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3-flavour global fit to oscillation data
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3-flavour global fit to oscillation data
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On parameterization and conventions
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• We know that the mass state with a dominant νe 
component (“ν1”) is the lighter of the (ν1 ν2) pair 
(m1 < m2)

• We do not know whether the mass state with the 
smallest νe component (“ν3”) is lighter or heavier 
than the (ν1 ν2) pair (sign of Δm2

31)
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normal versus abnormal
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for inverted ordering lepton mixing 
is very different from quarks:
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 T. Schwetz

normal versus abnormal

• the neutrino mass state mostly 
related to the 1st generation is not 
the lightest
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for inverted ordering lepton mixing 
is very different from quarks:
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 T. Schwetz

normal versus abnormal

• the neutrino mass state mostly 
related to the 1st generation is not 
the lightest

• there is strong degeneracy between 
at least two mass states

5

for inverted ordering lepton mixing 
is very different from quarks:

1 2 3
generation
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deg ≡ m2 −m1

m
= 2

∆m2
21
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How to determine the mass ordering?

• Matter effect in the 1-3 sector

• Interference of (vacuum) 
oscillations with Δm2

21 and Δm2
31   
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How to determine the mass ordering?

• Matter effect in the 1-3 sector

• Interference of (vacuum) 
oscillations with Δm2

21 and Δm2
31   
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Both methods depend on θ13

• many experimental options are 
open, thanks to “large” value of θ13
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How to determine the mass ordering?

• Matter effect in the 1-3 sector

• Interference of (vacuum) 
oscillations with Δm2

21 and Δm2
31   

7

• Supernova: need to get lucky
 (to have a SN explode + have detector)

• neutrino mass from cosmology

• other ideas....

not discussed here:
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How to determine the mass ordering?

• Matter effect in the 1-3 sector

‣ long-baseline accelerator experiments
NOvA, LBNE, LBNO, ESS-SB, NuFact

‣ atmospheric neutrinos INO, PINGU, ORCA, HyperK

• Interference of oscillations with Δm2
21 and Δm2

31   

‣ Reactor experiment at ~60 km JUNO, RENO50

8
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Matter effect - MSW resonance
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The MSW resonance (2ν)

sin2 2θmat =
sin2 2θ

sin2 2θ + (cos 2θ − A)2
A ≡ ±

2EV

∆m2

resonance for cos 2θ = A
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T. Schwetz, GDR Neutrino, 10 Apr 2008 – p.6
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Long-baseline experiments
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• correlation with CP phase important - “sign degeneracy”

look for matter effect in νμ→νe transitions
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Long-baseline experiments
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• In vaccum, Pμe for neutrinos and antineutrinos 
are invariant under 

• Leading order in A << 1 cannot break the 
degeneracy

• need to observe “strong” matter effect

look for matter effect in νμ→νe transitions

∆m2
31 → −∆m2

31 , δCP = π − δCP

Minakata, Nunokawa, JHEP 01

TS, hep-ph/0703279
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Long-baseline experiments
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look for matter effect in νμ→νe transitions
The size of the matter effect

A ! 0.09

(

E

GeV

) (

|∆m2
31|

2.5 × 10−3 eV2

)−1

for experiments at the 1st osc. max, |∆m2
31|L/2E ! π, and

A ! 0.02

(

L

100 km

)

need L ! 2000 km and Eν ! 5 GeV in order to reach
the regime of strong matter effect A ! 0.5.

T. Schwetz, GDR Neutrino, 10 Apr 2008 – p.9

size of the matter effect:



 T. Schwetz

Long-baseline experiments

• NOvA: Fermilab → 820 km
have seen already few neutrinos!  

• LBNE: Fermilab → Homestake,1300 km
LAr detector (10 - 34 kt)

• LBNO: CERN → ? (Finnland 2300 km)
LAr detector (20 - ? kt)

• ESS-SB: Lund → ? (360 / 540 km)
WC detector

• Neutrino Factory:  ? 

13
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On the sensitivity statistics

• Decide on a CL at which you want to exclude 
a certain hypothesis.

