. (5.78)

By integrating the first two equations (5.74) over momentum y, one can recover the
general continuity and Euler equations, this time with no exact analytic expression
for Pν/ρν , and no exact relation between δρν , δPν and σν . For details on this
procedure, see Shoji and Komatsu, 2010; Lesgourgues and Tram, 2011.

Deep in the nonrelativistic limit, the ratio (y/ϵ) goes asymptotically to zero. In
that case, the integrand of δPν is suppressed by a factor of (y/ϵ)2 with respect to
that of δρν ; i.e., δPν/δρν is of order (T ν/mν)2 and pressure perturbations can be
neglected. The same is true for the ratios P ν/ρν and σν/δν . Thus, the continuity
and Euler equations for nonrelativistic neutrinos become identical to those for cold
dark matter.

5.2.2 Neutrino isocurvature modes

The number of independent initial conditions for the whole system of cosmolog-
ical perturbations is equal to the number of first-order equations describing their
evolution of super-Hubble wavelengths. We know that there are two first-order
equations for baryons, two for CDM, and also two for photons, despite the infi-
nite hierarchy of Legendre momenta in the Boltzmann equation for photons. As
explained in Section 5.1.3, the reason is that as long as photons are tightly coupled,
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The difference between massive and massless neutrinos appears when the terms
dx⃗/dη and dy/dη are replaced in the Liouville operator. For nonrelativistic par-
ticles, these terms are given respectively by yn̂/ϵ and by Eq. (5.4), and depend
explicitly on the mass through the energy ϵ. In that case, the collisionless Boltzmann
equation cannot be simplified by integrating over momentum. The physical expla-
nation is that for nonrelativistic particles, gravitational interactions induce a relative
momentum shift depending on the momentum itself, i.e., some nonthermal distor-
tions of the perturbed phase-space distribution. The Boltzmann equation can still be
simplified to some extent by introducing the relative fluctuation of the phase-space
distribution,

#ν(η, x⃗, y, n̂) = fν(η, x⃗, y, n̂)
fν0(η, y)

− 1, (5.70)

expressed at first order in perturbations.
As long as neutrinos remain relativistic, the quantity #ν(η, x⃗, y, n̂) can be related

to the variables introduced previously for massless neutrinos. In the case of standard
neutrinos with a Fermi–Dirac distribution, we can write the perturbed distribution in
the particular form fν(η, x⃗, y, n̂) = fν0(y/[aT ν{1 + %ν(η, x⃗, n̂)}]) with constant
aT ν and make a Taylor expansion at first order in %ν to find

#ν(η, x⃗, y, n̂) = −%ν(η, x⃗, n̂)
d ln fν0(y)

d ln y
. (5.71)

In the general case, #ν can be identified in the relativistic limit with

#ν(η, x⃗, y, n̂) = −1
4
Fν(η, x⃗, n̂)

d ln fν0(y)
d ln y

. (5.72)

Equations (5.71) and (5.72) are no longer valid when the particles become nonrel-
ativistic and gravitational interactions introduce nonthermal distortions.

If we take the Boltzmann equation (2.92) in the collisionless limit, replace
fν(η, x⃗, y, n̂) as a function of #ν(η, x⃗, y, n̂) and simplify the Liouville operator
using the same steps as for photons and massless neutrinos (always at order one in
perturbations), we obtain an equation of motion for #ν :

# ′
ν + y

ϵ
n̂ · ∇⃗#ν + d ln fν0

d ln y

[
φ′ − ϵ

y
n̂ · ∇⃗ψ

]
= 0. (5.73)

In the relativistic limit, the ratio (y/ϵ) is equal to unity, and using Eq. (5.72), we
immediately recover the massless neutrino Boltzmann equation. As for photons
and massless neutrinos, one can transform Eq. (5.73) to Fourier space, make use
of the axial symmetry around n̂, expand #ν in Legendre polynomials and obtain
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5.2 Neutrino perturbations 237

contamination in real data sets. In the large-scale structure spectrum, a strong
nonlinear evolution has erased all memory of the early linear evolution on such
small scales.

We have seen in Sections 2.4.2 and 4.1 that standard active neutrinos have
a frozen background distribution function fν0(y) of the Fermi–Dirac type (with
negligible mass and chemical potential),

fν0(y) =
(
e

y

a T ν + 1
)−1

, (5.63)

with a constant product a T ν after neutrino decoupling. Nonthermal distortions of
this distribution due to entropy release at the e± annihilation stage are very small,
on the level of a few percent at most, and can be completely neglected in our
discussion because all present (and forthcoming) data are completely blind to such
a small effect. This means that the neutrino equation of evolution can be derived
following the same steps as for photons, with just a sign difference in f accounting
for Fermi–Dirac statistics (but this makes no difference in the final equations), and
of course assuming no interaction. Hence, we could write an equation of evolution
for the neutrino temperature perturbation "ν which would be strictly identical to
Eqs. (5.13) or (5.15) for "γ in the collisionless limit σT = 0.

