
Beautiful CCWZ formulation with “induced representation” of the
chiral symmetry — ξ → ξ′ = Lξu(L,R, ξ)† = u(L,R, ξ)ξR†

Anomalies — two problems with the fancy chiral EFT for low
energy hadron physics

π0 → γγ decay

η′ and the chiral U(1) symmetry

the η′ problem is easier to state but at least historically it took much
longer to understand, so I will state it briefly, then discuss π0 → γγ,
then go back to η′ (again briefly)
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η′ and the chiral U(1) symmetry

We have been assuming that the non-Abelian flavor symmetry of low energy
hadrom physics is SU(3)× SU(3) spontaneously broken down to Gell-Mann’s
SU(3). There is also the U(1) baryon number which is unbroken (at least by low
energy physics), but it doesn’t act on the mesons so we usually don’t even talk
about it.
But classically, 3-flavor QCD with massless quarks doesn’t looks quite different
—

L = iq̄ D̸ q − 1

4
Gµν

a Gaµν = iq̄L D̸ qL + iq̄R D̸ qR − 1

4
Gµν

a Gaµν

It falls apart into completely separate L and R pieces and therefore has a chiral
U(3)× U(3) symmetry, which contains separate “chiral baryon numbers” for the
left handed and right-handed quarks.

Why didn’t we include the chiral U(1)?

DESPERATION — THE THEORY DOESN’T WORK RIGHT IF WE DO!
If it existed, the chiral U(1) would have to be spontaneously broken, because we
don’t see chiral pairs of baryons. But then there would be another Goldstone
boson and the mass relation would not work. It is actually much worse than that
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recall that without the chiral U(1) we got good GB masses

L = f 2

(
1

4
tr
(
DµU †DµU

)
+ tr (UµM+ h.c.) + · · ·

)

Π = πaTa =
1√
2


1√
2
π0 + 1√

6
η π+ K+

π− − 1√
2
π0 + 1√

6
η K0

K− K
0 − 2√

6
η

 K− = K+†

K
0
= K0†

U = exp(2iΠ/f) and DµU = ∂µU + iℓµU − iUrµ (gives the currents) and

symmetry breaking by M =M

q̄LMqR + h.c. gives “GB” masses
M =

(
mu 0 0
0 md 0
0 0 ms

)
for µ and M real, the linear term cancels and the quadratic term is

−2tr(µMΠ2),

which corresponds to a mass term (like baryons but only one term)

4tr(µMΠ2)

for the Π — evaluate these masses in the limit of isospin invariance, ignoring
weak and electromagnetic interactions and setting mu = md = m
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m2
π = 4tr

µM
 1

4
0 0

0 1
4

0
0 0 0

 = 2µm

m2
K = 4tr

(
µM

( 1
4

0 0
0 0 0
0 0 1

4

))
= µ(m+ms)

m2
η = 4tr

µM
 1

12
0 0

0 1
12

0

0 0 1
3

 =
2µ

3
(m+ 2ms)

The m2 determined in this way satisfy the Gell-Mann Okubo relation

3m2
η +m2

π = 4m2
K

but here we are using the momentum expansion rather than expanding in powers
of the symmetry breaking — this depends on the SU(3) symmetric part of M
and makes sense even for mπ → 0 — and explains why GMO for mesons works
much better for m2 than for m
notice that M gives a potential −f2

2
tr
(
U †µM

)
− f2

2
tr (UµM) that is minimized

for U = I — until we turned on M all U were equally good vacua
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This would look completely different with a chiral U(1) - we could write the
same terms

L = f 2

(
1

4
tr
(
DµU †DµU

)
+ tr (UµM+ h.c.) + · · ·

)
but Π is not traceless - because the trace is GB of the U(1)

Π = πaTa =
1√
2

πuū/
√
2 π+ K+

π− πdd̄/
√
2 K0

K− K
0

πss̄/
√
2

 K− = K+†

K
0
= K0†

symmetry breaking by M =M

q̄LMqR + h.c. gives “GB” masses
M =

(
mu 0 0
0 md 0
0 0 ms

)
now the mass term 4tr(µMΠ2) gives mqq̄′ ∝ mq +mq′ — totally unlike what we
see - even isospin doesn’t work
Another term possible, tr

