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Early Universe Physics predicts the spectrum of 
density fluctuations.

Self-gravitating multi-species plasma !
during pre-CMB ages.
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Two-component baryon+CDM fluid!
after recombination
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Baryons condense to !
stars and galaxies

Simulator’s Challenge:!
model everything

Credit: Oliver Hahn



Dark Matter - properties on cosmological scales
• microscopic, i.e. continuum limit applicable 

• very cold (WIMPs, Axions), or quite cold (WDM)

• negligible cross section, purely gravitationally interacting

• dominant dynamical component of structure formation
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P(k)

CDM

decr. particle mass

dynamic range	

of simulation ICs

⇒ linear perturbation theory predicts perturbation spectra:

For cosmological problems, initial conditions are irrotational! 
All structure formation starts from purely potential flow

Credit: Oliver Hahn



Huge Successes in modeling structure formation 

for example:

but arguably less successful with non-vanilla (non-WIMP) DM...

Credit: Oliver Hahn





Annihilation Signal

Kulhen et al. 2008



A summary of outstanding issues
In CDM simulations, we study the effect of baryons on:!

!
1. Small scales, i.e. dwarf galaxies:!

• Core Formation!
• Missing Satellite Problem!
• Too Big to Fail “Problem”!

!
2. Central regions of spiral galaxies!

• Dark disk formation!
• Center of density displacements

Key: improved force-calculation techniques, high-resolution,  
realistic recipes for star formation and supernova feedback

What about Warm Dark Matter?



Dwarf Galaxies



Fornax



Draco



Credit: Madau
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Many problems, and one possible solution:!
Baryons



The Core/Cusp Problem

ρ∝ rα
NFW

Observations

Also: Dekel & Silk (1986), Navarro et al. (1996), Read & Gilmore (2005), 
Mashchenko et al. (2008), Teyssier et al. (2013)... +



G
overnato et al. 2010



Gasoline: Star Formation Recipe
The K-S relation of each particle:

� >� thres In reality, stars form in cold high-
density H2 clouds that sit at the peaks 
of the HI distribution. 

�SFR � �1.0±0.2
H2

Bigiel et al. 2008

SN feedback (blast-wave):  
ESN = �SN � 1051 erg s�1

nsf = 0.1 cm-3nsf = 5 cm-3

z=5 z=5

d⇥�
dt

=
�SF⇥gas

tdyn
� ⇥1.5

gas

Nnew�
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�
⇥

nSF⇥o� � 0.5 �0.31
SN Myr





Solving the Core/Cusp Problem
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2. Orbit expands in 
shallow potential

1. Small energy loss
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Pontzen et al. 2012



Solving the Core/Cusp Problem

Pontzen & Governato (2012)

Change in DM densityChange in central gas mass
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Governato, !
Zolotov, et al. (2012)

CORE FORMATION IS STELLAR MASS DEPENDENT

Credit: Madau





➾Repeated bursts of 
star formation 

gradually flatten the 
central DM profile

Governato, Zolotov, et al. (2012)

Solving the Core/Cusp Problem









Metal Polluters, !
Metal Poor

Credit: Madau



TOO BIG TO FAIL

Boylan-Kolchin et al. 2012



Credit: Madau



SIMULATING 
DSPH

Luminous satellites!
are 2 - 4 x less!

massive in central few 
kpc than !

DM-only satellites:

ü Baryon loss!
ü Enhanced tidal !
    stripping!
ü DM core-creation

TO BIG TO FAIL



Late-Type Galaxies



M61

Spiral !
galaxies are... !

complex



M61

Spiral !
galaxies are... !

complex

Observational Constraints:!
!
B/D ratio, rotation curve, surface brightness breaks, Tully-
Fischer relation, mass-metallicity relation, dispersion measure, 
K-S relation, metallicity gradients, metal pollution, the 
satellite properties, distribution, and number density, HI 
distribution

What can we learn?!
!
The formation mechanism of the main structures of the galaxy, the evolution of 
bars, bulges, and spiral arms, the behavior of the dark matter component, the 
origin of metals in the CGM, the cosmic evolution of the baryon fraction, the gas 
accretion history

What is the price?!
!
High resolution simulations are computationally expensive, and produce large 
data volumes



THE ANGULAR MOMENTUM CATASTROPHE IN ΛCDM 

Low mass halos cooling too effectively at high z, sink, and loose their angular 
momentum. Disks formed in simulations too small.!
!

