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Approaches to the flavour puzzle 

1    Y should be deduced  
from first principles 

fundamental theory 

[symmetry and/or  
dynamical principle] 

Y 

most striking fact: nothing approaching a  
standard theory of Y, despite decades of  
experimental progress and theoretical efforts 

2    Y are due to chance 
many variants 
bottom-up: anarchy, FN models, fermions in ED, partial compositness 
top-down: fundamental theory with a landscape of ground states  
observed Y are environmental  
and cannot be fully predicted  

relative sizes of solar  
planetary orbits 

relevant questions 
how typical are the Y  
we observe? 
which is the statistical distribution 
of Y in the fundamental theory? 

knowledge of statistical distribution 
of Y in the fundamental theory 

the observed Y are typical 

assumptions 

[any anthropic selection?] 

    



any empirical evidence for a symmetry from the quark sector? 

mass ratios and mixing angles are small, hierarchical parameters  

flavon QFN
ϕ −1

U(1)FN broken by λ =
<ϕ >
Λ f

≈ 0.2

[Froggatt, Nielsen 1979] 

mass ratios and mixing angles are powers of a small SB parameter λ 

easily reproduced by Gf=U(1)FN 
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Gf  = U(1)FN  

€ 

yu = FU c YuFQ
yd = FDc Yd FQ

€ 

FX =

λFN (X1 ) 0 0
0 λFN(X 2 ) 0
0 0 λFN (X 3 )

# 

$ 

% 
% 
% 

& 

' 

( 
( 
( 

€ 

(X =Q,Uc,Dc )

€ 

Yu,d ≈O(1) FN(Xi) are U(1)FN charges 
undetermined by U(1)FN 



not a mere book-keeping 
take FN(Q1) > FN (Q2) > FN(Q3) ≥ 0 

€ 

Vu,d( )ij ≈
FQi

FQ j

<1 (i < j)

€ 

VCKM =Vu
+Vd

€ 

Vud ≈Vcs ≈Vtb ≈O(1)
Vub ≈Vtd ≈Vus ×Vcb [O.K. within a factor of 2] 

correct orders of magnitude of Vij  
reproduced by e.g. 

correct orders of magnitude of  
quark/charged lepton mass ratios  
[up to a couple of moderate tunings]  
reproduced by e.g. 

independently from the specific charge choice 

FN(Uc) = FN(Ec) = FN(Q) = (3,2,0)  
FN(Dc) = FN(L) = (2,0,0)  

FN(Q) = (3,2,0)  



is a symmetry really needed ?      

€ 

yu = FU c YuFQ
yd = FDc Yd FQ

FXi =
2µi

1− e−2µiρ

FXi = ΔiMi
−1

    

    

split fermions in an Extra Dimension 

UV IR 

c>1/2 c<1/2 

R’ R 

Yu,d≈O(1) 

ED µi ρ

Flat [0,πR] Mi / Λ ΛπR

Warped [R,R '] 1/ 2−MiR log R '/ R

partial compositness 

no symmetry: 
hierarchy produced by geometry 

Mi   = bulk mass of fermion Xi  
Yu,d = O(1) Yukawa couplings between bulk fermions  
         and a Higgs localized at one brane 

Mi   = masses of composite fermions 
Δi    = elementary-composite mixing 
Yu,d = O(1) Yukawa couplings in composite sector 

chiral multiplets Xi of  
the MSSM coupled to  
a superconformal sector 

[Nelson-Strassler 0006251] 
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FXi
=

Λc

Λ
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γ i
2

<1
Λ=MPl Λc=MGUT 

γi anomalous dimension of Xi 



can be extended to the lepton sector 

1 an extreme possibility 

[viable both for Majorana or Dirac  
neutrinos, here focus on Majorana] 

[Hall, Murayama, Weiner 1999 
De Gouvea, Murayama 1204.1249] Anarchy 

ϑ13 ≈ 0.15 rad and the hint for non maximal  ϑ23 (from global fits)

have strengthened the case for anarchy  

mν ∝

O(1) O(1) O(1)
O(1) O(1) O(1)
O(1) O(1) O(1)
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mixing angles  
and mass ratios  
from random O(1)  
quantities   

consistent with data 

€ 

UPMNS ≈

0.8 0.5 0.2
0.4 0.6 0.6
0.4 0.6 0.8
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no evidence for big hierarchies in neutrino mixing angles 
clear hierarchy only in the charged lepton masses 

