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Outline

❖ INTRO	



❖ PART I: Tunable open quantum systems	



❖ PART II: From few to many	



❖ CONCLUSION



INTRODUCTION:  
few-body physics with trapped atoms
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A tunable few-body system
❖ Few-fermion systems in nature	



‣ Atoms, nuclei, …	



‣ Limited tunability of interaction	



❖ Artificial quantum systems	



‣ Atomic clusters	



‣ Quantum dots	



‣ Ultracold atoms	



❖ Tunable few- and many-body quantum 
systems are becoming a reality

Single atom detection

CCD

1-10 atoms can be distiguished 
with high fidelity (> 99% )

1/e-lifetime: 250s

Exposure time 0.5s

F. Serwane, G. Zürn, T. Lompe, T. Ottenstein, A. Wenz and S. Jochim, 
Science 332, 336 (2011)

• Quantum control in a many-body system is becoming possible!

W. Bakr et al., Science 329, 547, 2010 C. Weitenberg et al., Nature 471, 319-324, 2011

Control at the single particle level

Æ We aim for bottom up approach: 

Start with few-fermion system and then increase towards a many-body system

C. Weitenberg et al.,  
Nature 471 (2011) 319

F. Serwane et al., Science 332 (2011) 336
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High-fidelity preparation

❖ 2-component mixture in 
reservoir T=250nK	



❖ Superimpose microtrap	



❖ Scattering  
⇒ thermalization	



❖ Switch off reservoir	



❖ 1-10 atoms can be 
distinguished with high 
fidelity (> 99% )

fluorescence normalized to atom number

2 atoms 8 atoms

F. Serwane, G. Zürn, T. Lompe, T. Ottenstein, A. Wenz and S. Jochim, 
Science 332, 336 (2011)

Lifetime in ground state ~ 60s

count the 
atoms

High Fidelity Preparation
Single atom detection

CCD

1-10 atoms can be distiguished 
with high fidelity (> 99% )

1/e-lifetime: 250s

Exposure time 0.5s

F. Serwane, G. Zürn, T. Lompe, T. Ottenstein, A. Wenz and S. Jochim, 
Science 332, 336 (2011)

F. Serwane et al., Science 332 (2011) 336
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Universality in 1d-systems
❖ Tunability of interaction via 

magnetic Feshbach resonance	



❖ Cold and dilute systems 
𝜌R3 ≪ 1	



❖ Detailed knowledge of the 
interaction is not needed 

❖ Radially strongly confined 
Aspect ratio (ω‖ / ω⊥) 1:10	



❖ Effectively 1D system with 
contact interaction.
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Busch model for two particles

From: G. Zürn et al., Phys. Rev. Lett. 108, 075303 (2012). 

Foundations of Physics, Vol . 28, No. 4, 1998

�(�E/2 + 1/4)

�(�E/2 + 3/4)
= �2

g

❖ Zero-range interaction	



❖ Parabolic trapping 
potential	



❖ Energy spectrum given 
by the Busch formula 	



!

!

❖ Analytical expressions for 
wave functions 

T. Busch et al., Found. Phys. 28 (1998) 549. 

http://link.aps.org/doi/10.1103/PhysRevLett.108.075303
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Energy spectrum

1+2 system1+1 system

J. Lindgren et al, New J. Phys. 16 (2014) 063003. 

and even parity states is shown in figure 2. The horizontal lines correspond to totally
antisymmetric states, which are non-interacting in the case of zero-range interactions. For
example, the lowest such state, at ω= =E 4 , corresponds to having one particle in each of the
three lowest HO states. At = ∞g it becomes degenerate with two interacting states. Note also
that we have many molecular branches close to = ∞g for <g 0 (dimmed curves in figure 2).
Starting from → +g 0 (far left in the figure) and following the odd ground state we see that it
makes a jump around = ∞g before becoming non-interacting at → −g 0 (far right). This is an
analog of the so-called repulsive branch for untrapped polarons [31, 32]. Repulsive branch
means that excited states are pushed up on the attractive side of the → ∞g resonance in
constrast to the lower-lying molecular branches that become strongly bound, as shown in
figures 1 and 2. However, the jump endured by the odd and even states that become degenerate
at = ∞g is quite different. For comparison, we plot the two-body Busch results shifted by the
energy of a free spectator particle (dashed blue line in figure 2), which turns out to be almost
identical to the even parity state at low energy. This even parity state therefore has an atom-
dimer structure, with almost no interaction between atom and dimer. This has also been
observed in three-dimensional traps [39].