• Determine how likely it is that a given 
experiment will exclude the hypothesis at 
that CL.

14

To quantify the sensitivity of an experiment we need to 
specify two numbers (errors of first and second kind):
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On the sensitivity statistics
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T = min
θ∈IO

χ2(θ)− min
θ∈NO

χ2(θ)

define a test statistics and find out its distribution

-30 -20 -10 0 10 20 30
T

-30 -20 -10 0 10 20 30
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JUNO, 4320 kt GW yr, 3% E-resol.
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On the sensitivity statistics

16

Under certain conditions T is normal distributed:

T = N (±T0, 2
�

T0)

TNO

0 (θ0) = min
θ∈IO

�

i

[µNO
i (θ0)− µIO

i (θ)]2

σ2
i

with

Qian et al, 1210.3651
Blennow et al, 1311.1822
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On the sensitivity statistics
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FIG. 2: Gaussian approximation for the test statistics T . Left upper panel: critical values for

rejecting normal ordering as a function of T0, see Eq. (3.2), for different values of α as labeled

in the plot. Left lower panel: power of the test as a function of T0 for different values of α, see

Eq. (3.3). Right panel: power of the test (left vertical axis) and the rate for an error of the second

kind (right vertical axis) versus the CL (1 − α) for rejecting a given mass ordering for different

values of T0 as labeled in the plot. The vertical lines indicate the number of standard deviations,

where we have used our standard convention Eq. (2.2) based on a 2-sided Gaussian for the solid

lines and Eq. (2.3) based on a 1-sided Gaussian limit for the dashed lines. The dash-dotted red

curve indicates α = β, which follows in the Gaussian case from the condition TNO
c = T IO

c .

method (i.e., T0) under the Gaussian approximation. For a given T0 and a chosen sensitivity

α we can read off the probability with which the experiment will be able to reject the wrong

ordering at the (1− α) CL.
Now it is also straight forward to compute the median sensitivity, which we have defined

in section 2.3 as the α for which β = 0.5. From Eq. (3.3) we obtain

α =
1

2
erfc

�
T IO

0
+ TNO

0�
8T IO

0

�
≈ 1

2
erfc

��
T0

2

�
(median sensitivity). (3.4)

Using our standard convention Eq. (2.2) to convert α into standard deviations the median

sensitivity is nσ, with

n =
√
2 erfc

−1

�
1

2
erfc

��
T0

2

��
(median sensitivity). (3.5)

We show n(T0) in Fig. 3. This curve corresponds to a section of the lower left panel (or right

panel) of Fig. 2 at p = 0.5. The green and yellow shaded bands indicate the CL at which

we expect being able to reject NO if IO is true with a probability of 68.27% and 95.45%,

respectively. The edges of the bands are obtained from the conditions β = 1/2±0.6827/2 and

11

sensitivity of the median 
experiment (in sigma) is given 
approximately by 

n(σ) ≈
�

T0

Qian et al, 1210.3651
Blennow et al, 1311.1822
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On the sensitivity statistics
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Under certain conditions T is normal distributed:

T = N (±T0, 2
�

T0)

TNO

0 (θ0) = min
θ∈IO

�

i

[µNO
i (θ0)− µIO

i (θ)]2

σ2
i

with

Qian et al, 1210.3651
Blennow et al, 1311.1822

• For most experiments we simulated the 
Gaussian approximation is good (to excellent)

• largest deviations found for NOvA
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NOvA and LBNE

18Blennow, Coloma, Huber, TS, 1311.1822 
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Other LBL sensitivities

19
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Figure 14. The significance in terms of σ of the determination of the neutrino mass hierarchy as
function of the fraction of the full δCP range from -180◦ to 180◦ (atmospheric neutrino data are
not included).

mine is an active mine with all its infrastructures in an operational state. Another, even

nearer underground site is offered by the Oskarhamn nuclear waste depository site, which is

situated at a distance of 260 km. This depository is only 500 m deep, but can be extended

down to below 1000 m. There are more active and inactive mines further north in Sweden.