N
avarro &

 Steinm
etz 2000

right slope!
wrong zero-point

“Agreement between 
model and observations 
appears to demand 
substantial revision to 
the CDM scenario or to 
the manner in which 
baryons are thought to 
assemble and evolve 
into galaxies in 
hierarchical universes.”



The Mass Concentration Issue

Simulations tend to produce too many stars at the center, which translates into steeply rising 
rotation curves.
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Solution:	

* Mimic star formation as occurs in real galaxies, i.e. localized, on high-density peaks only. 	

* Feedback from SN becomes more efficient in removing gas from high-density regions. 
These outflows remove preferentially low angular momentum material, suppressing the 
formation of large bulges.



Low mass halos cooling too effectively at high z, sink, and loose their angular 
momentum. Disks formed in simulations too small.!
!

Too much 
low angular 
momentum 
material Small 

disk

x [kpc]

THE ANGULAR MOMENTUM CATASTROPHE IN ΛCDM 



Key: !
Form the right amount of stars at the right 

places and at the right times.

This worked for the dwarf, but does it work for 
more massive galaxies like the Milky Way?



Eris: The Basics

Mvir 	


[1012Msun]
Vsun 	


[km/s]
M* 	


[1010Msun]
fb B/D

Rd 	


[kpc]
Mi

SFR 	

[Msun yr-1]

Eris 0.79 206 3.9 0.12 0.35 2.5 -21.7 1.1

MW 1±0.2 221±18 4.9-5.5 ? 0.33 2.3±0.6 ? 0.68-1.45

N
ε 	


[kpc]
mdark 	


[ 104 Msun]
mgas 	


[ 104 Msun]
nSF	


 [cm-3]

Eris
18.6 M	


3M+7M+8.6M	

(gas+dark+star)

0.12 9.8 2 5

Brooks et al. 2010 	

(h258) 2.8 M 0.35 1200 21 0.1

Scannapieco et al. 	

2009, 2010

1 M 0.7-1.4 2600 56 0.05

Boxsize=38 kpc Boxsize=25 kpc



ERIS: The Basics
!
✴ Campaign of extreme resolution cosmological zoom-in !
simulation of Milky Way-sized galaxies. GASOLINE !
(N-body+SPH) for Eris suite. !
!
✴ Eris: follows the formation of a light MW (Mvir=7.9x1011 Msun, !
no >1:10 merger @ z<3) with NDM+Ngas+N*=7M + 3M + 8.6M !
= 18.6M (r<Rvir @ z=0), εG=120 pc.!
 !
✴ Physics: lowT metal gas cooling, UVB heating, SN  Type Ia and Type II thermal 
feedback. High SF gas density threshold:  nSF=5 atoms cm-3 (50x higher than 
“standard” sims). High res allows to resolve Jeans length with >5 SPH kernels. No 
AGN. No stellar radiation feedback, galactic outflows are generated without explicit 
wind prescriptions. !
!
✴ Resources: Eris was run on NASA Pleiades supercomputer for 1.5M cpuh, it took  
9 months Including overhead.!
!
✴ Twin simulations with low star formation threshold, low star formation efficiency, 
low resolution, and metal diffusion will be referred to as ErisLT, ErisLE, ErisLR, and 
ErisMD, respectively. 





Low vs. high star formation threshold
 50% larger!
 30% less massive!
 30% higher gas fraction!
 5x lower density at r < 1 kpc

With higher threshold, Eris’ disk at z=2 is



Eris Satisfies a Host of Observational Constraints

stars

dark

data points from SDSS blue HB 
stars (Xue et al. 2008)

gas

Rotation Curve

Eris

7 Bigiel 
Spirals, 	
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Eris

Brook+ 2012

Mhalo- Mstar Relation

z=3

Z/Zsolar

Large scale SNe-driven outflows HI distribution

MHI = 109 Msun

Rbreak=	

10.7 kpc

μbr

μin

SB Profile, B/D, and SB Break

B/D=0.35

disk

spheroid



AN OFF-CENTER DENSITY PEAK IN THE MILKY WAY'S DM HALO?