A particularly interesting feature of the interacting states, as they cross-over to the
attractive side of → ∞g , is their density distributions that we show in figure 3 for the odd
ground state. While they are approaching the fermionization limit → ∞g for the total density,
the spin-resolved densities demonstrate a distinct separation in the trap. This we interpret as a
precursor of ferromagnetic behavior in a one-dimensional few-body context for imbalanced
systems. In the vicinity of = ∞g , the ground, first excited, and non-interacting states all have
completely different spin-resolved densities; the ground state has the impurity at the center and
the first excited state has the impurity at the edge while the non-interacting state yields a three-
hump profile independent of spin. This has all been verified using our analytical model (see
appendix B). Since the states are degenerate at = ∞g , this clearly demonstrates that the
behavior is not due to energetics but to different correlations in the wave functions. It also

New J. Phys. 16 (2014) 063003 E J Lindgren et al

4

Figure 2. Energy spectrum for the 2+1 system (excluding the center-of-mass
contribution). Diverging states on the attractive side are dimmed. The Busch-model
for a 1+1 system plus the energy of a spectator particle has been added for comparison.

❖ Effective interaction approach with 
exact diagonalization	



❖ Studied up to 1+9 particles
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TUNABLE OPEN QUANTUM SYSTEMS
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Tunable open quantum systems
❖ Interacting atoms in an open trap.	



❖ How do the two atoms tunnel out?	



❖ How is the decay mechanism 
affected by the “pairing” interaction?

Attractive interactions

• Use this to determine the pairing energy
• Problem: tunneling of the two particles is correlated

G. Zürn, A. Wenz , S. Murmann, A. Bergschneider, T. Lompe, and S. 
Jochim, PRL 111, 175302 (2013)
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->  How do the two atoms tunnel out ?
->  How is the decay mechanism 
affected by the “pairing” interaction ?

Tunneling theory for two particles escaping from the trap 

taken from G. Zürn et al., PRL 108 (2012).

From: G. Zürn et al., PRL 108 (2012) 075303. 

  

->  How do the two atoms tunnel out ?
->  How is the decay mechanism 
affected by the “pairing” interaction ?

Tunneling theory for two particles escaping from the trap 

taken from G. Zürn et al., PRL 108 (2012).

http://link.aps.org/doi/10.1103/PhysRevLett.108.075303
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Two-proton radioactivity

Radioactive decays at limits of nuclear stability

M. Pfützner* and M. Karny

Faculty of Physics, University of Warsaw, Hoża 69, PL-00-681 Warszawa, Poland

L. V. Grigorenko

Flerov Laboratory of Nuclear Reactions, Joint Institute for Nuclear Research, RU-141980,
Dubna, Russia

K. Riisager

Department of Physics and Astronomy, Aarhus University, DK-8000 Aarhus C, Denmark

(published 30 April 2012)

The last decades brought impressive progress in synthesizing and studying properties of nuclides
located very far from the beta stability line. Among the most fundamental properties of such exotic
nuclides, the ones usually established first are the half-life, possible radioactive decay modes, and
their relative probabilities. When approaching limits of nuclear stability, new decay modes set in.
First, beta decays are accompanied by emission of nucleons from highly excited states of daughter
nuclei. Second, when the nucleon separation energy becomes negative, nucleons start being emitted
from the ground state. A review of the decay modes occurring close to the limits of stability is
presented. The experimental methods used to produce, identify, and detect new species and their
radiation are discussed. The current theoretical understanding of these decay processes is reviewed.
The theoretical description of the most recently discovered and most complex radioactive process—
the two-proton radioactivity—is discussed in more detail.

DOI: 10.1103/RevModPhys.84.567 PACS numbers: 23.40.Hc, 23.50.+z, 23.60.+e, 23.90.+w
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!-delayed three-proton emission channel (Miernik et al.,
2007b). An example event of the two-proton radioactivity of
45Fe is shown in Fig. 10.

In case of very short decay half-lives, in the subnanosecond
range, the implantation technique generally cannot be used. A
short-lived precursor decays in flight very close to the place
of its production. The identification of the nucleus and its
properties can be deduced from the detection and tracking of
all decay products. This approach was successfully applied to
the study the 2p decay of 19Mg (Mukha et al., 2007) which
also exemplifies advantages of radioactive beams. Ions of
19Mg were produced in a secondary target by a neutron
knockout reaction from a beam of 20Mg delivered by the
GSI FRS separator (Geissel et al., 1992). The tracking of
emitted protons by means of silicon microstrip detectors
(Stanoiu et al., 2008) allowed to establish the longitudinal
distribution of decay vertices and to determine the half-life of
19Mg to be 4.0(15) ps. At the same time the information on
correlations between emitted protons was collected. Since the
beam impinging on the secondary target contains usually a
mixture of different ions (’’cocktail’’ beam), other reactions
can be addressed simultaneously. For example, in the mea-
surement of 19Mg, the data on proton and two-proton decays
from 15F, 16Ne, and 19Na were obtained (Mukha et al., 2010).
A similar technique has been applied to study two-proton
emission from excited states of 17Ne (Chromik et al., 2002;
Zerguerras et al., 2004). The tracking method of the in-flight
decay products is expected to provide information on several
2p emitters among light nuclei; see Sec. VII.