We can remain at a more general level and assume that we simply deal with any
kind of decoupled relativistic particles, with an arbitrary background distribution
function fν0(y). The absence of an explicit time dependence in this distribution is
appropriate if the species is indeed decoupled. This covers the case of massless
neutrinos with chemical potentials or a nonthermal distribution, as well as any
other decoupled relativistic relic. The way to simplify the Boltzmann equation in
this case is not to parameterize fν explicitly in terms of temperature fluctuations,
as in Eq. (5.11), but to introduce the momentum average of the perturbation of the
distribution function relative to the background value

Fν(x⃗, n̂, η) =
∫

y2dy y[fν(x⃗, y, n̂, η) − fν0(y)]∫
y2dy yfν0(y)

. (5.64)

By plugging into the above formula the phase space distribution of thermal relics
with a negligible chemical potential, one can easily show that this quantity exactly
coincides with the temperature perturbation "ν multiplied by four. If we take the
Boltzmann equation (2.92) in the collisionless limit (sometimes called the Vlasov
equation), integrate the Liouville operator over momentum and simplify it using the
same steps as for photons in Section 5.1.2 (always at order one in perturbations),
we obtain an equation of motion for Fν ,

F ′
ν + n̂ · ∇⃗Fν − 4φ′ + 4n̂ · ∇⃗ψ = 0. (5.65)

238 Neutrinos in the cosmic microwave background epoch

We can expand this equation in Fourier space, and as for photons, notice that the
isotropy of the background implies that the equation is axially symmetric around
n̂. Moreover, Fν follows the same symmetry at initial time. In fact, before neutrino
decoupling, neutrino perturbations can only depend on direction through a Doppler-
induced dipole along the axis defined by n̂, and after decoupling, this remains true
for all modes above the Hubble radius, for causality reasons. So the symmetry
is preserved throughout the evolution, and the Fourier transform of Fν(x⃗, n̂, η)
depends only on the arguments Fν(k⃗, µ, η), with µ = k̂ · n̂. This function follows

F ′
ν + ikµFν − 4φ′ − ikµ4ψ = 0. (5.66)

Expanding this equation in Legendre polynomials,

Fν(k⃗, µ, η) =
∑

l

(−i)l(2l + 1)Fνl(k⃗, η)Pl(µ), (5.67)

we get an infinite hierarchy of equations:

Fν0
′ = −kFν1 + 4φ′

Fν1
′ = k

3
(Fν0 − 2Fν2 + 4ψ) (5.68)

Fνl
′ = k

(2l + 1)

[
lFν(l−1) − (l + 1)Fν(l+1)

]
, ∀ l ≥ 2.

The relation between the first multipoles of Fν and the perturbations δν , θν , σν can
be derived from Eq. (5.10):

δν = Fν0, θν = 3
4
kFν1, σν = 1

2
Fν2. (5.69)

One can check that the first two equations in (5.68) coincide with the general
continuity and Euler equations for a species with equation of state P/ρ = 1/3, a
sound speed c2

s = δP/δρ = 1/3, and some unspecified anisotropic pressure.

Massive neutrinos

Massive neutrinos should be described by a set of equations interpolating from
CDM equations in the large mass limit to massless neutrino equations in the small
mass limit. We can assume that at the time at which we impose initial conditions,
neutrinos are already decoupled but still relativistic, with a given background
distribution fν0(y). We know that for standard active neutrinos fν0(y) is given by
Eq. (5.63), but because we are also interested in sterile neutrinos and nonstandard
active neutrinos, we keep the discussion at a more general level and assume only
that fν0(y) has no explicit time dependence after neutrino decoupling.
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induced dipole along the axis defined by n̂, and after decoupling, this remains true
for all modes above the Hubble radius, for causality reasons. So the symmetry
is preserved throughout the evolution, and the Fourier transform of Fν(x⃗, n̂, η)
depends only on the arguments Fν(k⃗, µ, η), with µ = k̂ · n̂. This function follows

F ′
ν + ikµFν − 4φ′ − ikµ4ψ = 0. (5.66)

Expanding this equation in Legendre polynomials,

Fν(k⃗, µ, η) =
∑

l

(−i)l(2l + 1)Fνl(k⃗, η)Pl(µ), (5.67)

we get an infinite hierarchy of equations:

Fν0
′ = −kFν1 + 4φ′

Fν1
′ = k

3
(Fν0 − 2Fν2 + 4ψ) (5.68)

Fνl
′ = k

(2l + 1)

[
lFν(l−1) − (l + 1)Fν(l+1)

]
, ∀ l ≥ 2.

The relation between the first multipoles of Fν and the perturbations δν , θν , σν can
be derived from Eq. (5.10):

δν = Fν0, θν = 3
4
kFν1, σν = 1

2
Fν2. (5.69)

One can check that the first two equations in (5.68) coincide with the general
continuity and Euler equations for a species with equation of state P/ρ = 1/3, a
sound speed c2

s = δP/δρ = 1/3, and some unspecified anisotropic pressure.

Massive neutrinos

Massive neutrinos should be described by a set of equations interpolating from
CDM equations in the large mass limit to massless neutrino equations in the small
mass limit. We can assume that at the time at which we impose initial conditions,
neutrinos are already decoupled but still relativistic, with a given background
distribution fν0(y). We know that for standard active neutrinos fν0(y) is given by
Eq. (5.63), but because we are also interested in sterile neutrinos and nonstandard
active neutrinos, we keep the discussion at a more general level and assume only
that fν0(y) has no explicit time dependence after neutrino decoupling.
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II. Perturbations of relativistic neutrinos 

•  Neff increases: more gravitational force ( δρtot = ρν δν + … ) 

•  “neutrino drag”: CMB (and BAO) peaks shifted to larger scales and amplitude reduced 