Among the active mines there are Renström 1240 m deep and Kristineberg 1350 m deep,

both at 1090 km from Lund. The Pyhäsalmi mine in Finland, which has been studied as

detector site for a long baseline beam from the SPS accelerator at CERN, is 1440 m deep

and situated 1140 km from Lund. It is clear, however, that these more northern mines are

too far from ESS in Lund to be of primary interest for the ESS neutrino beam project.

9 Summary and Conclusions

The currently planned and approved European Spallation Source linac will start delivering

protons in 2019. Providing it with an extra H− source, an additional 5 MW radiofrequency

power source, an accumulator ring, a neutrino target with horn and a decay tunnel, would

make possible the production of a neutrino beam of about 300 MeV mean energy derived

from 2.7×1023, 2.0 GeV protons on target per year in concurrent operation with spallation

neutron production. The investment cost for upgrading the ESS linac to produce an extra

5 MW beam is significantly lower than the cost to build a new separate proton driver of

the same power.
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Figure 11: Statistical power as a function of exposure for the test of NH (left) and IH (right) for
3σ and 5σ CL. The nominal central values for oscillation parameters have been assumed and the
shaded bands correspond to the variation of δCP .

of the beam sharing between ν and ν̄ has been studied in detail. Figure 12 shows the sensi-

tivities for a non vanishing δCP for the two mass hierarchies assuming different percentage

of sharing assuming all the parameters in Table 5 and 6. Our simulations show a maximum

of coverage in the case of 75 % ν - 25% ν̄. This sharing will be assumed for all the studies

presented in the next paragraphs.

9.2 Significance of a first and second maxima analysis method

The analysis method takes into account the information contained in the whole shape of

the e-like event distributions in both the ranges of the 1st and the 2nd oscillation maximum.

To consider both the oscillation maxima as well as the spectral shape is a very powerful

method to extract δCP and to confirm the oscillatory behaviour predicted in the three

neutrino oscillation schema together with matter effects. This approach is the only one

22

LAGUNA-LBNO, 1312.6520

ESS-SB, 1309.7022
m
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se

ns
. [
σ]

P. Coloma, ’14

http://arxiv.org/abs/1312.6520
http://arxiv.org/abs/1312.6520
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Atmospheric neutrinos
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Figure 13: The same as in Fig. 12 but for sin2 2θ13 = 0.125.
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Akhmedov, Maltoni, Smirnov 06

atmospheric neutrino fluxes

φνµ , φνe , φν̄µ , φν̄e
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Atmospheric neutrinos
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Akhmedov, Maltoni, Smirnov 06

ex.: μ-like events

atmospheric neutrino fluxes

φνµ , φνe , φν̄µ , φν̄e

Nµ ∼ [φνµPνµ→νµ + φνePνe→νµ ]σνµ



 T. Schwetz

Atmospheric neutrinos
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Akhmedov, Maltoni, Smirnov 06

ex.: μ-like events

atmospheric neutrino fluxes

φνµ , φνe , φν̄µ , φν̄e

Nµ ∼ [φνµPνµ→νµ + φνePνe→νµ ]σνµ

+[φν̄µPν̄µ→ν̄µ + φν̄ePν̄e→ν̄µ ]σν̄µ
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Atmospheric neutrinos
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Akhmedov, Maltoni, Smirnov 06

ex.: μ-like events

atmospheric neutrino fluxes

φνµ , φνe , φν̄µ , φν̄e

Nµ ∼ [φνµPνµ→νµ + φνePνe→νµ ]σνµ

+[φν̄µPν̄µ→ν̄µ + φν̄ePν̄e→ν̄µ ]σν̄µ

energy and angular
reconstruction is crucial!
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Atmospheric neutrino experiments

• INO: magnetized iron, 50-100 kt
μ-like events with charge ID

• PINGU / ORCA: ice/water, multi-Mt
μ-like (+shower) events, no charge ID

• Hyper-K: water, sub-Mt
μ-like and e-like events, 
no charge ID (maybe statistically)

21
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PINGU
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Preliminary

Figure 16: Significance of the neutrino mass hierarchy determination as a function of time, using the
Fisher/Asimov approach and a full complement of systematics (see text for details). Note the red dashed
line shows the expectation for a

√
t dependence.