2. Neutrons

Currently, two different methods for neutron detection are
used in nuclear spectroscopy. The first one is based on
thermal-neutron induced reactions, like 3Heðn; pÞ3H,
6Liðn;"Þ3H, or 10Bðn;"Þ7Li, leading to charged particles
which can be easily detected. The neutrons emitted by a

radioactive source have to be first thermalized, and this is
achieved by means of a moderator—usually a large block of
polyethylene surrounding the source. In the moderator cylin-
drical cavities, arranged in concentric rings, are drilled in
which proportional counters are mounted (Mehren et al.,
1996). In these counters, which are filled with 3He or BF3 gas,
neutron-capture reactions take place and are detected. Such
construction allows to cover a large solid angle, approaching
4# and the large total efficiency of up to 30% can be achieved
for a broad neutron energy range from MeV to tens of MeV
and almost independent on the neutron energy due to ther-
malization. Since the information on energy is lost, such a
detector is used primarily for counting which makes it well
suited for determination of branching ratios for various
neutron-emission channels. Another disadvantage of the
moderation is that a neutron is detected up to about 100 $s
after the emission. Such a delay reduces the total counting
rate which can be accepted. An example of a modern version

FIG. 9 (color online). A schematic view of the optical time
projection chamber (OTPC). For each recorded event, the data
consist of a 2D image taken by a CCD camera in a given exposure
time and the total light intensity detected by a photomultiplier
(PMT) as a function of time, sampled by a digital oscilloscope.
The gating electrode is used to block the charge induced by
incoming ions.
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FIG. 10 (color online). An example of a registered two-proton
decay event of 45Fe. Top: An image recorded by the CCD camera in
a 25 ms exposure. A track of a 45Fe ion entering the chamber from
the left is seen. The two bright, short tracks are protons of
approximately 0.6 MeV, emitted 535 $s after the implantation.
Bottom: A part of the time profile of the total light intensity
measured by the PMT (histogram) showing in detail the 2p emis-
sion. Lines show results of the reconstruction procedure yielding the
emission angles # with respect to the axis normal to the image.
From Miernik et al., 2007c.
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qualitative features of the phenomenon. The illustrations are
provided mainly by the examples of 6Be, 19Mg, and 45Fe.
These nuclei belong to p, s-d, and p-f shells, respectively,
and their lifetimes span about 18 orders of the magnitude,
providing support for universality of the currently achieved
understanding of the two-proton decay.

The emission of two protons from a nuclear state is in
principle possible in various decay scheme situations which
are sketched in Fig. 25. We introduce here the following
notation: ET is the system energy relative to the nearest
three-body breakup threshold, while E2r is the lowest two-
body resonance energy relative to this threshold. The 2p
decay in the pure form, which we will call the true 2p decay
(or true three-body decay) is represented in Fig. 25(c). In this
case sequential emission of protons is energetically prohib-
ited and all final-state fragments are emitted simultaneously.
Such a situation is common among even-Z nuclei at the
proton drip line and results from pairing interactions; see
Sec. II. The decay dynamics of true 2p decay is not reducible
to the conventional two-body dynamics and should be ad-
dressed by the methods of few-body physics.

A somewhat special situation, represented in Fig. 25(d),
occurs when the ground state of the subsystem is so broad that
the emission of the first proton becomes energetically pos-
sible (although E2r > ET) which opens a way for a sequential
transition. Similarly, the decay may formally proceed in a
sequential manner (E2r < ET), but the ground state of the
subsystem is so broad that no strong correlation between
outgoing fragments at given resonance energy can be formed;
see Fig. 25(e). We refer to such scenarios as democratic
decays and discuss them in Sec. VII.B.1.