(
DµU †) tr (DµU) — but no hope because the

symmetry is wrong — as mu and md → 0, U(2) remains unbroken so 4 GBs .
This is the chiral U(1) problem!
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π0 → γγ decay — another EM effect — could be produced by

DµU = ∂µU + ieAµ[Q,U ].

but this confused people for many years — this simple substitution and related
quantum effects are not very efficient in producing the decay

angular momentum and parity ⇒ γγ in l = 1, j = 0 state associated with the
pseudoscalar operator

ϵµνλσ F
µν F λσ.

an effective interaction of the following form would produce the decay

π0ϵµνλσ F
µν F λσ

but the quark charge matrix of QCD commutes with T3 because both are
diagonal — Q doesn’t break the chiral T3 symmetry — so (the old slightly wrong
argument called the Sutherland theorem goes) all interactions produced by Q
must have the chiral symmetry and so in our beautiful GB formalism, they must
be derivative interaction from Lagrangian terms invariant under the chiral
symmetry under which the π0 field transforms inhomogeneously
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we could write invariant interaction terms with derivatives, such as

iϵµνλσ F
µν F λσ tr

(
Q2U †∂α∂αU

)
+ h.c.

or terms involving the explicit chiral symmetry breaking, such as

iϵµνλσ F
µν F λσ tr

(
Q2µMU

)
+ h.c.

but the contribution of these terms to the π0 decay amplitude is suppressed by a
power of m2

π over the dimensional constant that governs higher order terms in the
derivative expansion — which is expected to be of the order of 1 GeV — these
terms are just too small to explain the observed decay
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this is particularly embarrassing because it seems to contradict a trivial
calculation that gives the right answer — take our perturbative model of an octet
of GBs — with the 3× 3 Φ field, and couple it to three colors of quarks with an
SU(3)× SU(3) invariant interaction g(q̄LΦqR + h.c.) which after symmetry
breaking gives mq = gf — in the effective theory below the mass of the quarks
there a coupling between the GB π0 and γγ generated by matching from the
quark triangle diagram — this is the Steinberger calculation we started with!

π0 q

q

q

γ

γ

we did this in the first lecture (with different charges) and the result here is
α

8πf
π0 ϵµναβ F

µνF αβ

notice that the coupling to the quarks has gone away because the amplitude had a
g in the numerator from the igπ0λ3q̄γ5q coupling and mq = gf in the
denominator — this suggests that there is something general going on
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What is going on here? is there something wrong with our fancy
treatment of GBs with only derivative interactions?

In fact, the problem is not with the fancy treatment itself — the
problem is that our fancy treatment not quite equivalent to the
perturbative version where the fields transform linearly. We are
missing something.
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3× 3 matrix Φ
SU(3)× SU(3) symmetry

Φ → LΦR†

qL → LqL qR → RqR

L = exp
(
ilaTL

a

)
R = exp

(
iraTR

a

)
L = tr

(
DµΦ

†DµΦ
)
− λ1

2

(
tr(ΦΦ†)− 3f2

4

)2
− λ2

2
tr

((
ΦΦ† − f2

4

)2)
−λ3

2
tr
(
cofΦ− f

2
Φ∗) (cofΦ† − f

2
ΦT
)
+ iq̄ D̸ q − g(q̄LΦqR + q̄RΦ

†qL)

⟨Φ⟩ = fI/2 breaks SU(3)× SU(3)
→ SU(3) → Goldstone bosons

ξ → Lξu(L,R, ξ)†

= u(L,R, ξ)ξR†

Φ = ξ eiϕ/f (h+ fI/2) ξ where h = h† QL = ξ†qL QR = ξqR

ξ is a chiral transformation of vacuum ⇒ GBs in ξ have only ∂µΠ interactions(
tr(ΦΦ†)− 3f2