€ 

FE1c << FE2c << FE3c
FL1 ≈ FL2 ≈ FL3

FL1 = FL2 = FL3
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-- variants of Anarchy e.g. in U(1)FN models,  
    quarks and leptons treated on equal foot  
-- compatible with SU(5) unification 

2

Δm2
sol/Δm2

atm  

[Buchmuller, Domcke, Schmitz, 1111.387; 
Altarelli,F,Masina, Merlo 1207.0587; 
Bergstrom, Meloni, Merlo, 1403.4528]  

€ 

FN(L) λ

A (0,0,0)
Aµτ (1,0,0) 0.25
PAµτ (2,0,0) 0.35
H (2,1,0) 0.45

€ 

F(Li) = λFN (Li )

€ 

sinϑ13

€ 

tan2ϑ12

€ 

tan2ϑ23

2σ 

with many variants… 

sin2ϑ13 ≈
Δm12

2

Δm13
2

difficult  
to go  
beyond  
order-of- 
magnitude  
predictions 

maximal ϑ23 unexplained  

NH favoured 



5 = (l, d c ) 10 = (q, uc , ec ) 1=ν c

5H = (D,T )

LY = −yu
ij10i10 j 5H − yd

ij 5i10 j 5H

− yν
ij1i5j 5H −

1
2
Mij1i1 j + h.c.

flavor puzzle made simpler in SU(5) ? 

€ 

yd = ye
T

Higgs 

yd = F5YdF10 ye = F10Yd
T F5yu = F10YuF10 mν ∝ F5Yν

Tµ−1YνF5
adopt anarchy anzatz  

F5 ≈ diag(1,1,1)

hierarchy mostly due to F10 

mu :mc :mt ≈ md
2 :ms

2 :mb
2 ≈ me

2 :mµ
2 :mτ

2

large l mixing corresponds  
to a large dc mixing:  
unobservable in weak int.  
of quarks 

F1 dependence 
cancels in mν 

not a bad first-order approximations 
only corrections of O(1) needed 
remedies well-known 

yν = F1Yν F5 M = F1µF1

F10 ≈
λ3÷4 0 0
0 λ 2 0
0 0 1
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only three matrices  F10 , F5 , F1

realistic picture 
after correcting 
 

€ 

yd = ye
T



and SO(10) ? 
previous picture seems incompatible with SO(10) at first sight 

LY = −16i y10
ij 10H + y120

ij 120H + y126
ij 126H"

#
$
%16 j + h.c.

a whole SM  
generation  
in a 16 

y10 = F16Y10F16

O(1) 

affects all members of the 16  
in the same way: no distinction  
between quarks and leptons 

LY = −y10
ij 16i16 j10H + h.c.

adding more Yukawa couplings does not help, if Y are all O(1) 
mdi
md j

≈
mui
muj

≈
mei
mej

only one matrix F16



extension to SO(10) made possible by Kitano-Li 
SUSY SO(10) model in (flat) 5D 

5D N=1 SUSY is  
4D N=2 SUSY 

πR 0 

Y≈O(1) 

5D = S1/Z2 
breaks N=2 SUSY 
down to N=1 

N=2 
vector multiplet    ≈ 45 
matter multiplets ≈3 x 16 

Higgs and Yukawa  
interactions on y=0 
brane 

F16i =
2µi

1− e−2µiρ

Oth order approximation  

µi =
Mi

Λ
ρ = ΛπR

bulk mass of 16i in units of Λ 

length of ED in units 1/Λ 

zero-mode wave-function of 16i evaluated at y=0 
no distinction between quarks and leptons within the same family 

1/R≈MGUT 

[Phys.Rev. D67 (2003) 116004] 



16i
c Mi − 2g545Φ
#
$%

&
'(16i

45
Φ
= v

Φ
3/2

SO(10)→ SU (5)×U (1)X → SU (5)→GSM

µi → µi
r = µi −QX

r k k = 2g5
v
Φ
3/2

Λ

r 10 5 1
QX
r −1 3 −5

yd = F5YdF10 ye = F10YeF5yu = F10YuF10 mν ∝ F5Yν
Tµ−1YνF5

we are back to the SU(5) case  

Fri =
2µi

r

1− e−2µi
rρ

profiles F controlled by only  
4 free parameters: μi  and k 

bulk gauge interaction between 16i and vector multiplet = universal Yukawa  
                                                                                          interaction 