The three-body character of the 2p radioactivity places it
in the broader context of nuclear processes exhibiting essen-
tial many-body features. This includes studies of the broad
states in continuum and excitation modes, like the soft dipole
mode (Aumann, 2005). Another topic, pursued actively in the
last decades, is the phenomenon of two-neutron halo (Zhukov
et al., 1993) with its Borromean property that none of the
three two-body subsystems is bound. The 2p decay can be
seen as an analog of the two-neutron halo, requiring similar
ingredients in the proper many-body description of its prop-
erties. The illustration of this point is provided by the isobaric
mirror partners 6He and 6Be: the first is the classical
Borromean halo nucleus and the second is the lightest true
2p emitter. The crucial difference, however, comes from the
fact that the 2p decays involve charged particles in the
continuum which significantly complicates the theoretical
description. Another example: 17Ne is a Borromean two-
proton halo nucleus, while the first excited state of 17Ne
and the less bound 16Ne are true 2p emitters.

All ground-state two-proton emitters studied experimen-
tally up to now are collected in Table VI.

1. Two-proton correlations

The two-body decay of a resonance is characterized only
by the energy and the width of the state. The three-body decay
is much more ‘‘rich’’ as complex information about momen-
tum correlations becomes available.

For decays with three particles in the final state, there are
9 degrees of freedom (spins are not counted). Three of them
describe the center-of-mass (c.m.) motion and three describe
the Euler rotation of the decay plane. Therefore, for a fixed
decay energy ET there are two parameters representing the
complete correlation picture. It is convenient to choose the

FIG. 25. Energy conditions for different modes of the two-proton emission: (a) typical situation for decays of excited states (both 1p and 2p
decays are possible), (b) sequential decay via narrow intermediate resonance, and (c) true 2p decay. The cases (d) and (e) represent
‘‘democratic’’ decays. The gray dotted arrows in (c) and (d) indicate the ‘‘decay path’’ through the states available only as virtual excitations.

TABLE VI. Ground-state 2p emitters investigated experimentally.
The indicated half-life corresponds to the partial value for the 2p
decay.

NZ E (keV) ! or T1=2 Reference

6Be 1371(5) 92(6) keV Whaling (1966)
12O 1820(120) 400(250)a keV KeKelis et al. (1978)

1790(40) 580(200)a keV Kryger et al. (1995)
1800(400) 600(500)a keV Suzuki et al. (2009)

16Ne 1350(80) 200(100)a keV KeKelis et al. (1978)
1400(20) 110(40)a keV Woodward, Tribble,

and Tanner (1983)
1350(80) <200 keV Mukha et al. (2008b)

19Mg 750(50) 4.0(15) ps Mukha et al. (2007)
45Fe 1100(100) 4:0þ3:3

"1:8 ms Pfützner et al. (2002)
1140(50) 8:5þ6:4

"3:2 ms Giovinazzo et al. (2002)
1154(16) 2:8þ1:0

"0:7 ms Dossat et al. (2005)
3:7þ0:4

"0:4 ms Miernik et al. (2007c)
48Ni 1350(20) 8:4þ12:8

"7:0 msb Dossat et al. (2005)
3:0þ2:2

"1:2 ms Pomorski et al. (2011b)
54Zn 1480(20) 3:7þ2:2

"1:0 ms Blank et al. (2005)

aAccording to theoretical calculations, much smaller widths are
expected (Barker, 1999; Barker, 2001; Grigorenko et al., 2002).
bOnly one decay event observed.
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FIG. 3. 19Mg: WF density jC!1"j2 (a) and current density J!X, Y" (b) at E ! 0.90 MeV in the “T” system. 48Ni: WF density (c)
and current density (d) at E ! 1.12 MeV in the “T” system. (e) shows the same as (d), but without pairing. (f ) shows the same
as (d),(e), but in the “Y” system. The scale is three (a),(b) and two (c)–(f ) contours per order of magnitude. The dark regions in
(b),(d) at small r values stand for the negative current “backflow” invisible in the logarithmic plot.

However, other interesting observables (e.g., momentum
distributions) need further investigation. The results of
the calculations predict much lower widths for two-proton
emission than the widely used diproton model, where the
emission of two protons with zero relative energy is as-
sumed. For a given decay width, this increases any fitted
decay energy: for 48Ni this shifts the limit from Q2p ,
1.5 MeV [10] to Q2p , 2 MeV. The calculated two-
proton width for the 17Ne 3#22 state is negligible com-
pared to the electromagnetic decay width. The pp pairing
was found to be very important for penetration, but the
penetration pattern is complicated and involves various
paths which cannot be accounted for properly in a dipro-
ton model. The correlations which exist in the interior of
the nucleus are drastically smoothed by the proton pairing
and Coulomb interactions before the asymptotic region is
reached.
The authors thank B.V. Danilin and N. B. Shul’gina for

valuable discussions. L. V.G. is grateful for support from
Royal Swedish Academy of Science and the hospitality
of Chalmers University of Technology, where part of this
work was done. I. G.M. is supported by the German Fed-
eral Minister for Education and Research (BMBF) under

Contract No. 06 DA 820. We acknowledge the support of
EPSRC Grant No. GR#J95867 and RFBR Grant No. 00-
15-96590.