4

)2
tr

((
ΦΦ† − f2

4

)2)
tr
(
cofΦ− f

2
Φ∗) (cofΦ† − f

2
ΦT
)

mass to trh mass to h mass to ϕ, h
SO(18) chiral U(1) just SU(3)× SU(3)

at low energies
only GBs survive L =

f 2

4
tr
(
DµU

†DµU
)

where U = ξ2

None of this matters except the red part! Space-time dependent chiral
transformation (ξ depends on x) generates derivative couplings.
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So we have done a space-time-dependent chiral gauge transformation to get from
the theory with γ5 couplings of Π to derivative couplings — but in the process we
have lost the πFF̃ coupling in the low energy theory.

gq̄γ5T3q π coupling to
fermions with mass from SSB

triangle graph gives
πFF̃ in low energy theory

space-time-dependent chiral transformation →
gQ̄γµγ5T3Q ∂µπ/f

coupling to massive Q
triangle graph does not give
πFF̃ in low energy theory

It must be that what is going on is that the chiral transformation itself in the
presences of the fermion fields generates the πFF̃ terms that was previously
generated by the triangle diagram in the theory with γ5π couplings

But that means that the space-time-dependent chiral tranformation produces an
addtional change in the Lagrangian besides the derivative interactions that we
expect from the classical Lagrangian. This in turn means that there is an extra
quantum correction to the divergence of the corresponding chiral current.

This is the anomaly!
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historically, this showed up in the ABJ triangle anomaly

γµγ5 q

q

q

Aα

Aβ

calculate straightforwardly but use Lorentz invariance to pull out a piece
proportional to several factors of momentum so the loop integration is finite

contract with pµ to look at divergence ∂µj
µ
5 — you would expect to get the

triangle graph for 2mq̄γ5q

but instead you find an extra term ∝ FF̃ — independent of the mass —
anomalous divergence — even for massless fermions
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What really matters is the fermion transformation law.

chiral fermions
transforming linearly
qL → LqL, qR → RqR

iq̄ ̸∂ q

space-time-dependent chiral transformation →
fermions in SSB vacuum
transforming nonlinearly

Q → u(L,R, ξ)Q

iQ̄ ̸∂Q
+πF F̃

Fujikawa and the fermion measure
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In the general situation in which we include all possible SU(3)× SU(3)
classical gauge fields, to get from QCD in which chiral transformations act on
the quark fields to the beautiful CCWZ low energy theory in which all the chiral
transformation properties are carried by the GB fields and the matter fields
transform only under the unbroken symmetry we have to add the extra term that
depends on the gauge fields and the GB fields and is produced by the space-time
dependent chiral transformation that gets us the CCWZ form for the matter fields.
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various ways of seeing what this extra term is for general sources vµ and aµ,

vµ = (ℓµ + rµ)/2 aµ = (ℓµ − rµ)/2

as usual just using the classical sources as tools to calculate n-point functions
— call the term W (U, vµ, aµ) — the easiest way to find W use the triangle
anomaly to find the change in W under an infinitesimal chiral transformation
ξ = eic = 1 + ic+ · · ·

aµ q

q

q

vα

vβ

Wess and Zumino determined its form from the SU(3)× SU(3) symmetry and
Bardeen calculated it directly by looking at all the relevant loop graphs — both
imposing conservation of the vector currents — the result for the change looks
like this:
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dW = F (c, vµ, aµ) =

∫
f(c(x), vµ(x), aµ(x)) d4x where

f = − 1

16π2
ϵµναβ tr

(
c(3vµνvαβ + aµνaαβ

−8i(aµaνvαβ + aµvναaβ + vµνaαaβ)

−32aµaνaαaβ)
)

with
vµ = (ℓµ + rµ)/2 aµ = (ℓµ − rµ)/2

vµν = ∂µvν − ∂νvµ + i[vµ, vν]+ i[aµ, aν]
aµν = ∂µaν − ∂νaµ + i[vµ, aν]+ i[aµ vν]

there are other forms like the so-called Fujikawa form that do not satisfy ordinary
SU(3) gauge invariance, but they can be obtained from this with the addition of
polynomials in vµ and aµ to the action — these ambiguities are UV effects
associated with the different schemes for defining the currents as composite
operators like s2 counterterm that one needs in a scalar theory for the source s of
the composite operator ϕ2 — the anomaly itself is an IR effect and is
unambigous — you can move its effects around with different UV counterterms,
but you can’t get rid of it
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now we can put the GB fields — define