39

Preliminary

Figure 17: Signficance of the neutrino mass hierarchy determination as a function of time for the first
octant compared to the second octant using the Fisher/Asimov approach, multichannel events, and a full
complement of systematics (see text for details). The lower first octant line in the plot is the same as the
upper multichannel line in Fig. 16.

40

IceCube-PINGU Coll.: 1401.2046

http://arxiv.org/abs/1401.2046
http://arxiv.org/abs/1401.2046
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HyperK 

23

Exploring Neutrino Properties with Atmospheric Neutrinos

In the late nineties, atmospheric neutrinos measured in the Super-Kamiokande detector

provided the first definitive evidence that neutrinos had mass and that the mass states

mixed to make the well known flavor states [7]. Atmospheric neutrinos remain an important

probe of neutrino oscillations, and the large statistics sample from the one-half megaton

Hyper-K will offer an unprecedented opportunity to study them in detail. Atmospheric

neutrinos exist in both neutrino and anti-neutrino varieties in both muon and electron

flavors. Approximately 1,000,000 events are expected to be collected in a 10 year period.

The large value of θ13, along with the neutrino versus anti-neutrino dependent matter

resonance effect in the earth opens up the study of oscillation driven electron neutrino

appearance. The oscillation effect in the electron neutrino flux have been analytically

calculated [8] as:

Φ(νe)

Φ0(νe)
− 1 ≈ P2 · (r · cos2 θ23 − 1)

−r · sin θ̃13 · cos2 θ̃13 · sin 2θ23 · (cos δ ·R2 − sin δ · I2)
+2 sin

2 θ̃13 · (r · sin2 θ23 − 1) (1)

Figure 3: The sensitivity to the

mass hierarchy as a function of

θ23 with θ13 fixed at sin
2
2θ13 =

0.098 (NH case).

where we call the first, second, and third terms the “so-

lar term”, “interference term”, and “θ13 resonance term”,

respectively. P2 is the two neutrino transition probability

of νe → νµ,τ which is driven by the solar neutrino mass

difference ∆m2
21. R2 and I2 represent oscillation ampli-

tudes for CP even and odd terms. For anti-neutrinos, the

sign of the δ should be changed. Additionally, the mod-

ified probabilities for P2, R2, I2 are obtained by replacing

the matter potential V → −V (see [8] for details). The

electron appearance effect along with precision measure-

ments of muon disappearance [9] and tau appearance [10]

will allow Hyper-K to probe the octant of θ23 oscillation,

the mass hierarchy and CP violation phase.

A full Monte Carlo and reconstruction study using

Super-Kamiokande tools has determined that the ex-

pected significance for the mass hierarchy determination

is more than 3σ provided sin
2 θ23 > 0.4. We expect to be

able to discriminate between sin
2 θ23 < 0.5 (first octant)

and > 0.5 (second octant) at the 3σ level if sin
2
2θ23 is less than 0.99. For all values of δ,

40% of the δ range can be excluded at three sigma assuming that sin
2 θ23 > 0.4. All of these

results are obtained using atmospheric neutrinos alone. In combination with the JPARC

beam they can be even more tightly constrained. As an example, figure 3 demonstrates

the sensitivity to the mass hierarchy as a function of θ23 with θ13 fixed at sin
2
2θ13 = 0.098

for the case of the normal hierarchy.
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Figure 7: Variation of ∆χ2

ICAL−MH for different true values of sin
2 θ23. The left panel (right panel)

shows the results assuming NH (IH) as true hierarchy. Here we have taken sin
2
2θ13(true) = 0.1.
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Figure 8: Variation of ∆χ2

ICAL−MH for different true values of sin
2
2θ13. The left panel (right panel)

shows the results assuming NH (IH) as true hierarchy. Here we have taken sin
2 θ23(true) = 0.5.

is not sensitive to δCP, even after the addition of hadron energy information. This is not

surprising considering the fact that in the expression of Pµµ, the δCP dependent term is

suppressed by a factor of α ≡ ∆m2
21/∆m2

31 [90].