[1] V. I. Goldansky, Nucl. Phys. 19, 482 (1960).
[2] B. A. Brown, Phys. Rev. C 43, R1513 (1991).
[3] W. Nazarewicz et al., Phys. Rev. C 53, 740 (1996).
[4] M.V. Zhukov et al., Phys. Rep. 231, 153 (1993).
[5] M.V. Zhukov and I. J. Thompson, Phys. Rev. C 52, 3505

(1995).
[6] B.V. Danilin et al., Sov. J. Nucl. Phys. 46, 225 (1987);

O.V. Bochkarev et al., Nucl. Phys. A505, 215 (1989).
[7] O.V. Bochkarev et al., Sov. J. Nucl. Phys. 52, 1525 (1990);

G. Nyman et al., Nucl. Phys. A510, 189 (1990).
[8] D. P. Balamuth, R.W. Zurmühle, and S. L. Tabor, Phys.

Rev. C 10, 975 (1974).
[9] A.A. Korsheninnikov, Sov. J. Nucl. Phys. 52, 827 (1990).
[10] B. Blank et al., Phys. Rev. Lett. 84, 1116 (2000).
[11] J. Jänecke, Nucl. Phys. 61, 326 (1965).
[12] F. D. Becchetti and G.W. Greenlees, Phys. Rev. 182, 1190

(1969).
[13] M. J. Chromik et al., Phys. Rev. C 55, 1676 (1997).

25

L. Grigorenko et al., PRL 85 (2000) 22. 

K. Miernik et al., PRL 99 (2007) 192501.

Hot topic in the 
description of physics 

of exotic nuclei
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Closed versus open quantum systems

  

->  How do the two atoms tunnel out ?
->  How is the decay mechanism 
affected by the “pairing” interaction ?

Tunneling theory for two particles escaping from the trap 

taken from G. Zürn et al., PRL 108 (2012).

❖ Closed quantum system	



❖ Well described in a discrete 
real-energy basis	



❖ Newton completeness relation

❖ Open quantum system	



❖ Strongly affected by the 
vicinity of the continuum 
of decay channels	



❖ Spectrum can contain 
bound, resonance and 
scattering states

X

b

|ubihub|+
Z +1

0
dk|ukihuk| = 1

Bound states Real-energy 	


continuum states
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Gamow states

Continuum states

V(r)

r

Bound states

Resonances

❖ How to describe decay in a 
(quasi-) stationary formalism?	



❖ Complex energy eigenstates 
 

❖ Gamow states

G. Gamow, Z. Phys. 51 (1928) 204

Ẽ = Er � i
�

2

 (r, t) = e�
iẼt
~  (r)

| (r, t)| ⇠ e�
�t
2~ ekr, r ! 1
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Rigged Hilbert space

❖ How to include resonances in the complete set of states? 
 

❖ Instead, the Berggren completeness relation

X

b

|ubihub|+
Z +1

0
dk|ukihuk|+

X

res

|uresihures| = 1 +
X

res

|uresihures| 6= 1

Gamow states and completeness	


• T. Berggren, Nucl. Phys A 109(1968)265; 
NPA389(1982)261	


• T. Lind, Phys. Rev. C 47(1993)1903

�

n=b,r

|un��ūn| +
1
�

�

L+

|u(k)��u�(k)|dk = 1

Re k

Im k

Bound stateBound State

Resonance

(a)

Re k

Im k

L+

(b)

Figure 4.1: The complex k-plane. The circles represent bound states and the
triangles resonant states. Note the mirroring of the states in the imaginary
axis.

in scattering theory, and is beyond the scope of this thesis. We interpret the
bound and resonant k as complex poles and treat the unbound continuum
as a contour, mirrored in the imaginary axis, encircling the upper half plane
(Fig. 4.1a).

The integral to be evaluated along the contour is the radial momentum
space Schrödinger equation

k2

2µ
„(k) +

⁄ Œ

0
dkÕ kÕ2V (k, kÕ

)„(kÕ
) = E„(k). (4.3)

The result of a contour integration depends on the poles it encircles by the
residue theorem. The contour in Fig. 4.1a encircles the bound states, but not
the resonance. We suspect a deformation of the contour, such that it goes
below the resonance, might have an e↵ect on the solutions.