U(s) = e2isΠ/f ξ(s) = eisΠ/f

ℓµ(s) = ξ†(1− s)ℓµξ(1− s)− iξ†(1− s)∂µξ(1− s)
rµ(s) = ξ(1− s)rµξ†(1− s)− iξ(1− s)∂µξ†(1− s)

vµ(s) =
(
ℓµ(s) + rµ(s)

)
/2 aµ(s) =

(
ℓµ(s)− rµ(s)

)
/2.

different values of s are related by chiral gauge transformations, which depend
on the Goldstone boson field Π — in particular

d

ds
W
(
U(s), vµ(s), aµ(s)

)
ds

= δdsΠ/fW = ds F
(
Π/f, vµ(s), aµ(s)

)
.

we can integrate this!

W
(
U, vµ, aµ

)
= W

(
U(1), vµ(1), aµ(1)

)
=

∫ 1

0

F
(
Π/f, vµ(s), aµ(s)

)
ds−W

(
U(0), vµ(0), aµ(0)

)
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W
(
U, vµ, aµ

)
= W

(
U(1), vµ(1), aµ(1)

)
=

∫ 1

0

F
(
Π/f, vµ(s), aµ(s)

)
ds−W

(
U(0), vµ(0), aµ(0)

)
U(s) = e2isΠ/f ξ(s) = eisΠ/f

ℓµ(s) = ξ†(1− s)ℓµξ(1− s)− iξ†(1− s)∂µξ(1− s)
rµ(s) = ξ(1− s)rµξ†(1− s)− iξ(1− s)∂µξ†(1− s)

vµ(s) =
(
ℓµ(s) + rµ(s)

)
/2 aµ(s) =

(
ℓµ(s)− rµ(s)

)
/2.

U(0) = 1 ℓµ(0) = ξ†ℓµξ − iξ†∂µξ rµ(0) = ξrµξ† − iξ∂µξ†

vµ(0) and am(0) are the V µ and Aµ we discussed earlier which transform only
under the u SU(3)

V µ = − i

2

(
ξ†(∂µ + iℓµ)ξ + ξ(∂µ + irµ)ξ†

)
= vµ(0)

V µ → u(L,R, ξ)V µu(L,R, ξ)† − i u(L,R, ξ)∂µu(L,R, ξ)†

Aµ = − i

2

(
ξ†(∂µ + iℓµ)ξ − ξ(∂µ + irµ)ξ†

)
= aµ(0)

Aµ → u(L,R, ξ)Aµu(L,R, ξ)†

W (1, vµ(0), aµ(0)) is invariant under ordinary SU(3) gauge transformations!
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thus W (1, ℓµ(0), vµ(0)) can be absorbed into the ordinary terms in the action
that are invariant under SU(3)L × SU(3)R and we can write the extra term that
incorporates the effect of the anomaly as

W
(
U, vµ, aµ

)
=

∫ 1

0

F
(
Π/f, vµ(s), aµ(s)

)
ds

U(s) = e2isΠ/f ξ(s) = eisΠ/f

ℓµ(s) = ξ†(1− s)ℓµξ(1− s)− iξ†(1− s)∂µξ(1− s)
rµ(s) = ξ(1− s)rµξ†(1− s)− iξ(1− s)∂µξ†(1− s)

vµ(s) =
(
ℓµ(s) + rµ(s)

)
/2 aµ(s) =

(
ℓµ(s)− rµ(s)

)
/2

F (c, vµ, aµ) =

∫
f(c(x), vµ(x), aµ(x)) d4x

where f = − 1

16π2
ϵµναβ tr

(
c (3vµνvαβ + aµνaαβ

−8i(aµaνvαβ + aµvναaβ + vµνaαaβ)−32aµaνaαaβ)
)

ΠFF̃Π3F̃ ϵΠ5
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thus W (1, ℓµ(0), vµ(0)) can be absorbed into the ordinary terms in the action
that are invariant under SU(3)L × SU(3)R and we can write the extra term that
incorporates the effect of the anomaly as

W
(
U, vµ, aµ

)
=

∫ 1

0

F
(
Π/f, vµ(s), aµ(s)