N=1 chiral multiplet being part  
of N=2 vector multiplet 

1st key ingredient 

r = (10,5,1)



2nd key ingredient 
multiple contributions to O(1) Yukawa couplings at y=0 such that Yu, Yd, Ye, Yν 
can be treated as independent [otherwise incorrect mass relations] 

δ(y)
Λ

Yij16i16 j10H +Y 'ij16i16 j10H
45H
Λ

+ ...
"
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we have reconsidered the KL model [F, Patel, Vicino 1407.2913] 

 1 modified Yukawa couplings at y=0 such that Yu, Yd, Ye, Yν arise from 
operators of the same dimensionality  

δ(y)
Λ

Y10
ij16i16 j10H +Y120

ij 16i16 j120H +Y126
ij 16i16 j126H +"

#
$
%

27 O(1) free parameters 

cut-off scale Λ  
can be > MGUT 

explicit solution to the doublet-triplet splitting problem through the missing  
partner mechanism 

light sector:   10H and 120H                   [3 pairs of D and 3 pairs of T] 
heavy sector: 126H, 126H, 45H 120H [2 pairs of D and 3 pairs of T] 

___ 

8 O(1) free parameters define the light Higgs combinations 

2 

more details  
in poster session  
by Denise Vicino 

chance 



Normal ordering Inverted ordering

Observable Fitted value Pull Fitted value Pull

yt 0.51 0 0.54 1.00

yb 0.37 0 0.37 0

y⌧ 0.51 0 0.47 -1.00

mu/mc 0.0027 0 0.0031 0.67

md/ms 0.051 0 0.045 -0.86

me/mµ 0.0048 0 0.0048 0

mc/mt 0.0023 0 0.0023 0

ms/mb 0.016 0 0.015 -0.50

mµ/m⌧ 0.050 0 0.049 -0.50

|Vus| 0.227 0 0.227 0

|Vcb| 0.037 0 0.038 1.00

|Vub| 0.0033 0 0.0030 -0.50

JCP 0.000023 0 0.000021 -0.51

�S/�A 0.0309 0 0.0320 0.73

sin2 ✓12 0.308 0 0.309 0.06

sin2 ✓23 0.425 0 0.435 -0.07

sin2 ✓13 0.0234 0 0.0237 -0.10

�2
min ⇡ 0 ⇡ 5.75

Predicted value Predicted value

m⌫lightest [meV] 0.08 2.15

|m�� | [meV] 1.63 30.4

sin �lCP 0.265 0.510

MN1 [GeV] 3.85⇥ 106 1.13⇥ 104

MN2 [GeV] 9.31⇥ 107 3.06⇥ 106

MN3 [GeV] 2.19⇥ 1014 2.02⇥ 1013

�R [GeV] 0.05⇥ 1016 0.18⇥ 1016

TABLE II. Results from numerical fit corresponding to minimized �2 for normal (NO) and inverted

ordering (IO) in neutrino masses. The fit is carried out for the GUT scale extrapolated data given

in Table I for tan� = 50. The input parameters are collected in Appendix.

while O(1) Yukawas in Y126 conspire to create inverted ordering in the neutrino masses.

The mismatch between the hierarchies in neutrinos and charge fermions can be attributed

more to a tuning of the O(1) Yukawa couplings, rather than to an e↵ect of the zero-mode

profiles. We expect that such a solution is very sensitive to the Yukawa parameters in Y126

and that even small deviations from their best fit values can significantly raise the �2
min. We

investigate this issue in the following subsection.