Offset is seen in baryonic simulation 
only, not on dark matter only version, 
and it’s possibly a side effect of the 
stellar bar.

DM annihilation luminosity “surface 
density” ( ∫ρ2 dl) in the central 2 kpc 
× 2 kpc region of Eris. 

Displaced annihilation signal
Kuhlen, Guedes + 2013



The effect of the stellar bar on the dark matter distribution

Kuhlen, Guedes + 2013



Effect of the stellar bar on the dark matter distribution

Once the DM offset becomes pronounced 
the distributions prefer large values of        
|cos θ|, indicating alignment between the 
offset peak and the stellar bar.

The offset becomes more pronounced 
at z~1, when the bar is stronger

Periodicity ~ 70 Myr



The distribution of DM in Eris and consequences #
for direct detection

• All direct detection analyses must make an assumption about the local 
phase-space distribution of the DM particles incident on Earth. #
!

• The most commonly used model is the so-called Standard Halo Model 
(SHM), in which the local DM density is taken to be 0.3 GeV (consistent 
with current observational constraints, Garbari et al. 2011; Bovy & Tremaine 
2012)  #
!

• The halo rest-frame speed distribution f(v) is assumed to be a Maxwellian 
with a peak (most probable) speed of 220 km/s.



Direct detection: DM nucleus scattering rate

Eris has an enhanced density profile due to 
contraction and dark disk formation

diferential DM-nucleus scattering rate per unit#
detector mass

30% enhancement in disk plane w.r.t. #
DM only simulation

0.42 GeV 



Direct detection: DM nucleus scattering rate

The velocity distribution of the Eris is 
broadened and  shifted toward higher velocities

diferential DM-nucleus scattering rate per unit#
detector mass

30% enhancement in disk plane w.r.t. #
DM only simulation

Kuhlen et al. 2013



Direct detection: DM nucleus scattering rate

The velocity distribution of the Eris is slightly 
shifted with respect to DM only simulations

diferential DM-nucleus scattering rate per unit#
detector mass

30% enhancement in disk plane w.r.t. #
DM only simulation

Kuhlen et al. 2013

slightly higher!
 than DM only

reduced w.r.t !
the SHM



Contribution of more massive satellites to the velocity distribution. The stellar disk 
drags late-infall satellite’s orbit to the disk plane and their remains co-rotate with it.

debris 
flows

dark disk

Direct detection: DM nucleus scattering rate



Formation of the Dark Disk



What about warm dark matter?



Problems of the N-body method: WDM
Main Problem: two-body effects, directly related to force softening

Clumping/
Fragmentation

Scattering

Most obvious for non-CDM simulations!
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(e.g. Centrella&Melott 1983, Melott&Shandarin 1989, Wang&White 2007)
Credit: Oliver Hahn



How do N-body methods work?

f(x,p, t) =
NX

i=1

�D(x� xi(t)) �D(p� pi(t))

Vlasov-Poisson system

Distribution function

⇒ eq. of motion for N massive particles, not a continuum

PM methods: compute density on a grid

Solve Poisson’s equation (typically in Fourier space)

Compute accelerations and move particles (typically symplectic integrator)

r2� / � , �̃ / ��̃/k2

a = �r� ) v(t+�t) = v(t) + a(t)�t ) x(t+�t) = x(t) + v(t)�t

Credit: Oliver Hahn

Tracing the dark matter sheet 3

dark matter sheet can be reconstructed at all times. Projecting
the sheet onto configuration space gives then a volume filling
density field of the dark matter fluid that we propose to use as
the density field that should be used to solve Poisson’s equa-
tion in future solvers for collisionless fluids. Current N -body
solvers do not evolve the vertices consistently with a density
field construed in the proposed way.

As a first step towards this goal, we analyze the results
of standard cosmological N -body simulations using this new
definition of the dark matter sheet. The plan of the paper
is as follows. First we will explain one and two dimensional
analogues to introduce the relevant concepts. We then describe
the details of our implementation before we apply the method
to analyze cosmological large-scale structure as well as the
phase-space properties of a single galaxy cluster halo.