•  Summary: CMB and LSS affected through damping tail + shift in peak scale and 
amplitude. No exact parameter degeneracy with other effects. 
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II. Measuring Neff 

•  Ultimately, constraints driven by CMB damping tail  
•  WMAP+SPT see anomalously low tail: Neff > 3 at 2 sigma 
•  Planck and Planck+BAO well compatible with standard value at 1 sigma 
•  Planck (+BAO) + HST : enforce higher H0, hence also higher Neff  
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Planck Collaboration: Cosmological parameters

which favour higher values. Increasing the neutrino mass will
only make this tension worse and drive us to artificially tight
constraints on

⇧
m⇥. If we relax spatial flatness, the CMB ge-

ometric degeneracy becomes three-dimensional in models with
massive neutrinos and the constraints on

⇧
m⇥ weaken consider-

ably to

⌃
m⇥ <

�⌅⌅⇤
⌅⌅⇥

0.98 eV (95%; Planck+WP+highL)
0.32 eV (95%; Planck+WP+highL+BAO).

(73)

6.3.2. Constraints on Ne⇤

As discussed in Sect. 2, the density of radiation in the Universe
(besides photons) is usually parameterized by the e⇤ective neu-
trino number Ne⇤ . This parameter specifies the energy density
when the species are relativistic in terms of the neutrino tem-
perature assuming exactly three flavours and instantaneous de-
coupling. In the Standard Model, Ne⇤ = 3.046, due to non-
instantaneous decoupling corrections (Mangano et al. 2005).

However, there has been some mild preference for
Ne⇤ > 3.046 from recent CMB anisotropy measurements
(Komatsu et al. 2011; Dunkley et al. 2011; Keisler et al. 2011;
Archidiacono et al. 2011; Hinshaw et al. 2012; Hou et al. 2012).
This is potentially interesting, since an excess could be caused
by a neutrino/anti-neutrino asymmetry, sterile neutrinos, and/or
any other light relics in the Universe. In this subsection we dis-
cuss the constraints on Ne⇤ from Planck in scenarios where the
extra relativistic degrees of freedom are e⇤ectively massless.

The physics of how Ne⇤ is constrained by CMB anisotropies
is explained in Bashinsky & Seljak (2004), Hou et al. (2011)
and Lesgourgues et al. (2013). The main e⇤ect is that increasing
the radiation density at fixed �⇥ (to preserve the angular scales of
the acoustic peaks) and fixed zeq (to preserve the early-ISW ef-
fect and so first-peak height) increases the expansion rate before
recombination and reduces the age of the Universe at recombi-
nation. Since the di⇤usion length scales approximately as the
square root of the age, while the sound horizon varies propor-
tionately with the age, the angular scale of the photon di⇤usion
length, �D, increases, thereby reducing power in the damping tail
at a given multipole. Combining Planck, WMAP polarization and
the high-⌦ experiments gives

Ne⇤ = 3.36+0.68
�0.64 (95%; Planck+WP+highL). (74)

The marginalized posterior distribution is given in Fig. 27 (black
curve).

Increasing Ne⇤ at fixed �⇥ and zeq necessarily raises the ex-
pansion rate at low redshifts too. Combining CMB with distance
measurements can therefore improve constraints (see Fig. 27) al-
though for the BAO observable rdrag/DV(z) the reduction in both
rdrag and DV(z) with increasing Ne⇤ partly cancel. With the BAO
data of Sect. 5.2, the Ne⇤ constraint is tightened to

Ne⇤ = 3.30+0.54
�0.51 (95%; Planck+WP+highL+BAO). (75)

Our constraints from CMB alone and CMB+BAO are compati-
ble with the standard value Ne⇤ = 3.046 at the 1⇤ level, giving
no evidence for extra relativistic degrees of freedom.

Since Ne⇤ is positively correlated with H0, the tension be-
tween the Planck data and direct measurements of H0 in the base
⇥CDM model (Sect. 5.3) can be reduced at the expense of high
Ne⇤ . The marginalized constraint is

Ne⇤ = 3.62+0.50
�0.48 (95%; Planck+WP+highL+H0). (76)
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Fig. 27. Marginalized posterior distribution of Ne⇤ for
Planck+WP+highL (black) and additionally BAO (blue),
the H0 measurement (red), and both BAO and H0 (green).

For this data combination, the ⌅2 for the best-fitting model al-
lowing Ne⇤ to vary is lower by 5.0 than for the base Ne⇤ = 3.046
model. The H0 fit is much better, with �⌅2 = �4.0, but there
is no strong preference either way from the CMB. The low-⌦
temperature power spectrum does mildly favour the high Ne⇤
model (�⌅2 = �1.6) since Ne⇤ is positively correlated with ns
(see Fig. 24) and increasing ns reduces power on large scales.
The rest of the Planck power spectrum is agnostic (�⌅2 = �0.5),
while the high-⌦ experiments mildly disfavour high Ne⇤ in our
fits (�⌅2 = 1.3). Further including the BAO data pulls the cen-
tral value downwards by around 0.5⇤ (see Fig. 27):

Ne⇤ = 3.52+0.48
�0.45 (95%; Planck+WP+highL+H0+BAO). (77)

The ⌅2 at the best-fit for this data combination (Ne⇤ = 3.37)
is lower by 3.6 than the best-fitting Ne⇤ = 3.046 model. While
the high Ne⇤ best-fit is preferred by Planck+WP (�⌅2 = �3.3)
and the H0 data (�⌅2 = �2.8 giving an acceptable ⌅2 = 2.4
for this data point), it is disfavoured by the high-⌦ CMB data
(�⌅2 = 2.0) and slightly by BAO (�⌅2 = 0.4). We conclude
that the tension between direct H0 measurements and the CMB
and BAO data in the base ⇥CDM can be relieved at the cost of
additional neutrino-like physics, but there is no strong preference
for this extension from the CMB damping tail.

