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Critical number of atoms trapped BEC a<0 

P.A. Ruprecht, M.J. Holland, K. Burnett, and M. Edwards, Phys. Rev. 
A 51, 4704 (1995). Spherical symmetry k=0.575 

J.L. Roberts, N.R. Claussen, S.L. Cornish, E.A. Donley, E.A.Cornell, and 
C.E. Wieman, PRL 86, 4211 (2001). 
E. A. Donley et al., Nature 412, 295 (2001). BOSENOVA 
assymetry factor λ=6.80/17.35   k=0.46(6)  





For  the experimental value assymetry we got theoretical  
value k=0.550 
The experimental value was revised to k=0.547(48) 
N. R. Claussen, S.J.J.M.F. Kokkelmans, 
S. T. Thompson, E. A. Donley, and C. E. Wieman, PRA 67, 060701R (2003)    
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Introduction- Classical Fluids 

Reynolds Nr. 
D = depends of the shape/size of the body [L] 
v0 = flux velocity 
η = viscosity 



 BEC in general are 
superfluids, i.e., have no viscosity! 

- How behaves a superfluid past an obstacle? 

C. Raman, M. K¨ohl, R. Onofrio, D. S. Durfee, C. E. Kuklewicz, Z. 
Hadzibabic, and W. Ketterle, PRL 83, 2502 (1999). 

Large dissipation  
at vc>~ 0.26 cs  



JILA 2005 

Quantum Fluids-
BEC 



V102275: poky sits 586/556 

Vortices behind a small cylinder 

laser beam 

vortices 

Cornell (2005) 



experimental 

Simulation with Gross-Pitaevskii eq. 
but subsonic! 



Gross-Pitaevskii equation 

Dynamics of a dilute condensate is described 
by the Gross-Pitaevskii equation ~1961 
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Gross-Pitaevskii Eq. in hydrodinamic form 

€ 

∂n
∂t

+∇. nv( ) = 0

  

€ 

m ∂v
∂t

+∇
1
2
mv2 +Vext + gn − 2

2m n
∇2 n

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ = 0

And sound velocity for uniform solution is  
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M=5, r=1   

Cutting in x we see dark solitons 

Supersonic Flow in BEC   

G.El, A.G., A.M. Kamchatnov, PRL (2006) 

T. Winiecki, J. F. McCann, and C. S. Adams, PRL(1999) 
“vortex street” 



Differently from Navier-Stokes, that predicts  
turbulence for sufficient high velocities,  
the potential flow in GP-2D at a simple case showed  
to be integrable, which seems a remarkable result!  



P=0.92kW cm-2         1.67kW cm-2          1.90kW cm-2 

BEC of exciton-polaritons 
J. Kasprzak et al, Nature (2006) 



density phase 



Kelvin 
bow waves 



r=1, M=2 



Applying the same techniques developed by  
by Lord Kelvin to the GP equation  
it is possible to derive analytical shape of the  
bow waves profile   



Yu.G. Gladush, G. El, A. G., A.M. Kamchatnov 
PRA (2007) 

r=1, M=2 



Extended obstacle 

G. A. El, A. M. Kamchatnov, V. V. Khodorovskii, E. S. Annibale, and A. G., 
PRE 80, 046317 (2009). PRE Kaleidoscope, October 2009.  



  M=5 

E.S. Annibale, A.G., PLA 376, 46 (2011)  
E.G. Khamis, A.G., PLA 376, 2422 (2012) 

Collision of oblique solitons with two obstacles 

density phase 



density phase 

Problem almost integrable when M>> and/or θ<< 



Oscillating  attractive-repulsive obstacle  
Should depend on frequency  

Atomic BEC 

-obstacles are typically repulsive (blue detuned) 
            but can also be attractive (red detuned) 

-attractive obstacles have non-classical counterpart 

-motivation: 



2D reduction 

Oscillating  attractive-repulsive obstacle in 2D 



= 2D density 

Thus means kHz 





Cálculo 

Inside Mach cone, M=3  

E.G.Khamis, A.G., 
PRA 87, 045601 (2013)  



Ω=1.5 

phase velocity 

PRA Kaleidoscope March (2013) 
E.G.Khamis, A.G., PRA 87, 045601 (2013)  



fast oscillation- presence of fragments 
   not enough time for dipole formation 



 small obstacles -> rarefaction waves 
      F. Pinsker and N.G. Berloff, PRA 89, 053605 (2014)  

So either fast acting obstacle or small obstacles  
produces fragments or rarefaction waves instead of vortices.   



Outside Mach cone-bow waves 

E.G.Khamis, A.G., PRA 87, 045601 (2013) 



Fast oscillating obstacle we assume Huygens principle 

n 

E.G.Khamis, A.G., PRA 87, 045601 (2013)  



DRAG FORCE 

where R(t) is the response function. 

In <Fx> only A1 survive 

Drag can be shown to have the form 



E.G.Khamis, A.G., PRA 87, 045601 (2013)  



Conclusions 
- Oscillating attractive-repulsive obstacle in supersonic flow generates 
 different patterns of flow depending on the frequency 

-Inside Mach cone, for increasing frequency we have “chopper” 
 with “5 in dice”, vortex dipole street, and fragments 

- Fast attractive repulsive oscillating obstacle or small obstacles  
produces fragments or rarefaction waves instead of vortices.   

-vortex dipole ejects secondary radiation when created with energy excess 

-Outside Mach cone, for fast oscillations  ships waves analytically treated 

-Drag force vanishes for intermediate and very high frequencies  
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What is hidden vorticity? 

• Composition of two counter-rotating 
vortices of different interacting species 
such as the total angular momentum is 
zero. 

• Question: if it gets unstable how it 
happens? 



Two coupled 2D Gross-Pitaevskii 







Expand perturbations of the system in terms of axial angular  momentum (L) modes, 
Solution of the Bolyubov-DeGennes equation obtained from the coupled system  
for each mode. 