17

fit to an idealized set of 17 data 35 O(1) + 4 profile 
parameters 

agreement not  
completely trivial: 
indeed only large  
tanβ is allowed 
[here tanβ=50] 

both NO and IO 
neutrino spectrum 
lead to a decent fit 

3 



are the 27 O(1) Yukawa coupling fine-tuned? 
we reiterate the fit by first generating a random sample of Yukawas 
for every such fit 27 parameters are now fixed: 8+4=12 free parameters 
ν=(17-12)=5 dof  

NO is clearly peaked at lower values of �2
min/⌫, with respect to the one for IO. In Table III

we report the number of successful cases for di↵erent threshold values of �2
min/⌫ together

with the goodness of fit measured in terms of p�values. The threshold p � 0.05 is often

p�value 0.50 0.10 0.05 0.001

�2
min/⌫ (for ⌫ = 5)  0.87  1.85  2.21  4.10

successful cases (NO) 0.1% 0.7% 1.2% 5.6%

successful cases (IO) < 10�3% < 10�3% 10�3% 0.01%

TABLE III. The fraction of successful events obtained for di↵erent p�values from random samples

of O(1) Yukawa couplings in case of normal and inverted ordering in the neutrino masses.

considered as an acceptable value for the statistical validity of a fit. As it can be seen

from Table III, in the NO case p is larger than 0.05 in about one percent of the generated

samples, while in the IO case only one over total 105 samples reaches the modest p-value of

0.05. Hence the NO turns out as a more natural choice in this model.

In the NO case one percent can be regarded as the size of the required tuning to reproduce

the data within the framework of anarchy. It is clear that this number has no absolute

meaning and could only be useful if compared with analogous numbers obtained by analyzing

other models with a similar approach. A success rate of order 0.01 is a typical outcome in

this kind of analysis for the most successful models [21, 40].

The probability distributions for the bulk mass parameters obtained in 1.2% of the NO

cases corresponding to p � 0.05 are shown in Fig. 3. One finds µ3 > µ2 � µ1 in most of the

cases as expected and kX turns out to be O(µ1,2). A few cases described by smaller peaks in

the distributions of µ1 and µ2 corresponds to µ1 > µ2. However, such cases are equivalent

to the cases with µ1 < µ2 as one can always interchange 161 $ 162 by interchanging µ1

and µ2 and also the first and second rows and columns of all the Yukawa coupling matrices

on the brane. Such a transformation on Yukawa matrices still preserves their anarchical

structure and both these pictures lead to the same physical scenario. As it can be seen from

Fig. 3, the preferred values of all the bulk masses remain well below the cut-o↵ scale, and

they do not endanger the validity of the e↵ective theory. The kX < 0 leads to a relatively

weak hierarchy among the down-type quarks and charged leptons in comparison to that in

the up-type quarks. From the most probable values of µi and kX of Fig. 3 we get,

F10 ' �0.4 diag(�4.1,�2.2, 1) and F5̄ ' �0.3 diag(�1.5,�0.7, 1). (29)

The above profiles of zero modes provide a quantitative understanding of the di↵erences be-

tween the quarks and lepton masses and mixing patterns. The successful cases corresponding

to �2
min/⌫ < 2.21 can also be used to derive the predictions for the other observables in the

lepton sector. The probability distributions for the leptonic Dirac CP phase, the lightest

neutrino mass and the e↵ective mass of neutrinoless double beta decay |m��| are shown in

Fig. 4. One finds a slight preference for near maximal values of �lCP , though the entire

19

 
 
 
 

IO is fine-tuned: 
no anarchy 
 
for NO fine-tuning 
acceptable Yij ∈ [0.5,1.5]

arg Yij( )∈ [0,2π ]

flat distributions 

Yij ∈ (1+ i,−1+ i,−1− i,1− i)

or 

[tanβ=50] 



our predictions for NO [tanβ=50] 

beyond the reach of current experiments: 
the model can be easily falsified 

RH neutrinos too-light: 
leptogenesis from Lightest or NTL 
reutrino decay does not work 



1 today most precise single  
determination of ϑ23 is  
from T2K (Pμμ) [1403.1532] 

sin2ϑ 23 =
0.514

−0.056
+0.055 (NH)

0.511
−0.055
+0.055 (IH)

"
#
$

%$

well compatible  
with ϑ23 maximal   

2 δCP = -π/2 ? 
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[Pμe] 
global fit: 
G.-Garcia, Maltoni, Salvado,  
Schwetz  1209.3023 
[1] Capozzi, Fogli, Lisi, Marrone,  
Montanino, Palazzo 1312.2878 
Forero, Tortola, Valle 
1405.7540 

special features of data should be considered accidental in previous picture 

both ϑ23 maximal and δCP = -π/2 can be explained by flavour symmetries 
[-> next talks] 