Throughout this subsection, we have assumed that all the
relativistic components parameterized by Ne⇤ consist of ordi-
nary free-streaming relativistic particles. Extra radiation com-
ponents with a di⇤erent sound speed or viscosity parame-
ter (Hu 1998) can provide a good fit to pre-Planck CMB
data (Archidiacono et al. 2013), but are not investigated in this
paper.

6.3.3. Simultaneous constraints on Ne⇤ and either
⇧

m⇥ or
me⇤
⇥, sterile

It is interesting to investigate simultaneous contraints on Ne⇤ and⇧
m⇥, since extra relics could coexist with neutrinos of size-

able mass, or could themselves have a mass in the eV range.
Joint constraints on Ne⇤ and

⇧
m⇥ have been explored sev-

eral times in the literature. These two parameters are known
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CMB alone (Planck+WP+HighL) 
 
Neff = 3.36 ± 0.66   (95%CL) 
 
With lensing and BAO: 
 
Neff = 3.30 ± 0.52   (95%CL) 
 
With H0: 
 
Neff = 3.63 ± 0.49   (95%CL) 



II. Measuring Neff 

•  Ultimately, constraints driven by CMB damping tail  
•  WMAP+SPT see anomalously low tail: Neff > 3 at 2 sigma 
•  Planck and Planck+BAO well compatible with standard value at 1 sigma 
•  Planck (+BAO) + HST : enforce higher H0, hence also higher Neff 

•  Planck + BICEP2 : to decrease r tension, also higher Neff 

 

24.06.2014 Neutrinos mass and density from comsology– J. 
Lesgourgues 22 

CMB alone (Planck+WP+HighL+BICEP2) 
 
Neff = 4.00 ± 0.82   (95%CL) 
 
Giusarma et al. 14 
 

15

FIG. 4: Left panel: the red contours show the 68% and 95% CL allowed regions from the combination of CMB data, BOSS
DR11 BAO measurements and WiggleZ full shape power spectrum measurements in the (

P
m⌫ (eV), Ne↵) plane. The blue

contours depict the constraints after a prior on the Hubble constant from HST and the remaining BAO data are added in the
analysis. Right panel: as in the left panel but in the (

P
m⌫ (eV), me↵

s (eV)) plane.

FIG. 5: Left panel: Constraints in the Neff vs r plane from Planck+WP and Planck+WP+BICEP2 data. Notice how the
inclusion of the BICEP2 constraint shifts the contours towards Ne↵ > 3. Right panel: constraints on the ⌃m⌫ vs r plane from
Planck+WP and Planck+WP+BICEP2 data. In this case there is no indication for neutrino masses from the combination of
CMB data.

Planck+WP limit of r < 0.11 at 95% c.l. and the re-
cent BICEP2 result. This tension appears as less evident
when extra relativistic particles are included. We imag-
ine a further preference for N

e↵

> 3 if the HST data is
included. The BICEP2 result does not a↵ect the current

constraints on neutrino masses as we can see from the
right side of figure Fig. 5.

Giusarma et al. 1403.4852 



•  Neutrino masses: forecasts (95% C.L., ΛCDM+mν) 
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II. Future Neff sensitivity 

Full Planck data (including lensing)  :  σ(Neff) ~  0.2                  2014 
 
Planck + LSST, Euclid  
(cosmic shear, galaxy correlation)    :  σ(Neff) ~  0.1                ~ 2022 
 
 
Post-Planck + Euclid                         :  σ(Neff)  ~  0.05             ~ 2030 
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III. Non-relativistic neutrinos 
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matter 
Λ	



Non-relativistic transition: mν = Tν ~ (4/11)1/3 Tγ   ,   at  zν = (mν/5.3 eV) 104 

After CMB decoupling for mν < 0.57 eV   (Mν < 1.7 eV) 
•  for fixed ωM = ωB+ωCDM+ων, change in time of equality 
•  for fixed ωB+ωCDM and equality, peak scale affected by (Mν / 0.06 eV) % 
•  for fixed equality AND peak scale, effect is on zΛ 

log ρ	



log a	





III. Non-relativistic neutrino perturbations 
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•  Non-relativistic regime: importance of free-streaming scale 

 
•  Interacting species with pressure:  

•  no gravitational collapse below Jeans length  

•  kJ ~ H/cs  (sound speed in fluid) 

•  Non-interacting species with velocity dispersion:  
•  no collapse below free-streaming length  

•  kFS ~ H/cν  (average particle velocity: cν = first c, second <p>/m=3.15 Tν/mν ) 



III. Non-relativistic neutrino perturbations 
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•  Non-relativistic regime: importance of free-streaming scale 

non-relativistic  
transition 
Tν ~ mν	

 collapse 

free-streaming 
	



wavenumber 

time 

kNR    kFS
0    
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non-relativistic  
transition 
Tν ~ mν	

 no free-streaming 

free-streaming 

wavenumber 

time 

•  neutrino perturbations supressed 

•  cdm, baryon given by: 
 