4.1.1 The Berggren Completeness Relation

In fact, this is correct, and was proven in 1968 by Berggren [1]. The contour,
dubbed L+, can be deformed to surround the resonance poles, as illustrated in
Fig. 4.1b. The continuum states along L+ combined with the encircled bound
and resonant states form a complete basis, the Berggren basis. This result
can be stated succinctly with the Berggren completeness relation (compare

19



C. Forssén, Santos, Oct. 13, 2014

Complex-momentum basis

r

V

Resonance at:	


kr=0.17-0.036i fm-1Courtesy: O. Embréus, V. Ericsson,  P. Granström, and N. Wireklint

u(r) ! C+H+
l,⌘(kr) + C�H�

l,⌘(kr)

Scattering solutions

Resonance solutions

un(r) ! C+H+
l,⌘(knr)

❖ Black circles correspond to 
complex-momentum plane-
wave states
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Gamow shell model
Gamow Shell Model	


• N. Michel et al, PRL 89 (2002) 042502; 
PRC67 (2003) 054311; PRC70 (2004) 
064313; JPG (2009) 013101	


• G. Hagen et al, PRC71 (2005) 044314	


• J. Rotureau et al, PRL 97 (2006) 
110603	


• G.Papadimitriou et al, PRC(R) 84 
(2011) 051304

๏ Pole approximation is 0th 
order approximation:	



๏ Many-body resonance (or 
bound state) has large 
overlap:

X

n=b,r

|unihun|+
X

i

|uk,iihuk,i| ⇡ 1

|SDii = |ui1, . . . , uiAi

hSDi|H|SDji
Hp.a.| p.a.i = Ep.a.| p.a.i

(i) discretization of continuum 
contour	



(ii) construction of many-body basis	



(iii) construction of Hamiltonian 
matrix (complex symmetric 
matrix)	



(iv) many-body spectrum contains: 
bound, resonant and continuum 
states
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Application to trapped ultracold atoms

0 5 10 15
x / µm

0

500

V
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/
n
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·
k
B

(a)

V (x) = pV0

✓
1� 1

1 + (x/xR)2

◆
� cB|stateiµBB

0
x

  

“The Trap”

❖ Resolution of the Schrödinger equation 
in the Berggren Basis	



❖ Calculated decay rates off by almost a 
factor two(!) compared to values 
extracted from experiment  
[by G. Zürn et al., PRL 111 (2013).]	



❖ Let’s come back to this discrepancy.

3

simple relation between the decay width and the half
life for a many-body system, contrary to the case of a
s.p. Gamow state as shown in Eq. (2). Assuming ex-
ponential decay we would estimate the tunneling rate
�
�

= �/~ = �2Im(E)/~. However, since we have access
to the resonance wave function we can evaluate the decay
rate using an integral formalism [4]. The rate of parti-
cle emissions can be obtained by integrating the outward
flux of particles at large distances from the center of the
trap, and normalizing by the number of particles on the
inside

�
flux

=
1

2µiN(x)

i=2X

i=1


�⇤

res

(x
1

, x
2

)
d

dx
i

�
res

(x
1

, x
2

)

�
✓

d

dx
i

�⇤
res

(x
1

, x
2

)

◆
�

res

(x
1

, x
2

)

�

xi=x

,

(4)

with N(x) =
R
x

0

R
x

0

|�
res

(x
1

, x
2

)|2dx
1

dx
2

, and µ = m/2
is the reduced mass. We have verified that the decay rate
obtained from this formula is very stable with respect to
variations in x, as long as the integration surface is well
outside the trapping region.

A number of changes have been made to Eq. (4) and
the notation. Please check carefully!

• The notation � is used for decay width, while
� = �/~ is the decay rate. For a s.p. we use �

r

.
Better ideas? JR: NO, this seems
reasonable.

• Please check the ~ in this equation (I removed
one). JR: It looks correct.

• 2µi should not be part of the definition of N(x),
but rather the flux.

• The wf should be squared in the definition of
N(x).JR: correct.

• µ was not defined. It’s the reduced mass, right?
JR: yes.

• Both wfs had a complex conjugate in the second
term of the flux. JR: it’s correct now

• I assume that it’s correct to state that the
decay rate obtained from this formula is very
stable with respect to variations in x. I.e., we
checked this, right? JR: yes.