)
ds

U(s) = e2isΠ/f ξ(s) = eisΠ/f

ℓµ(s) = ξ†(1− s)ℓµξ(1− s)− iξ†(1− s)∂µξ(1− s)
rµ(s) = ξ(1− s)rµξ†(1− s)− iξ(1− s)∂µξ†(1− s)

vµ(s) =
(
ℓµ(s) + rµ(s)

)
/2 aµ(s) =

(
ℓµ(s)− rµ(s)

)
/2

F (c, vµ, aµ) =

∫
f(c(x), vµ(x), aµ(x)) d4x

where f = − 1

16π2
ϵµναβ tr

(
c (3vµνvαβ + aµνaαβ

−8i(aµaνvαβ + aµvναaβ + vµνaαaβ)−32aµaνaαaβ)
)

ΠFF̃Π3F̃ ϵΠ5
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thus W (1, ℓµ(0), vµ(0)) can be absorbed into the ordinary terms in the action
that are invariant under SU(3)L × SU(3)R and we can write the extra term that
incorporates the effect of the anomaly as

W
(
U, vµ, aµ

)
=

∫ 1

0

F
(
Π/f, vµ(s), aµ(s)

)
ds

U(s) = e2isΠ/f ξ(s) = eisΠ/f

ℓµ(s) = ξ†(1− s)ℓµξ(1− s)− iξ†(1− s)∂µξ(1− s)
rµ(s) = ξ(1− s)rµξ†(1− s)− iξ(1− s)∂µξ†(1− s)

vµ(s) =
(
ℓµ(s) + rµ(s)

)
/2 aµ(s) =

(
ℓµ(s)− rµ(s)

)
/2

F (c, vµ, aµ) =

∫
f(c(x), vµ(x), aµ(x)) d4x

where f = − 1

16π2
ϵµναβ tr

(
c (3vµνvαβ + aµνaαβ

−8i(aµaνvαβ + aµvναaβ + vµνaαaβ)−32aµaνaαaβ)
)

ΠFF̃Π3F̃ ϵΠ5
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thus W (1, ℓµ(0), vµ(0)) can be absorbed into the ordinary terms in the action
that are invariant under SU(3)L × SU(3)R and we can write the extra term that
incorporates the effect of the anomaly as

W
(
U, vµ, aµ

)
=

∫ 1

0

F
(
Π/f, vµ(s), aµ(s)

)
ds

U(s) = e2isΠ/f ξ(s) = eisΠ/f

ℓµ(s) = ξ†(1− s)ℓµξ(1− s)− iξ†(1− s)∂µξ(1− s)
rµ(s) = ξ(1− s)rµξ†(1− s)− iξ(1− s)∂µξ†(1− s)

vµ(s) =
(
ℓµ(s) + rµ(s)

)
/2 aµ(s) =

(
ℓµ(s)− rµ(s)

)
/2

F (c, vµ, aµ) =

∫
f(c(x), vµ(x), aµ(x)) d4x

where f = − 1

16π2
ϵµναβ tr

(
c (3vµνvαβ + aµνaαβ

−8i(aµaνvαβ + aµvναaβ + vµνaαaβ)−32aµaνaαaβ)
)

ΠFF̃Π3F̃ ϵΠ5
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Fun example of massless particles in 1+1 dimensions — much simpler than 3+1

g00 = −g11 = 1, ϵ01 = −ϵ10 = −ϵ01 = ϵ10 = 1.

From the defining properties {γµ, γν} = 2gµν and γ5 = −1
2
ϵµνγ

µγν , it follows
that γµγ5 = −ϵµνγν and γµγν = gµν + ϵµνγ5.

We will use the representation

γ0 =

(
0 1
1 0

)
, γ1 =

(
0 −1
1 0

)
, γ5 = γ0γ1 =

(
1 0
0 −1

)
.