δbc’’ + Hδbc’ + 3/2H2 (1-fν) δbc = 0 
 
fv = Ων/Ωm      (minimum 0.006) 

•  cdm, baryons, neutrino 
perturbations identical 

 
 

δm’’ + Hδm’ + 3/2H2 δm = 0 
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non-relativistic  
transition 
Tν ~ mν	

 no free-streaming 

δm ~ a 

free-streaming 
δbc ~ a1-3/5fν	
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non-relativistic  
transition 
Tν ~ mν	

 no free-streaming 

Φ ~ cte 

free-streaming 
Φ ~ a-3/5fν	
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Bond, Efstathiou, 
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•  neutrino perturbations supressed 

•  cdm, baryon given by: 
 
δbc’’ + Hδbc’ + 3/2H2 (1-fν) δbc = 0 
 
fv = Ων/Ωm      (minimum 0.006) 

•  cdm, baryons, neutrino 
perturbations identical 
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non-relativistic  
transition 
Tν ~ mν	

 no free-streaming 

Φ ~ cte 

free-streaming 
Φ ~ a-3/5fν	



wavenumber 

time 

Bond, Efstathiou, 
Silk 80 

unlensed 
CMB 

decoupling 

Early ISW 
20 < l < 200 



III. Non-relativistic neutrino perturbations 
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wavenumber 

non-relativistic  
transition 
Tν ~ mν	



Scale-dependent growth factor 

no effect maximal effect 

no free-streaming 
δm ~ a 

free-streaming 
δbc ~ a1-3/5fν	



wavenumber 

time 

Bond, Efstathiou, 
Silk 80 

matter 
growth factor 
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wavenumber 

non-relativistic  
transition 
Tν ~ mν	



no effect maximal effect 

no free-streaming 
δm ~ a 

free-streaming 
δbc ~ a1-3/5fν	



wavenumber 

time 

Bond, Efstathiou, 
Silk 80 

matter 
growth factor 

wavenumber 

P(k) 
Scale-dependent growth factor 
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wavenumber 

non-relativistic  
transition 
Tν ~ mν	



no effect maximal effect 

no free-streaming 
δm ~ a 

free-streaming 
δbc ~ a1-3/5fν	



wavenumber 

time 

Bond, Efstathiou, 
Silk 80 

matter 
growth factor 

wavenumber 

P(k) 
Scale-dependent growth factor 

Consequences for several observables: 
 

•  CMB lensing 
•  Galaxy correlation function 
•  Galaxy lensing (cosmic shear) 
•  Lyman-alpha forests in quasar spectra 
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•  Step-like effect 

•  Depends on redshift!
Smaller at high z 

•  Importance of tomography 

Neutrino Cosmology, CUP 2013, Lesgourgues, Pastor, Mangano, Miele 
Physics Reports (2006), JL, Pastor 
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•  Today: ΔP/P ~ 1-8fν	



•  At least 4.5% suppression 

•  Depends mainly on total 
mass.  

•  But kNR depends on 
individual mass  
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•  Mass splitting: effects of 
order 0.1% 

•  Undetectable 

Neutrino Cosmology, CUP 2013, JL, Pastor, Mangano, Miele 
Tram, Lesgourgues, 2011 



III. Neutrino masses and non-linear growth of structure 
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•  Effect enhanced by non-linear evolution      Bird et. al 2011, see also  
                                                                                               Brandbyge et al., Hannestad et al., Wagner et al. 

 
 

•  Tree-PM,  Nν >> Ncdm  ,  ν in tree only              
•  (or SPH with imperfect fluid) 

recalibrated halofit 
linear prediction 
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III. So what do we actually measure? 

Assuming three standard active neutrinos, and no other light relic: 

•  Equivalently: ρν , ων , Σmi  = Mν  =  93.14 ων  eV 

•  Mass splitting inaccessible  

•  No sensitivity to Dirac/Majorana, mixing angles, CP phases, etc. 
 

Assuming three standard active neutrinos, and no other light relic: 

•  Equivalently: ρHDM , ωHDM , Mνeff  =  93.14 ωHDM  eV 

•   plus Neff defined during radiation domination 

•  Mass splitting could be accessible : depends on model 
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III. Measuring Mν 

CMB: 

•  Not observed by Planck (within error bars)! 

•  Planck + WP alone: Mν < 0.66 eV   (95% CL) 

•  adding BAO: Mν < 0.23 eV                                      Planck XVI paper, 2013 

CMB + LSS: 

•  Contradictions: compatible with Mν < 0.23 eV or pointing at ~0.3-0.4 eV 
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III. Measuring Mν 

CMB + LSS: 

•  Vulnerable to systematics and parameter degeneracies due to limited 
number of: scales, redshifts, independent tracers of dark matter 
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III. Measuring Mν 

CMB + LSS: 

•  Vulnerable to systematics and parameter degeneracies due to limited 
number of: scales, redshifts, independent tracers of dark matter 

 
Any experiment seeing low amplitude favors high 
neutrino mass but conflicts CMB TT  
•  CMB lensing,  
•  (SZ) clusters, 
•   CFHTLens weak lensing, 
•  BOSS red.-space dist. 
Claims for Mν ~ 0.3 eV – 0.8 eV 
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III. Measuring Mν 

CMB + LSS: 

•  Vulnerable to systematics and parameter degeneracies due to limited 
number of: scales, redshifts, independent tracers of dark matter 