RESULTS

In the experimental set up of Ref. [14], the fermions are
trapped in a 1D potential consisting of an optical trap
created by a tightly focused laser beam combined with
a linear magnetic potential. The shape of the trapping
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FIG. 1. Panel (a) Trap potential, Eq. (5), with parameters
as in Table I plus an energy shift E

shift

= 500 nK · kB . Panel
(b) Berggren basis contour in the region of the s.p. resonance
pole in the complex momentum plane. Panel (c) Full contour
including segments following the real axis.

potential was determined to be

V (x) = pV
0

0

B@1� 1

1 +
⇣

x

xR

⌘
2

1

CA� c
B|stateiµB

B0x (5)

where V
0

is the depth of the optical potential, x
R

the
Rayleigh range of trapping beam, µ

B

the Bohr magneton
and, B0 the magnetic field gradient. The dimensionless
parameter p was introduced in Ref. [14] since the depth of
the trapping potential depends on the number of particles
that are in the trap. In addition, the state-dependent pa-
rameter c

B|statei is approximately equal to one, although
the exact value depends on both the interaction strength
and the spin of the particle.
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Two-particle states

❖ Interaction energy 

❖ Pole approximation 

❖ Tunneling rate  
 
 

| 2ip.a. = |ures(1), ures(2)i

Re(E2) ⌘ 2Er + Eint

� = �2Im(E2)| {z }
=�2

/~
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Decay rate from particle flux

5 10 150 20

5

10

15

0

20

❖ Decay rate from flux and 
width calculations agree	



❖ Indicates that decay is 
indeed exponential

~� =
j

N

 
=

P
i

j(x1, x2)|xi=x

outsideRR
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Flux calculation
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Density distribution
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Flux distribution
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Comparison with tunneling experiment

  

Some input parameters are extracted from experimental results 
using WKB method

We want to refit parameters without WKB 

Minimization of 

  

Some input parameters are extracted from experimental results 
using WKB method

We want to refit parameters without WKB 

Minimization of 

❖ In the experiment: change g ⇒ change B’ 
I.e., the single-particle trap potential changes	



❖ In addition. change B’ ⇒ change cB(1,2)  
I.e., the two fermions see slightly different traps.

Some input parameters are extracted from experimental results using WKB method

We want to refit experimental results without WKB
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Refit trap potential
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Tunneling of two atoms

  

Tunneling of the two atoms 

G. Zürn et al., PRL 111 (2013).Berggren basis approach

-> Tunneling rate becomes smaller as the interaction becomes more attractive.

Berggren basis Exp. + WKB

  

Tunneling of the two atoms 

G. Zürn et al., PRL 111 (2013).Berggren basis approach

For each g, the single particle potential is slightly differentFor each g, the single particle potential is slightly different
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FROM FEW TO MANY
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Heidelberg Experiment

From: G. Zürn et al., Phys. Rev. Lett. 108, 075303 (2012). 

❖ 1d system with repulsively 
interacting bosonic gases 
(Tonks- Girardeau regime)	



❖ Two-component fermionic 
systems using hyperfine 
states of 6Li	



❖ 1:10 asymmetric opto-
magnetic trap.

http://link.aps.org/doi/10.1103/PhysRevLett.108.075303
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Model and energy spectrum

❖ Adapting tools and methodology from our research on many-
nucleon systems we studied 1+N systems, with N up to 9. 	



❖ Short-range interaction	



❖ Hamiltonian	



!

❖ Unitary transformation to obtain an effective interaction

H =
X

i�

✓
p2

2
+

1

2
x2
i�

◆
+ g

X

i�,j�̃

�(xi� � xj�̃ )

with � = ±, �̃ = ��

g / a3d
1� Ca3d/a?

J. Lindgren et al, New J. Phys. 16 (2014) 063003. 
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Effective interaction

❖ Busch solution	



‣ Energy spectrum	



‣ Wave functions 

❖ Unitary transformation formed with  
the energies and eigenvectors in the  
infinite Hilbert space.	



❖ Effective interaction in truncated two-body space

�(�E/2 + 1/4)

�(�E/2 + 3/4)
= �2

g

T. Busch et al., Found. Phys. 28 (1998) 549. 

�(r) = Are�
r2

2b2 U

✓
3/4� E/2

~! ,
3

2
,
r2

b2

◆

H(2) = X†E(2)X

He↵
P =

X†
Pq

X†
PXP

E
(2)
P

XPq
X†

PXP

J. Rotureau, EPJ D 67 (2013) 153	


J. Lindgren et al, New J. Phys. 16 (2014) 063003. 
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❖ Two-body harmonic oscillator states, with basis truncation Nmax 
that defines P-space	



❖ Two-body energies reproduced in P (by construction)	



❖ Eigenfunctions converge to “true” eigenfunctions as P grows 

❖ Resulting effective interaction used in the many-body 
calculation.	