Conclusions 

    flavour symmetries are a useful tool in our quest of the origin of Y  
but no compelling and unique picture have emerged so far.  
Present data can be described within widely different frameworks  
[despite the constant, impressive progress on the experimental side]  

    simple schemes with a minimal amount of structure can 
well reproduce the main features of Y in both quark and lepton sectors 
also in a GUT framework 
main drawbacks: -- no precise questions/no precision tests allowed 
                              [e.g. maximal ϑ23 unexplained]    
                          -- more structure needed to suppress FCNC and CPV 
                              if there is new physics at the TeV scale                

    some special features [ϑ23 maximal, δCP = -π/2, UPMNS ≈TB, BM,…] 
can survive experimental refinements and guide us in the search of 
first principles 



back up slides 



Observables tan� = 10 tan� = 50

yt 0.48± 0.02 0.51± 0.03

yb 0.051± 0.002 0.37± 0.02

y⌧ 0.070± 0.003 0.51± 0.04

mu/mc 0.0027± 0.0006 0.0027± 0.0006

md/ms 0.051± 0.007 0.051± 0.007

me/mµ 0.0048± 0.0002 0.0048± 0.0002

mc/mt 0.0025± 0.0002 0.0023± 0.0002

ms/mb 0.019± 0.002 0.016± 0.002

mµ/m⌧ 0.059± 0.002 0.050± 0.002

|Vus| 0.227± 0.001

|Vcb| 0.037± 0.001

|Vub| 0.0033± 0.0006

JCP 0.000023± 0.000004

�S/10�5 eV2 7.54± 0.26 (NO or IO)

�A/10�3 eV2 2.44± 0.08 (NO) 2.40± 0.07 (IO)

sin2 ✓12 0.308± 0.017 (NO or IO)

sin2 ✓23 0.425± 0.029 (NO) 0.437± 0.029 (IO)

sin2 ✓13 0.0234± 0.0022 (NO) 0.0239± 0.0021 (IO)

TABLE I. The GUT scale values of the charged fermion masses and quark mixing parameters

from [30] that we use in our analysis. The lepton mixing angles and solar and atmospheric mass

di↵erences are taken from a global fit analysis [34] ignoring the running e↵ects. NO (IO) stands

for the normal (inverted) ordering in the neutrino masses.

technique which is widely used in [7] for similar kind of analysis. We define a �2 function

�2 =
nX

i

✓
Pi(x1, x2, .., xm)�Oi

�i

◆2

, (28)

where Pi are the observable quantities derived from Eqs. (10, 25, 27) as complex nonlinear

functions of the free parameters of the model. Oi and �i are the GUT scale central values

and 1� deviations respectively of the corresponding quantities listed in Table I. The e↵ective

Yukawa matrices Yu,d,e,⌫ are numerically diagonalized and we obtain the diagonal Yukawas

as the eigenvalues of Yf for each sector. For example, the eigenvalues of Yu correspond to

yu, yc, yt. The absolute values of the third generation Yukawas and appropriate ratios for

the first two generations are included in the �2 to fit them to their experimental values.

The quark and lepton mixing parameters are also evaluated in a similar way. For simplicity,

we include a ratio �S/�A in �2 instead of �S and �A individually. As can be seen from

Eq. (27), such a ratio and lepton mixing parameters do not depend on �R. The value

15



F16i =
2µi

1− e−2µiρ
=

2µi (µi > 0 µiρ ≥1)

2 µi e
−µi ρ (µi < 0 µi ρ ≥1)

1/ ρ (µi ρ <1)
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constraints from lepton flavour violation 
 

take the limit mν = 0  
if MFV applied, we would  
expect no LFV [ye diagonal] 

in our setup, in general 
FE

c, FL, Ye do not commute 
[not even when FL is universal] 
LFV expected at some level 

dominant LFV 
dipole operator 

    

€ 

Ldip =
e
ΛNP
2 E c (σ µνF

µν )(F
E cYeYe

+YeFL )
not diagonal

       
(H +L)

€ 

ye = FE cYeFLwhen                          diagonal 

    

Explicit computation in RS 
[Agashe, Blechman, Petriello 0606021 
Csaki, Grossman, Tanedo, Tsai 1004.2037] 
 

€ 

MKK >O(10) TeV

FL universality is not enough   

€ 

FE c ,Ye, FLa sufficient condition for  
the absence of LFV: diagonal in the same basis 

[M.C. Chen and Yu, 08042503 
Perez, Randall 0805.4652] 

for instance: 

€ 

FL ∝ 1

€ 

FE c ∝ YeYe
+

BR(µ→ eγ ) < 5.7×10−13
[Keren-Zur, Lodone, Nardecchia,  
Pappadopulo, Rattazzi, Vecchi, 1205.5803] 

comparable bounds from e EDM 



 anything special from data, requiring a symmetry?     