3.2 Precision Measurement of Atmospheric Parameters

In order to quantify the precision in the measurements of a parameter λ (here λ may be

sin
2 θ23 or |∆m2

32| or both), we use the quantity:

∆χ2
ICAL−PM(λ) = χ2

ICAL(λ)− χ2
0 , (3.2)

where χ2
0 is the minimum value of χ2

ICAL in the allowed parameter range. Here with

the statistical fluctuations suppressed, χ2
0 ≈ 0. The significance is denoted by nσ where

n ≡
�

∆χ2
ICAL−PM. In terms of these quantities, we define the relative precision achieved

on the parameter λ at 1σ as [91]

p(λ) =
λ(max)− λ(min)

4 λ(true)
, (3.3)

– 12 –
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Mass ordering from a reactor experiment
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Mass ordering from a reactor experiment
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• there are two large frequencies: Δm2
31 and Δm2

32

• θ12 is non-maximal and we know the sign of Δm2
21

• for NO (IO) the larger (smaller) frequency dominates
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Fourier transform of spectrum



 T. Schwetz

• good energy resolution 
<3% (KamLAND ~6%)

• energy scale has to be 
under control at % level

• it has to be BIG : 
~4000 GW kt yr → 20 kt 
detector (KamLAND: 1 kt)

26

Mass ordering from a reactor experiment
Dwyer, McKeown, Qian,  Vogel, Wang, Zhang, 
1208.1551, Capozzi, Lisi, Marrone, 1309.1638
many more
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Figure 5: ∆χ2 of the wrong mass ordering for Daya Bay II as a function of the exposure for different

assumptions on the energy resolution. The different set of curves correspond to energy resolutions of

σE/E = a
√

1MeV/E, with a = 2%, 2.6%, 3%, 3.5% as indicated in the plot. Dashed curves are for

statistical errors only, solid curves include the uncertainty on normalization, linear energy scale, sin2 θ13,

and sin2 θ12. We take sin2 2θ13 = 0.089 and minimize with respect to |∆m2
31|.

and σ(sin2 θ12) = 0.012. The χ2 analysis and its interpretation is performed in complete
analogy to the way described in section 2.2 for PINGU. With the above assumptions as
well as sin2 2θ13 = 0.089 and 4320 ktGWyr we find a sensitivity to the mass ordering of

∆χ2 = 19, which compares reasonably well to the value∆χ2 ≈ 16 found in [24,25,32]. Our
results are also in reasonable agreement with [30,31] when we adopt the same assumptions

as there, however, we obtain significantly weaker sensitivities as compared to [64, 65].
In Fig. 5 we show the Daya Bay II sensitivity to the mass ordering as a function of

the exposure, highlighting once more the well-known importance of the energy resolution.
We observe that the systematical uncertainties considered here only play a sub-leading
role. We note that these results are essentially independent of the assumed true ordering.

Let us point out that our analysis ignores some possible challenges of the experiment,
such as the smearing induced by the contributions from reactor cores at slightly different

baselines [32], the background from more distant nuclear power plants, or the effect of a
non-linearity in the energy scale uncertainty [30]. While such issues have to be addressed
in the actual analysis of such an experiment, our somewhat simplified treatment suffices

to illustrate the power of the atmospheric/reactor combination.
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Sensitivity comparison
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FIG. 12: The left (right) panel shows the median sensitivity in number of sigmas for rejecting the IO

(NO) if the NO (IO) is true for different facilities as a function of the date. The width of the bands

correspond to different true values of the CP phase δ for NOνA and LBNE, different true values

of θ23 between 40◦ and 50◦ for INO and PINGU, and energy resolution between 3%
�
1 MeV/E

and 3.5%
�
1 MeV/E for JUNO. For the long baseline experiments, the bands with solid (dashed)

contours correspond to a true value for θ23 of 40◦ (50◦). In all cases, octant degeneracies are fully

searched for.

plots in some detail.