2 EVOLUTION OF THREE-DIMENSIONAL
SHEETS IN PHASE-SPACE

The distribution function f(x,p) describes the density of a
fluid in phase-space. It evolves via

@f

@t
= � p

m
·r

x

f �r
x

� ·r
p

f, (5)

where � is the gravitational potential and m is the dark mat-
ter particle mass. Fluid elements get stretched in coordinate
space by advection p

m

·r
x

f , and in the momentum coordinates
by the gravitational forces p

m

·r
x

f . Note that in a Lagrangian
frame the first term on the right hand side is zero. Further-
more, the second term describes how the fluid is stretched in
momentum space and does not a↵ect the space density of the
fluid parcel. This just states Liouville’s theorem (Gibbs 1902)
that the volume in phase-space is conserved. Hence, any fluid
volume 4x4v will remain constant. We are interested here in
the space density of the fluid, the projection of f into coordi-
nate space. i.e. the integral ⇢(x) =

R
f(x,v)d3v. The contribu-

tion to the space density of any stream of dark matter is only
a↵ected by the volume it occupies in the space coordinates,
i.e. 4x. Consequently, all that is necessary to follow the evo-
lution of the dark matter density is to follow the Lagrangian
evolution of fluid elements. The mass inside a volume element
is conserved and its contribution to the space density of dark
matter is described by the volume it occupies. Conversely, for
a given WIMP model one knows the initial velocity dispersion
at any point in space (e.g. Hogan 2001; Vogelsberger et al.
2008). Therefore, if one knows the spatial part of the phase-
space density one has information about the density in velocity
space. For a given shape of the initial distribution function in
the velocity directions (e.g. a Maxwellian) one has a reliable
measure of the intrinsic velocity density at all times.

It is instructive to first describe a straightforward and well
known one–dimensional case from which a number of lessons
can be learned which apply equally well in higher dimensions.

2.1 The Zel’dovich pancake

The phase-space diagram and the evolved density in a
Zel’dovich plane wave collapse is shown in Figure 1. The ini-
tial sheet at very early times would be coincident with the x-
axis as the initial velocity perturbation is small and the initial
state models a nearly homogeneous Universe. Sampling this
initial state with particles of equal mass gives one a grid of
uniformly placed particles. Their configuration space volume
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Figure 1. The one–dimensional plane wave collapse of Zel’dovich
(Zel’Dovich 1970; Binney 2004). The top panel gives the phase-
space diagram showing the velocities of the particles at their loca-
tions. The bottom panel gives the density of the dark matter inside
the stream, one computed with a seven point stencil (red squares),
and the other computed from the volume between two neighboring
points (solid line). Knowing the spatial volume between particles
along one stream is su�cient to obtain accurate density estimates
at and between the points.

is now directly related to their distance in the x–direction.
Figure 1 shows the results of computing their local stream
density from two approaches. In one, labelled “neighbour”, we
take the V

i

= x
i+1 � x

i

as the volume between particle i and
i+ 1. One full particle mass is distributed in this volume and
the density at (x

i

+ x
i+1)/2 is given by ⇢

neigh

= m
p

/|V |. The
values shown as “squares” in the same figure are computed
including information from points further along the stream,
⇢7pt = 6m

p

/|x
i+3 � x

i�3|. It is defined at the particle po-
sition x

i

. A number of observations can be made. Volumes
defined in this way may be positive or negative depending on
whether particles have the same or opposite ordering that they
had initially. Volume elements may also become 0. The den-
sity involving more points along the stream gives rise to some
smoothing and density extrema are clipped. The central high
configuration space densities are reached for two reasons. The
primordial stream densities along the sheet become larger and
many streams overlap adding their densities. The number of
streams in space is always an odd number at any location in
space. Only at the caustics may one measure even numbers.