ϑ23 maximal ? 1 

2 δCP = -π/2 ? 

UPMNS close to TB (BM,…) ? 3

3 examples from  
a longer list… 

1 today most precise single determination of ϑ23 is from T2K (Pμμ) 

sin2ϑ 23 =
0.514

−0.056
+0.055 (NH)

0.511
−0.055
+0.055 (IH)

"
#
$

%$

well compatible with 
ϑ23 maximal   

global fits hint at ϑ23 non-maximal 
main effect: interplay between  
SBL reactor experiments (Pee) and 
LBL experiments searching (Pμe)  

Pee =1− sin
2 2ϑ13 sin

2 Δm32
2 L
4E

+ ... 
 
 

Pµe = sin
2ϑ 23 sin

2 2ϑ13 sin
2 Δm32

2 L
4E

+ ... 
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[1] 

a small change of Pee and/or Pμe within about 1σ can bring back ϑ23 to maximal   

sin2ϑ 23 =
0.567

−0.128
+0.032 (NH)

0.573
−0.043
+0.025 (IH)

"
#
$

%$[2] 

global fit: 
[1] Capozzi, Fogli, Lisi, Marrone,  
Montanino, Palazzo 1312.2878 
[2] Forero, Tortola, Valle 
1405.7540 

[1403.1532]  



 difficult to improve  
 ϑ23 from Pμμ 

    
δϑ 23 ≈ δPµµ / 2 δPµµ ≈ 0.01 δϑ 23 ≈ 0.05 rad (2.90 )

    

ϑ23 nearly maximal would be a crucial piece of information  

 ϑ23 cannot be made maximal by RGE evolution 
[barring tuning of b.c. and/or thresold corrections] 

when a flavour symmetry is present, ϑ23 is  determined entirely by  
breaking effects [no maximal ϑ23 from an exact symmetry]   
broken abelian symmetries do not work  
[not a theorem but no counterexamples] 

we are left with broken  
non-abelian symmetries 

    

2 δCP = -π/2 ? 
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UPMNS close to TB (BM,…) ? 3

discrete flavor symmetries showed  
very efficient to reproduce UTB, UBM,…   

€ 

UPMNS =UPMNS
0 + corrections

(me
+
 me)  

mν  

€ 

Ue

€ 

Uν

diagonal matrices 

Gf 

3x3 matrix space 
ϑ12
0 ϑ 23

0 ϑ13
0 δ0 (mod π )

4 predictions   

    expectation for U0
PMNS=UTB 

€ 

ϑ13 = O(few degrees)        

ϑ23 = close to π
4

               

$ 
% 
& 

' & 

€ 

ϑ13
0 = 0 

ϑ23
0 =

π
4

$ 
% 
& 

' & 

not to spoil the  
agreement with ϑ12 

wrong! 

Majorana neutrinos  
imply Gν  ≤ Z2 x Z2 

smallest group leading to TB:  
S4 ≈ (A4+accidental symmetry)  

neutrino masses fitted,  
not predicted. 

indirect: symmetries of mν and (me
+
 me)  

              have no direct relation to Gf 
 

direct: symmetries of mν and (me
+
 me)  

            are subgroups of Gf 

[see King, Merle, Morisi, Shimizu and Tanimoto 1402.4271] 



1 
-  predictability is lost since in general correction terms are many 
-  new dangerous sources of FC/CPV if NP is at the TeV scale 

add large corrections O(ϑ13) ≈ 0.2   

2

€ 

U 0 =UTB ×

cosα 0 eiδ sinα
0 1 0

−e−iδ sinα 0 cosα

& 

' 

( 
( 
( 

) 

* 

+ 
+ 
+ 

Gν=Z2   
 

relax symmetry requirements   
 Ge as before   

 ϑ12
0 ϑ 23

0 ϑ13
0 δCP

2 predictions: 
2 combinations of   

leads to testable sum rules   

sin2ϑ 23 =
1
2
+
1

2
sinϑ13 cosδCP +O(sin

2ϑ13)

