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Unitary	  regime	  

s-‐wave	  scaQering	  length	  
	  
effec/ve	  range	  

a ! 1

re ! 0

•  The	  length	  scale	  is	  fixed	  by	  	  	  	  	  	  ,	  
the	  average	  distance	  among	  
par/cles	  	  

•  Expected	  universal	  proper/es	  
depending	  only	  on	  the	  density	  

r0

problem	   Unitary	  Bose	  gas	  is	  experimentally	  inaccessible	  [Ho,	  PRL	  2004]	  	  

•  Posi/ve	  diverging	  	  	  	  	  
means	  a	  bound	  state	  
in	  the	  poten/al	  well	  

•  No	  Pauli’s	  exclusion	  
principle	  for	  Bosons	  	  	  

a

Unitary	  Fermi	  gas	  largely	  inves/gated	  [see	  book	  by	  Zwenger	  (Springer,	  2012)]	  	  
Unitary	  Bose	  gas	  only	  marginally	  studied…	  

The	  Bose	  gas	  is	  mechanically	  unstable	  at	  low	  T	  	  
•  par/cles	  tend	  to	  form	  bound	  couples	  and	  

triplets	  (3	  par/cle	  loss)	  [Li	  &	  Ho,	  PRL	  2012]	  
•  self-‐bound	  ground	  state	  (cluster	  forma/on	  or	  

Thomson	  collapse)	  

no	  hope?	  



7Li:	  
�3/�2 / ⇣

⇣ = 0.9

L3 / L�2

39K:	  L3 / L�1.7

⇣ = 0.3

Experimental	  overview	  

the	  unitary	  Bose	  gas	  is	  a	  metastable	  state!	  

85Rb	  

•  the	  3body	  dynamics	  that	  spoils	  
the	  unitary	  regime	  is	  slower	  than	  
the	  2body	  one	  

•  the	  degenerate	  Bose	  gas	  evolves	  
dynamically	  on	  a	  fast	  /me	  scale	  
than	  losses	  
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Theore/cal	  overview	  

Experimental	  lower	  bound	  [Salomon	  &	  co.w.	  PRL	  2011]	  

RNG-‐theory	  [Lee&Lee	  PRA	  2010]	  

HNC	  method	  [Stoof	  &	  co.w.	  PRA	  2011]	  

RNG-‐theory	  [Stoof	  &	  co.w.	  arXiv	  2013]	  

n(k)-‐	  VAR.	  method	  [Song&Zhou	  PRL	  2009]	  

LOCV	  method	  [Pethick	  &	  co.w.	  PRL	  2002]	  

"B =
~2
2m

(6⇡2n)2/3 n =
3

4⇡r30
ques/on	   why	  results	  are	  so	  scaQered?	  	  



No	  standard	  technique	  to	  face	  metastable	  states:	  results	  will	  depends	  on	  how	  the	  
phases	  space	  is	  restricted!	  

problems	   •  strong	  interac/ons	  rule	  out	  mean-‐field	  approaches	  
•  metastability	  calls	  for	  “adjustments”	  in	  standard	  equilibrium	  

techniques	  

R

U(r)

�U0

r

tune	  	  	  	  	  	  by	  
changing	  	  

a
U0

direct	  Monte	  Carlo	  (MC)	  simula/on	  of	  	  
N	  =	  500	  bosons	  in	  a	  cubic	  box	  with	  
periodic	  boundary	  condi/ons	  interac/ng	  
via	  a	  square	  well	  poten/al	  
	  

M.	  Rossi,	  L.	  Salasnich,	  F.	  AnciloQo	  &	  	  F.	  Toigo,	  PRA	  89,	  041602(R)	  (2014)	  
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In	  our	  simula/ons	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  &	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
	  
	  
	  so	  that	  we	  explore	  also	  the	  unitary	  regime	  	  	  

R

r0
< 0.01 10�3 <

a

r0
< 104

square	  well	  poten/al	  	  

re ⌧ r0 ⌧ a



many-‐body	  wave	  func/on	  -‐	  I	  

•  T	  =	  0	  K	  
•  the	  system	  is	  dilute	  

only	  2	  body	  	  correla/ons	  are	  retained:	  	  
standard	  Jastrow	  –	  Feenberg	  ansatz	  

•  	  	  	  is	  the	  exact	  solu/on	  of	  the	  2	  body	  problem	  	  	  	  	  	  	  	  with	  energy	  f2f " =
~2k2
2m

> 0

rf2(r) =

⇢
A sin(r) 0 < r < R
B sin(kr + �) r > R

2 = k2 + k20
� = arctan

�
k
 tan(R)

�
+ kR

A = B sin(kR+�)
sin(R)

in	  the	  	  	  	  	  	  	  	  	  	  	  	  	  	  limit	  the	  interac/on	  poten/al	  
can	  be	  replaced	  by	  the	  boundary	  condi/on	  
[Bethe	  &	  Peierls	  Proc.R.Soc.London	  A	  1935]	  