Then the components ψ1 and ψ2 describe a right-moving and left-moving
fermion, respectively.
anomaly for free massless fermions in 1+1 dimensions with only one flavor ????

source
sµ

ψ̄(i ̸∂− ̸s )ψ jµ5 = ϵµνjν j05 = −j1 j15 = −j0

clasically ∂µj
µ = ∂µj

µ
5 = 0
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Exercise 7. Consider the “massless scalar 2D propagator”

D(t, x) = − i

4π
ln
(
−t2 + x2 + iϵ

)
+ constant

The quotation marks are because massless scalars “don’t exist” in 2D, and this is
related to the divergent constant. But never mind all that. Find

k(t, x) =

(
− ∂2

∂t2
+

∂2

∂x2

)
D(t, x)

This should be a 2D δ-function, δ(t) δ(x). But this should appear somewhat
puzzling, because you found (I hope) that k(t, x) depends only on t2 − x2!
Explain what is happening here! It may help to graph k(t, x) for non-zero ϵ. I
think that this is a nice exercise because it will remind you of what complicated
things the objects we are always manipulating in QFT really are.
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Exercise 8. Consider a theory of free massless fermions in 1+1 dimensions.
Unlike the massless scalars of the previous exercise, these things do exist.
Calculate the 01 component of the 2-point function of a product of two currents
using momentum space Feynman diagrams. The result should be finite and
unambiguous. Now complete the calculation of the full tensor structure in two
ways:

1. assuming that the vector current is conserved;

2. assuming that the calculation can be done independently for the LH and
RH fermions.

These are the 2D analogs of the Bardeen form and the Fujikawa form of the
anomaly in 4D.
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The anomaly and the U(1) problem — after this long song and dance about
π0 → γγ, we can give a simple (though naive) answer to the question of why we
left out the chiral U(1) which is good enough for me. The gluons of QCD are
gauge particles as the photons are, so there are anomalies that depend on the
gluon fields.

γµγ5Ta q

q

q

Gα

Gβ

SU(3) axial currents with trTa=0 have a gluon anomaly, but T0 ∝ I does, and
that means that a U(1) chiral tranformation gives an extra term ∝ GG̃ —
Noether’s theorem would then suggest that a global U(1) chiral transformation,
in addition to changing the phase of your changes the coefficient of a dimension
4 coupling in the Lagrangian, the θ parameter.

θ
αs

8π
GaG̃a
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θ
αs

8π
GaG̃a

Very naively, one might expect θ to be irrelevant because GG̃ is a total
divergence (albeit of a gauge variant current). This means that any affects do not
show up in perturbation theory. But nonperturbatively, we believe that the theory
is confining and so it is reasonable (if still naive) to say simply that this means
that the gauge fields in the non-perturbative vacuum do not fall of at infinity and
therefore the θ parameter is not irrelevant and the chiral U(1) symmetry is not a
symmetry and the corresponding Goldstone boson should not be included in the
low energy theory. This is all, as I say, very naive, but it seems to work, and is
consistent with various fancier (though not obviously more convincing)
arguments — like instantons, lattice calculations, AdS-QCD, etc. As I say this is
good enough for me. Of course, this solution leaves us with θ as an extra
parameter in the low-energy hadron theory that is puzzlingly small. This is the
strong CP puzzle. But like fine tuning, this is a puzzle - not a problem.
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Two things that I probably won’t have time to talk about.

HQET — sectors, superselection rules and symmetries
Like the heavy particle effective theory we discussed for nuclei, but the energy
scale is different. Here we are interested in the properties of heavy quark currents
in and effective theory at a scale large compared to the QCD scale but small
compared to the masses of the heavy quarks. This is a beautiful example of a
heavy fermion theory and of the emergence of symmetry in a low energy theory.
What is thrown away is the antiquarks and the QCD interactions that could
change the quark’s direction.

It is not a surprise that at energies small compared to the mass of a heavy quark
we get an SU(2) spin symmetry. It is more surprising that if we have two heavy
quarks with very different masses, like the c and the b, we get an SU(4)
symmetry that comprisess complex rotations among the 4 spin and flavor states
of the two quarks and we get a separate SU(4) symmetry of this kind for each
possible quark velocity.

Simple and useful, but the connection with Lorentz invariance
(“reparameterization invariance”) is a bit confusing.
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SCET — and effective field theory (maybe) of jets — I wanted to advertise a
couple of recent papers byt Ilya Feige and Matt Schwartz that I think represent
real progress in understanding this. I can’t do much more than advertise them,
because I am far from understanding the subject myself, but this a really
interesting.
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