The particle locations trace the sheet in phase-space. Any
unstructured space-filling grid that connects adjacent fluid ele-
ments may be used to trace the dark matter sheet as it evolves
in phase-space. In fact, there is significant ambiguity here as
illustrated in Figure 2. The two–dimensional analog shown
there has as a simplex triangles. The smallest possible elements
one may choose to follow would be the Delaunay triangula-
tion of the points. However, these would give two resolution

c� 2011 RAS, MNRAS 000, 1–17

Advection Gravity

�� = 4⇡G

Z
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The cold dark matter sheet
WIMP (say 100 GeV) very cold, i.e. very thin along velocity direction.
Almost perfectly uniformly distributed in space in the early Universe

x y

vx
CDM covers a 3D submanifold of 6D phase space 
!
extends over all of space  
!
initially ‘delta’-function in velocity 
!
Continuum limit for all practical purposes 
!
never tears, never self-intersects

We call this 3D surface the dark matter sheet.

f(x,v,t)

f(x,p, t) =

Z
�D(x� xq(t)) �D(p� pq(t)) d

3q

Q ⇢ R3 ! R6 : q 7! (xq,pq)

Credit: Oliver Hahn



DM initial conditions

Lagrangian perturbation theory 

relates density perturbations to displacements and velocities

�q� / �

need to solve Poisson’s equation

L(q) /rq�(q, t)

at 1st order, displacement field is proportional to gravitational force (Zel’dovich 1970)

Cold sheet is perturbed by density + velocity perturbations


x

v v

x

xq = q+ Lq(t), ẋq =
@

@t
Lq(t)

Credit: Oliver Hahn



Discretizing the DM fluid (in the cold limit)

True cold distribution function: the dark matter sheet

f(x,p, t) =

Z
�D(x� xq(t)) �D(p� pq(t)) d

3qQ ⇢ R3 ! R6 : q 7! (xq,pq)

The N-body limit:
f(x,p, t) =

NX

i=1

�D(x� xi(t)) �D(p� pi(t))

Can try a piecewise linear approximation!    (e.g. Abel, Hahn, Kaehler 2012 and Hahn, Abel, Kaehler 2013)  

q1↦(x,v)

q3↦(x,v)

q2↦(x,v)

⇒ use a finite number of points on sheet and generate a tessellation 

triangles in 2+2D tetrahedra in 3+3D,  
can approximate the mass with second kind of particles e.g.

Credit: Oliver Hahn



Evolution in two dimensions

• The real space density, velocity field, etc., at any given point can 
then be determined from all cells that contain that point. 

multi-stream regions appear
shell crossing

density, velocity = sum over many cells

time

particle locations

like origami! (with extra-dimensions)  
(cf. also Neyrinck et al. 2012)

Credit: Oliver Hahn



Much more intricate web structure...

Same simulation data! Small-scale structure not lost in shot noise

rendering points for particles. rendering tetrahedral phase space cells.

Credit: Oliver Hahn



Much improvement over adaptive softening
Renderings of same WDM simulation data

Adaptive kernel filteredKaehler et al. 2012 full tet rendering

Mass is spread out ⇒ fragmentation reduced

Credit: Oliver Hahn



Compute the force due to tetrahedra
• Expensive! -> use pseudo-particle approximation to tets

Monopole approximation
Quadrupole approximation

• use pseudo-particles for mass deposit 

• now 2-kinds of particles -> mass tracer vs. flow tracer particles

does not capture linear deformations w.r.t CoM

Credit: Oliver Hahn



300eV toy WDM problem
fixed mass resolution, varying force resolution:
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sheet tesselation 
based method cures 
artificial fragmentation

force res.

features become sharper 
fragmentation appears

std PM

sheet 
monopole

sheet 
quadrupole

Credit: Oliver Hahn



300 eV toy problem cosmological run
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no fragmentation visible

mass functions problematic,!
no halo finder works really well

fixed force, varying mass resolution:

Credit: Oliver Hahn



First determination of WDM halo mass function!

Angulo, Hahn & Abel 2013Credit: Oliver Hahn



Structures at different masses...

Are at different stages of formation...
Credit: Oliver Hahn



Formation of a halo at the truncation scale



Conclusions

• Latest simulations of dwarf galaxies have attempted to 
solve outstanding issues with CDM, namely cusp / core 
profiles, the missing satellite problem, and the too-big-to-
fail problem#
!

•  Latest simulations of Milky-Way size galaxies are 
beginning to address issues of mass-concentration, highly-
peaked oration curves, Mstar / Mhalo, etc. They suggest 
the existence of a dark disk, and displacements of the 
central dark matter cusp.#
!

• Novel N-body approaches are beginning to remove 
clumping issues with warm dark matter.