 
Any experiment seeing low amplitude favors high 
neutrino mass but conflicts CMB TT  
•  CMB lensing,  
•  (SZ) clusters, 
•   CFHTLens weak lensing, 
•  BOSS red.-space dist. 
Claims for Mν ~ 0.3 eV – 0.8 eV 

Any experiment seeing 
high amplitude disfavors 
high neutrino mass:  
•  SDSS Ly-α of 2006 
     Mν < 0.17 eV (95%) 



•  Neutrino masses: forecasts (95% C.L., ΛCDM+mν) 
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III. Future mass sensitivity 

2σ error bars 
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III. Future mass sensitivity 

2σ error bars 

2014 



•  Neutrino masses: forecasts (95% C.L., ΛCDM+mν) 
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PLANCK 

III. Future mass sensitivity 

2σ error bars 

2014 
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•  Neutrino masses: forecasts (95% C.L., ΛCDM+mν) 
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PLANCK 

III. Future mass sensitivity 

2σ error bars 

2014 
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cosmology could exclude Mνeff ~0.11 eV (and IH) at > 5σ	


	





•  Neutrino masses: forecasts (95% C.L., ΛCDM+mν) 
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III. Model-dependence of bounds ? 

•  Bounds obtained by fitting given model (minimal 6-parameter ΛCDM, 
extensions with curvature, dark energy, more freedom in primordial 
spectrum, etc.) 

•  Effect of Neff, Mν could be confused with that of other parameters 

•  true with past experiments (e.g. degeneracies Neff-Mν, Neff-H0, w-Mν, etc.)  

•  Less and less true: thousands of independent data points, at many 
different scales AND redshift; only ~10-20 model parameters 

•  Unique effect of Mν: scale-dependent growth factor, signature of free-
streaming particles (different from changing primordial spectrum) 

•  Unique effects of Neff : e.g. baryon drag shifting peaks because c > cs , 
signature of ultra-relativistic particles 



•  Neutrino masses: forecasts (95% C.L., ΛCDM+mν) 
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III. Model-dependence of bounds ? 

•  Bounds obtained by fitting given model (minimal 6-parameter ΛCDM, 
extensions with curvature, dark energy, more freedom in primordial 
spectrum, etc.) 

•  Effect of Neff, Mν could be confused with that of other parameters 

•  true with past experiments (e.g. degeneracies Neff-Mν, Neff-H0, w-Mν, etc.)  

•  Less and less true: thousands of independent data points, at many 
different scales AND redshift; only ~10-20 model parameters 

•  Unique effect of Mν: scale-dependent growth factor, signature of free-
streaming particles (different from changing primordial spectrum) 

•  Unique effects of Neff : e.g. baryon drag shifting peaks because c > cs , 
signature of ultra-relativistic particles 



•  Neutrino masses: forecasts (95% C.L., ΛCDM+mν) 
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III. Model-dependence of bounds ? 

•  Bounds obtained by fitting given model (minimal 6-parameter ΛCDM, 
extensions with curvature, dark energy, more freedom in primordial 
spectrum, etc.) 

•  Effect of Neff, Mν could be confused with that of other parameters 

•  true with past experiments (e.g. degeneracies Neff-Mν, Neff-H0, w-Mν, etc.)  

•  Less and less true: thousands of independent data points, at many 
different scales AND redshift; only ~10-20 model parameters 

•  Unique effect of Mν: scale-dependent growth factor, signature of free-
streaming particles (different from changing primordial spectrum) 

•  Unique effects of Neff : e.g. baryon drag shifting + damping tail 



•  assuming Neff = 3,  Mνeff = m1+m2+m3, independently of mixing angles, CP 
phases, Dirac/Majorana mass : different from β- and double β-decay 

•  What if there is a tension between cosmology and laboratory bounds? E.g. 
KATRIN find mβ ~ 0.3 eV and cosmology Mν < 0.1 eV? 

 
•  After checking for systematics and degeneracies, would bring evidence for 

non-standard ν interactions (decay into lighter species, effective mass 
from coupling with other fields, etc…) or strong deviation from standard 
cosmological model (low-scale reheating / entropy production after BBN 
and conspiracy with other light relics …) : NEW PHYSICS 

•  Neutrino masses: forecasts (95% C.L., ΛCDM+mν) 
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III. Complementarity with laboratory ? 
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III. Complementarity with laboratory ? 
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KATRIN find mβ ~ 0.3 eV and cosmology Mν < 0.1 eV? 

 
•  After checking for systematics and degeneracies, would bring evidence for 

non-standard ν interactions (decay into lighter species, effective mass 
from coupling with other fields, etc…) or strong deviation from standard 
cosmological model (low-scale reheating / entropy production after BBN 
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III. Complementarity with laboratory ? 



IV. Beyond minimal model 
•  Extra production of neutrinos; low temperature reheating; 

•  Neff constraints from CMB, LSS, BBN 

•  Neutrino-antineutrino asymmetry 

•  Similar, but non-trivial effects from oscillations  

      and BBN leading to much stronger bound!  