[Hernandez,Smirnov 1204.0445] 

[He, Zee 2007 and 2011, Grimus, Lavoura 2008, Grimus, Lavoura, Singraber 2009, Albright, Rodejohann 2009, 
Antusch, King, Luhn, Spinrath 2011, King, Luhn 2011, G. Altarelli, F.F., L. Merlo and E. Stamou hep-ph/1205.4670 ] 

two deformations of TB, called Trimaximal [TM] mixing     

U 0 =UTB ×

1 0 0
0 cosα eiδ sinα
0 −e−iδ sinα cosα

#

$

%
%
%

&

'

(
(
(

TM1 TM2 

sin2ϑ 23 =
1
2
− 2 sinϑ13 cosδCP +O(sin

2ϑ13)

sin2ϑ12 =
1
3
−
2
3
sin2ϑ13 +O(sin

4ϑ13) sin2ϑ12 =
1
3
+
1
3
sin2ϑ13 +O(sin

4ϑ13)



change discrete group Gf  
 -  solutions exist  
  special forms of TM2  

δ0 =0,π (no CP violation) and  
α  “quantized” by group theory  

€ 

Gf Δ(96) Δ(384) Δ(600)
α ±π /12 ±π /24 ±π /15

sin2ϑ13
0 0.045 0.011 0.029

F.F., C. Hagedorn, R. de A.Toroop   
hep-ph/1107.3486  and  hep-ph/1112.1340 
Lam 1208.5527 and 1301.1736 
Holthausen1, Lim and Lindner 1212.2411 
Neder, King, Stuart 1305.3200 
Hagedorn, Meroni, Vitale 1307.5308]  € 

U 0 =UTB ×

cosα 0 eiδ sinα
0 1 0

−e−iδ sinα 0 cosα

& 

' 

( 
( 
( 

) 

* 

+ 
+ 
+ 

3

    

deviation from TB is linear in α  
for sin2θ23, whereas is quadratic 
for sin2θ12, the best measured 
angle   

sum rules can be tested by measuring   
δCP and improving on sin2 ϑ23   

complete classification of |UPMNS|  
from any finite group available now! [Fonseca, Grimus 1405.3678] 

sinϑ13

δCP/π 

0 

2 

1 

0.15 

TM2 

[NH] 

contours of  
equal sin2 ϑ23 



5 include CP in the SB pattern    
 

€ 

GCP =Gf × CPI 

€ 

Gν = Z2 × CP

€ 

Ge

€ 

(ϑ12
0 ,ϑ23

0 ,ϑ13
0 ,δ 0,α 0, β0)

mixing angles and CP violating phases 

predicted in terms of a single real 
parameter 0 ≤ ϑ ≤ π  
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sin q13

Case I

Case IV

3s
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0.0 0.2 0.4 0.6 0.8 1.0
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sin2ϑ 23
0 =

1
2

€ 

sinα 0 = 0
sinβ0 = 0

[F. F, C. Hagedorn and  
R. Ziegler 1211.5560, 1303.7178 
Ding,King,Luhn,Stuart 1303.6180 
Ding, King, Stuart 1307.4212] 

2 examples with  
Gf=S4 Ge=Z3 

sinδ0 =1

4 change LO pattern    

U 0
PMNS =UBM

sin2ϑ12 =
1
2
+ sinϑ13 cosδCP +O(sin

2ϑ13)

corrected by Ue
12 

δCP/π 

0 

2 

1 

sinϑ130.15 

contours of  
equal sin2 ϑ12 

[NH] 

BM 



back up slides 



θ23 maximal from some flavour symmetries ? 
ϑ23 = π/4 can never arise in the limit of  
an exact realistic symmetry 

charged lepton mass matrix: 

00
lll mmm δ+= symmetry breaking effects: 

vanishing when flavour symmetry F 
is exact symmetric limit 

00
ll mm <δ

ml
0 has rank ≤1 

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
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=

τm
ml

00
000
000

0

e
12ϑ

νUUU ePMNS
+=

ee
12

23

13
1223

0
23 sin

cos
tancostantan ϑ

ϑ
ϑ

ϑϑϑ ν

ν
ν

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+=

[omitting phases] 
undetermined 

determined entirely by breaking effects 
(different, in general, for ν and e sectors) 

undetermined 

€ 

ϑ 23 =
π
4

a no-go theorem  

realistic symmetry: 