In order to keep the number of MC simulations down to a feasible level, we use the

Gaussian approximation whenever it is reasonably justified. As we have shown in Sec. 4,

this is indeed the case for PINGU, INO, and JUNO. With respect to the LBL experiments,

even though we have seen that the agreement with the Gaussian case is actually quite good

(see Fig. 11), there are still some deviations, in particular in the case of NOνA. Consequently,
in this case we have decided to use the results from the full MC simulation whenever possible.

The results for the NOνA experiment are always obtained using MC simulations, while in the

case of LBNE-10 kt the results from a full MC are used whenever the number of simulations

does not have to exceed 4×105 (per value of δ). As was mentioned in the caption of Fig. 11,

this means that, in order to reach sensitivities above ∼ 4σ (for the median experiment),

results from the full MC cannot be used. In these cases, we will compute our results using

the Gaussian approximation instead. As mentioned in App. A, the approximation is expected

to be quite accurate precisely for large values of T0. Finally, for LBNE-34 kt, all the results

have to be computed using the Gaussian approximation, since the median sensitivity for this

experiment reaches the 4σ bound already for one year of exposure only, even for the most

unfavorable values of δ.
For each experiment, we have determined the parameter that has the largest impact on

the results, and we draw a band according to it to show the range of sensitivities that should

be expected in each case. Therefore, we want to stress that the meaning of each band may

be different, depending on the particular experiment that is considered. In the case of long

baseline experiments (NOνA, LBNE-10 kt and LBNE-34 kt), the results mainly depend on

25
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FIG. 13: Probability that the wrong ordering can be rejected at 3σ (99.73% CL) for a true NO

(left) and IO (right) for different facilities as a function of the date. The width of the bands has the

same origin as in Fig. 12. The dotted horizontal line indicates the median experiment (β = 0.5).

the value of the CP-violating phase δ. In this case, we do a composite hypothesis test as

described in Secs. 2 and 3.2, and we draw the edges of the band using the values of true δ
in the true ordering that give the worst and the best results for each setup. Nevertheless,

since for these experiments the impact due to the true value of θ23 is also relevant, we show

two results, corresponding to values of θ23 in the first and second octant. In all cases, the

octant degeneracy is fully searched for (see App. 3 for details). In the case of PINGU and

INO, the most relevant parameter is θ23. We find that, depending on the combination of

true ordering and θ23 the results will be very different. Therefore, in this case we also do

a composite hypothesis test, using θ23 as an extra parameter. Finally, the case of JUNO

is somewhat different. In this case, the uncertainties on the oscillation parameters do not

have a big impact on the results. Instead, the energy resolution is the parameter which is

expected to have the greatest impact, see for instance Ref. [73] for a detailed discussion.

Therefore, in this case the width of the band shows the change on the results when the

energy resolution is changed between 3%
�
1 MeV/E and 3.5%

�
1 MeV/E. For JUNO we

do a simple hypothesis test, as described in Sec. 3.1.

The starting dates assumed for each experiment are: 2017 for INO [86], 2019 for

PINGU [38] and JUNO [61] and 2022 for LBNE [87]. Note that the official running times

for PINGU and JUNO are 5 and 6 years, respectively. For illustrative purposes we extend

the time in the plots to 10 years, in order to see how sensitivities would evolve under the

adopted assumptions about systematics. For the NOνA experiment, we assume that the

nominal luminosity will be achieved by 2014 [8] and we consider 6 years of data taking from

that moment on.

From the comparison of Figs. 12 and 13 one can see that, even though the median

sensitivity for INO would stay below the 3σ CL, there may be a sizable probability (up

to ∼ 40%) that a statistical fluctuation will bring the result up to 3σ. For NOνA, such
probability could even go up to a 60%, depending on the combination of θ23, δ and the true

26

probability to exclude wrong ordering at 3σ
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Explore synergy between different experiments
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requires more careful 
investigations wrt to energy 
scale uncertainties - both for 
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Summary

• thanks to large θ13 several options are open 
to determine the neutrino mass ordering

• 3σ determination likely within 5-10 years

• combined fit to several experiments may be 
usefull

• more significant determination will most likely 
require a large-scale experiment

30
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Cosmology sensitivity to neutrino mass
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•  Neutrino masses: forecasts (95% C.L., !CDM+m") 
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