•  Very constrained by θ13 

•  At T~10 MeV , ην < 0.06 

•  ΔNeff < 0.4 

•  Non-standard neutrino interactions: very model-dependent 

•  Interactions with themselves, dark matter, scalar field, quintessence, dark radiation  

•  (see e.g.  e.g. Archidiacono & Hannestad 13, Wilkinson et al. 13, Serra 10, …) 

•  Light sterile neutrinos: see next 
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322 5.3 Current constraints on the leptonic asymmetry, PRD 86, 023517 (2012)
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FIG. 2: One-dimensional posterior probability density for m1, ⌘
in
⌫
e

, and ⌘⌫ for the WMAP+He dataset.

TABLE II: 95% C.L. constraints on cosmological parameters for the WMAP and WMAP+He datasets.

Parameter WMAP WMAP+He

sin2
✓13 = 0 sin2

✓13 = 0.04 sin2
✓13 = 0 sin2

✓13 = 0.04

100 ⌦bh
2 2.20+0.14

�0.12 2.20+0.13
�0.12 2.20 ± 0.12 2.20 ± 0.12

⌦dmh

2 0.118 ± 0.016 0.117+0.017
�0.016 0.119 ± 0.017 0.117 ± 0.016

⌧ 0.085+0.029
�0.026 0.085+0.030

�0.027 0.085+0.030
�0.027 0.085+0.029

�0.027

100✓s 1.0387 ± 0.0063 1.0389+0.0069
�0.0063 1.0381+0.054

�0.053 1.0387+0.0053
�0.0054

ns 0.953 ± 0.032 0.953+0.032
�0.033 0.955+0.034

�0.035 0.952+0.031
�0.032

log
⇥
1010As

⇤
3.064+0.080

�0.082 3.062+0.080
�0.079 3.068+0.081

�0.078 3.062+0.073
�0.075

m1 (eV)  0.39  0.38  0.38  0.38

⌘

in
⌫
e

– a – a – a – a

⌘⌫ – a – a [�0.64; 0.72] [�0.071; 0.054]

h 0.652+0.084
�0.083 0.653+0.081

�0.082 0.656+0.084
�0.081 0.650+0.078

�0.081

�Ne↵  0.32  0.16  0.43  0.03
aThe 95% confidence region is not well-defined in these cases be-

cause the posterior does not vanish at the end of the prior range
(see e.g. the middle panel of Fig. 2). See discussion in the text.

total asymmetry, �0.071  ⌘⌫  0.054 (95% C.L.).
On the other hand, since the constraints come most

from the distortion in the electron neutrino distribution
function, when ✓13 = 0 (and therefore there is less mix-
ing) the direct relation between ⌘fin⌫

e

and ⌘⌫ is lost. In
this case, the total asymmetry could still be large, even
if the final electron neutrino asymmetry is small, as sig-
nificantly asymmetries can still be stored on the other
two flavors, leading to a constraint an order of magni-
tude weaker than the previous case, �0.64  ⌘⌫  0.72
(95% C.L.). As expected, this is reflected on the allowed
ranges for�Ne↵ , as shown in Fig. 4: while for ✓13 = 0 the
�Ne↵ ' 0.5 are still allowed by the data, nonzero values
of this mixing angle reduce the allowed region in the pa-
rameter space by approximately an order of magnitude
in both �Ne↵ and ⌘⌫ .
We confirmed in our analysis that the constraints on

the asymmetry are largely dominated by the BBN prior
at present. This is shown in Fig. 5, where we compare
the results of our analysis with a more complete dataset
(which we refer to as ALL) that includes distance mea-
surements of SNIa from the SDSS compilation [40] and
the HST determination of the Hubble constantH0 [41], as
well as data on the power spectrum of the matter density

field, as reconstructed from a sample of Luminous Red
Galaxies of the SDSS Seventh Data Release [42]. This
is due to the fact that other cosmological data constrain
the asymmetries via their e↵ect on increasing Ne↵ , and
currently the errors on the measurement of the e↵ective
number of neutrinos [1, 27–29] are significantly weaker
than our prior on Yp, eq. (4)6. The fact that bounds on
leptonic asymmetries are dominated by the BBN prior
(i.e. by 4He data) is also confirmed by the similarity of
our bounds on (⌘⌫ , ⌘in⌫

e

) with those of [35]. Note that
the limits reported in [35] sound weaker, because they
are frequentist bounds obtained by cutting the parame-

6 On the other hand, these other cosmological data sets have an
impact on other parameters like e.g. the neutrino mass. But
since in this work we are primarily interested in bounding the
asymmetries, we prefer to stick to the robust WMAP+He data
set. In that way, our results are not contaminated by possible
systematic uncertainties in the other data. Actually, the inclu-
sion of all external datasets (in particular, of SNIa together with
H0) reveals a conflict between them, leading to a bimodal pos-
terior probability for ⌦dmh2 and to a preference for m1 > 0 at
95% C.L.

Franca et al., PRD86 023517 (2012) 



IV. Light sterile neutrinos 

CMB only (Planck + WP + highL) analysis for 3+1 case: 
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Planck Collaboration: Cosmological parameters
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Fig. 28. Left: 2D joint posterior distribution between Ne⇤ and
�

m� (the summed mass of the three active neutrinos) in models with
extra massless neutrino-like species. Right: Samples in the Ne⇤–me⇤

�, sterile plane, colour-coded by ⇥ch2, in models with one massive
sterile neutrino family, with e⇤ective mass me⇤

�, sterile, and the three active neutrinos as in the base �CDM model. The physical mass
of the sterile neutrino in the thermal scenario, mthermal

sterile , is constant along the grey dashed lines, with the indicated mass in eV. The
physical mass in the Dodelson-Widrow scenario, mDW

sterile, is constant along the dotted lines (with the value indicated on the adjacent
dashed lines).