❖ Many-body basis: Slater determinants composed of harmonic 
oscillator single-particle states.

Effective interaction (cont’d)
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The No-Core Shell Model

❖ Many-body Schrödinger equation	


‣ A-nucleon wave function	


‣ Non-relativistic, point nucleons	



❖ Hamiltonian: 
 
 
 

❖ Many-body basis: Slater determinants composed of harmonic 
oscillator single-particle states	



❖ Respects translational invariance and includes full 
antisymmetrization

HA =
1
A

A�

i<j

(�pi � �pj)2

2m
+

A�

i<j

VNN,ij +
A�

i<j<k

VNNN,ijk
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Energy spectrum

1+2 system1+1 system

J. Lindgren et al, New J. Phys. 16 (2014) 063003. 
S.E. Gharashi and D. Blume, PRL 111 (2013) 045302	



and even parity states is shown in figure 2. The horizontal lines correspond to totally
antisymmetric states, which are non-interacting in the case of zero-range interactions. For
example, the lowest such state, at ω= =E 4 , corresponds to having one particle in each of the
three lowest HO states. At = ∞g it becomes degenerate with two interacting states. Note also
that we have many molecular branches close to = ∞g for <g 0 (dimmed curves in figure 2).
Starting from → +g 0 (far left in the figure) and following the odd ground state we see that it
makes a jump around = ∞g before becoming non-interacting at → −g 0 (far right). This is an
analog of the so-called repulsive branch for untrapped polarons [31, 32]. Repulsive branch
means that excited states are pushed up on the attractive side of the → ∞g resonance in
constrast to the lower-lying molecular branches that become strongly bound, as shown in
figures 1 and 2. However, the jump endured by the odd and even states that become degenerate
at = ∞g is quite different. For comparison, we plot the two-body Busch results shifted by the
energy of a free spectator particle (dashed blue line in figure 2), which turns out to be almost
identical to the even parity state at low energy. This even parity state therefore has an atom-
dimer structure, with almost no interaction between atom and dimer. This has also been
observed in three-dimensional traps [39].

A particularly interesting feature of the interacting states, as they cross-over to the
attractive side of → ∞g , is their density distributions that we show in figure 3 for the odd
ground state. While they are approaching the fermionization limit → ∞g for the total density,
the spin-resolved densities demonstrate a distinct separation in the trap. This we interpret as a
precursor of ferromagnetic behavior in a one-dimensional few-body context for imbalanced
systems. In the vicinity of = ∞g , the ground, first excited, and non-interacting states all have
completely different spin-resolved densities; the ground state has the impurity at the center and
the first excited state has the impurity at the edge while the non-interacting state yields a three-
hump profile independent of spin. This has all been verified using our analytical model (see
appendix B). Since the states are degenerate at = ∞g , this clearly demonstrates that the
behavior is not due to energetics but to different correlations in the wave functions. It also

New J. Phys. 16 (2014) 063003 E J Lindgren et al

4

Figure 2. Energy spectrum for the 2+1 system (excluding the center-of-mass
contribution). Diverging states on the attractive side are dimmed. The Busch-model
for a 1+1 system plus the energy of a spectator particle has been added for comparison.
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Densities
Ground state 1st excited state

❖ Repulsive interaction	


❖ From weak to strong	


❖ Non-interacting state corresponds  

to the three-fermion ground state in HO trap	


❖ At -1/g→0, these are degenerate
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Densities and correlation densities

skip

For a 1 + N particle system the correlation density can be interpreted as the conditional 
density of the N particle system given that the single particle is measured at a certain position
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From few to many

  

Density distribution for the ground state in the (3+1), (6+1) and (9+1) systems

E. J. Lindgren, J.R, C. Forssén, A. G. Volosniev. N.T. Zinner, New J. Phys. 16 (2014)❖ Ground-state densities for impurity (left) and majority (right) particles.	


❖ From few to many, the spin separation persists. Few-body precursor of 

Stoner ferromagnetism
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CONCLUSION
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Summary

❖ Adapted methods from nuclear physics to the study 
of ultracold few-atom systems in traps	



‣ Development of a tunneling theory for two particles using the 
Berggren basis (OQS). Can be extended to many-body systems.	



‣ Derivation of effective interaction for few-atom systems in HO 
trap ⇒ Can handle very large interaction strengths (usually very 
difficult for numerical methods.)	



❖ Universal physics questions can be studied with these 
tunable quantum systems.  