(1) 

(2) 

[F. 2004] 



2011/2012 breakthrough 
-- LBL experiments searching for  νμ -> νe conversion 
-- SBL reactor experiments searching for anti-νe disappearance       

10σ away  
from 0 

hint for non 
maximal  ϑ23  
 

impact  
on flavor 
symmetry  
(part 3)  

    

1   

sterile neutrinos coming back 
reactor anomaly (anti-νe  disappearance) 
re-evaluation of reactor anti-νe flux: new estimate 3.5% higher than old one 

Lisi [NeuTel 2013] [1209.3023]

sin2ϑ13

0.0241
−0.0025
+0.0025 (NO)

0.0244
−0.0025
+0.0023 (IO)

0.0227
−0.0024
+0.0023

sin2ϑ 23

0.386
−0.021
+0.024 (NO)

0.392
−0.022
+0.039 (IO)

0.413
−0.025
+0.037 ⊕ 0.594

−0.022
+0.021

[G-Garcia, Maltoni, Salvado, Schwetz] 

 
 
 
 
 
 
 
           

(Φexp −Φth ) /Φth ≈ −6%

very SBL L ≤ 100 m 

ϑ es ≈ 0.2

Δm2 ≈ ms
2 ≥1eV 2

[th. uncertainty?] 

    

[see Fogli’s talk] 
 



supported by the Gallium anomaly 
νe flux measured from high intensity 
radioactive sources in Gallex, Sage exp 

νe +
71Ga→ 71Ge+ e− [error on σ or on Ge 

extraction efficiency] 

most recent cosmological limits   

relativistic degrees of freedom 
at recombination epoch  fully thermalized non relativistic ν 

Neff = 3.30±0.27 Neff < 3.80 (95%CL)

ms < 0.42 eV (95%CL)

[depending on assumed cosmological  
model, data set included,…] 

[Planck, WMAP, BAO, high multiple CMB data] 

long-standing claim 
evidence for νμ -> νe appearance in accelerator experiments   

exp E(MeV ) L(m)
LSND νµ →νe 10÷50 30

MiniBoone
νµ →νe

νµ →νe
300÷3000 541

3.8σ 

3.8σ [signal from low-energy region] 
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ϑ eµ ≈ 0.035

Δm2 ≈ 0.5 eV 2

interpretation in 3+1 scheme: inconsistent  
(more than 1s disfavored by  
cosmology) 

ϑ eµ

0.035


≈ϑ es

0.2
 ×ϑµs ϑµs ≈ 0.2

predicted suppression in νμ disappearance  
experiments: undetected 

by ignoring LSND/Miniboone data the  
reactor anomaly can be accommodated 
by ms ≥ 1 eV and ϑes ≈ 0.2 
[not suitable for WDM, more on this later]  

1

 CL3

Excluded at 90% CL 
Excluded at 99% CL 
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Nelson-Strassler [0006251 “Suppressing Flavor Anarchy”] 

Anarchy can arise when matter chiral supermultiplets Xi of the MSSM are 
coupled to a superconformal sector in some finite energy range 

Λ=MPl Λc=MGUT 
e.g. 

large positive anomalous dimensions for Xi: 

€ 

γ i
2
≡ d(Xi) −1> 0

€ 

K = Zi
i
∑ Xi

+Xi + ...

€ 

w =Yij XiX jH + ...→ (FXi
YijFX j

)XiX jH + ...

  

€ 

Zi(Λc ) = Zi(Λ)
1
   

Λc

Λ

# 

$ 
% 

& 

' 
( 
−γ i

Anarchy through wave function renormalization: 

€ 

Xi → FXi
Xi

€ 

FXi
=

Λc

Λ

# 

$ 
% 

& 

' 
( 

γ i
2

<1
[as in FN with a single flavon  
and positive FN charges] no underlying flavour symmetry 

anomalous dimensions γi calculable when gauge group and field content are known 

[an anomaly free R symmetry is generated dynamically  
at the IR stable fixed point: dim(Xi)=2/3 R(Xi)] 

[Polland, Simmons-Duffin 0910.4585] 

other realizations of Anarchy (II) 