The above contraints are also appropriate for the Dodelson-
Widrow scenario, but for a physical mass cut of mDW

sterile < 20 eV.
The thermal and Dodelson-Widrow scenarios considered

here are representative of a large number of possible models that
have recently been investigated in the literature (Hamann et al.
2011; Diamanti et al. 2012; Archidiacono et al. 2012;
Hannestad et al. 2012).

6.4. Big bang nucleosynthesis

Observations of light elements abundances created during big
bang nucleosynthesis (BBN) provided one of the earliest preci-
sion tests of cosmology and were critical in establishing the ex-
istence of a hot big bang. Up-to-date accounts of nucleosynthe-
sis are given by Iocco et al. (2009) and Steigman (2012). In the
standard BBN model, the abundance of light elements (parame-
terized by YBBN

P ⇤ 4nHe/nb for helium-4 and yBBN
DP ⇤ 105nD/nH

for deuterium, where ni is the number density of species i) can
be predicted as a function of the baryon density ⌅b, the number
of relativistic degrees of freedom parameterized by Ne⇤ , and of
the lepton asymmetry in the electron neutrino sector. Throughout
this subsection, we assume for simplicity that lepton asymmetry
is too small to play a role at BBN. This is a reasonable assump-
tion, since Planck data cannot improve existing constraints on
the asymmetry34. We also assume that there is no significant en-

34A primordial lepton asymmetry could modify the outcome of BBN
only if it were very large (of the order of 10�3 or bigger). Such a large
asymmetry is not motivated by particle physics, and is strongly con-
strained by BBN. Indeed, by taking into account neutrino oscillations
in the early Universe, which tend to equalize the distribution function
of three neutrino species, Mangano et al. (2012) derived strong bounds
on the lepton asymmetry. CMB data cannot improve these bounds, as
shown by Castorina et al. (2012); an exquisite sensitivity to Ne⇤ would
be required. Note that the results of Mangano et al. (2012) assume that
Ne⇤ departs from the standard value only due to the lepton asymmetry.
A model with both a large lepton asymmetry and extra relativistic relics
could be constrained by CMB data. However, we will not consider such
a contrived scenario in this paper.

tropy increase between BBN and the present day, so that our
CMB constraints on the baryon-to-photon ratio can be used to
compute primordial abundances.

To calculate the dependence of YBBN
P and yBBN

DP on the
parameters ⌅b and Ne⇤ , we use the accurate public code
PArthENoPE (Pisanti et al. 2008), which incorporates values
of nuclear reaction rates, particle masses and fundamental
constants, and an updated estimate of the neutron lifetime
(⇤n = 880.1 s; Beringer et al. 2012). Experimental uncertain-
ties on each of these quantities lead to a theoretical error for
YBBN

P (⌅b,Ne⇤) and yBBN
DP (⌅b,Ne⇤). For helium, the error is dom-

inated by the uncertainty in the neutron lifetime, leading to35

⇥(YBBN
P ) = 0.0003. For deuterium, the error is dominated by

uncertainties in several nuclear rates, and is estimated to be
⇥(yBBN

DP ) = 0.04 (Serpico et al. 2004).
These predictions for the light elements can be confronted

with measurements of their abundances, and also with CMB data
(which is sensitive to ⌅b, Ne⇤ , and YP). We shall see below that
for the base cosmological model with Ne⇤ = 3.046 (or even for
an extended scenario with free Ne⇤) the CMB data predict the
primordial abundances, under the assumption of standard BBN,
with smaller uncertainties than those estimated for the measured
abundances. Furthermore, the CMB predictions are consistent
with direct abundance measurements.

6.4.1. Observational data on primordial abundances

The observational constraint on the primordial helium-4 frac-
tion used in this paper is YBBN

P = 0.2534 ± 0.0083 (68% CL)
from the recent data compilation of Aver et al. (2012), based
on spectroscopic observations of the chemical abundances in
metal-poor H ii regions. The error on this measurement is domi-
nated by systematic e⇤ects that will be di⌅cult to resolve in the
near future. It is reassuring that the independent and conserva-

35Serpico et al. (2004) quotes ⇥(YBBN
P ) = 0.0002, but since that

work, the uncertainty on the neutron lifetime has been re-evaluated,
from ⇥(⇤n) = 0.8 s to ⇥(⇤n) = 1.1 s Beringer et al. (2012).
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Using H0 + BAO + clusters + gal.shear 
 
From Hamann & Hasenkamp  
See also Wyman et al.,  
Archidiacono et al.,  
Giusarma et al.  
 



IV. Light sterile neutrinos 
Motivations: anomalies in short-baseline neutrino oscillation experiments 
 
3+1 analysis in 
Kopp et al. 2013 
 
 
 
 
 
 
 
 
Appearance: LSND, MiniBoone, NOMAD, KARMEN, ICARUS, E776 
Disappearance: reactor, Gallium, MiniBoone, CDHS, Minos, KARMEN 
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Neff isocontours are model-dependent 
(leptonic asymmetry: Saviano et al.,  
Mirrizi et al., Tambora et al.; 
NSI: Archidiacono et al.,…) 
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Neff isocontours are model-dependent 
(leptonic asymmetry: Saviano et al.,  
Mirrizi et al., Tambora et al.; 
NSI: Archidiacono et al.,…) 