R ! 0
lim
r!0

[rf2(r)]0

rf2(r)
= �1

a

rf2(r) = A sin(rk + �) � = arctan(ka)



many-‐body	  wave	  func/on	  -‐	  I	  

f2 Rm

•  in	  order	  to	  account	  for	  many-‐body	  effects	  and	  for	  periodic	  boundary	  condi/ons	  
	  	  	  	  	  	  	  	  	  	  	  	  is	  smoothly	  joined	  with	  a	  constant	  at	  a	  certain	  distance	  	  

f(r) =

⇢
f2(r) 0 < r < Rm

1 r > Rm

Rm
Rm = 0

the	  only	  parameter	  les	  is	  	  	  	  	  	  	  	  	  ,	  which	  cannot	  be	  fixed	  via	  a	  varia/onal	  approach	  
(undesired	  energy	  minimum	  for	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  )	  
	  
-  standard	  QMC	  choice	  
	  
	  
-  standard	  LOCV	  method	  choice	  
	  	  	  	  	  	  [Cowell	  et	  al.	  PRL	  2002]	  	  

Rm = L/2

4⇡n

Z Rm

0
f2
2 (r)r

2dr = 1



…unfortunately	  when	  	  	  	  	  	  diverges	  the	  equilibrium	  configura/on	  is	  not	  the	  desired	  
uniform	  gas,	  but	  rather	  a	  compact	  cluster	  
	  

a

the	  extreme	  compactness	  is	  due	  to	  the	  unphysical	  lack	  of	  hard	  core	  repulsion	  in	  
the	  interac/on	  poten/al	  
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many-‐body	  wave	  func/on	  -‐	  II	  

we	  must	  correct	  the	  wave	  func/on	  to	  prevent	  par/cles	  to	  fall	  too	  close	  each	  other:	  
we	  introduce	  a	  cut	  off:	  

f(r) =

8
<

:

0 0 < r < Rn

f2(r) Rn < r < Rm

1 r > Rm

is	  the	  outermost	  node	  of	  	  Rn f2(r)

•  we	  tried	  also	  a	  smoother	  cutoff,	  but	  
the	  energy	  increases	  

•  the	  varia/onally	  op/mized	  	  	  	  	  	  	  is	  as	  
flat	  as	  possible	  in	  	  

	  
•  to	  avoid	  that	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  	  	  	  	  	  	  	  	  	  	  	  is	  

fixed	  via	  the	  normaliza/on	  condi/on	  	  

f
0 < r < Rn

Rn > r0 Rm



thus	  our	  many-‐body	  wave	  func/on:	  	  

1.  provides	  the	  long	  range	  correla/ons	  dictated	  by	  the	  scaQering	  length	  
2.  keeps	  the	  density	  uniform	  preven/ng	  the	  forma/on	  of	  clusters	  
3.  keeps	  the	  nodes	  and	  the	  normaliza/on	  of	  the	  actual	  2body	  scaQering	  wave	  

func/on	  
	  

this	  seems	  reasonable	  since,	  due	  to	  the	  extreme	  diluteness	  of	  
the	  gas,	  the	  par/cle	  pairs	  should	  experience	  only	  the	  tails	  of	  f	  	  

given	  the	  many-‐body	  wave	  func/on	  we	  have	  direct	  access	  to:	  

•  the	  energy	  per	  par/cle	  

•  the	  condensate	  frac/on	  
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in	  the	  weakly	  interac/ng	  regime	  we	  recover	  the	  universal	  Bogoliubov	  
predic/on	  εLHY	  

it	  converges	  to	  the	  constant	  value	  of	  0.70	  εB	  as	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  :	  signature	  of	  
universal	  behavior	  	  

a ! 1
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it	  converges	  to	  the	  constant	  value	  of	  0.83	  



Theore/cal	  overview	  
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Experimental	  lower	  bound	  [Salomon	  &	  co.w.	  PRL	  2011]	  

RNG-‐theory	  [Lee&Lee	  PRA	  2010]	  

HNC	  method	  [Stoof	  &	  co.w.	  PRA	  2011]	  

RNG-‐theory	  [Stoof	  &	  co.w.	  arXiv	  2013]	  

n(k)-‐	  VAR.	  method	  [Song&Zhou	  PRL	  2009]	  

LOCV	  method	  [Pethick	  &	  co.w.	  PRL	  2002]	  

"B =
~2
2m

(6⇡2n)2/3 n =
3

4⇡r30

MC	  [Rossi	  et	  al.	  PRA	  2014]	  
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MC	  data	  can	  be	  fiQed	  with	  the	  func/on	  (	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  )	  
	  

that	  allows	  the	  computa/on	  of	  other	  useful	  quan//es	  via	  thermodynamic	  rela/ons	  	  	  
	  

C2 = (8⇡nma2/~2)d"/da
•  Tan’s	  2body	  contact	  density	  

"(x)/"B =

8
<

:

"LHY(x) + a3x
3

x < 0.3
c7x

7 + c6x
6 + c5x

5 + c4x
4 + c3x

3 + c2x
2 + c1x+ c0 0.3 < x < 0.5

b0 + b1 tanh(b2/x+ 1) x > 0.5

µ = @n(n")

c2s = n/m @nµ
P = n2@n"

•  chemical	  poten/al	  
•  pressure	  
•  sound	  velocity	  	  

10-4 10-3 10-2 10-1 100 101 102 103 104
a/r0

0

0,5
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µ/"B

P/n"B

c2s/(2"B/m)

x = a/r0

α	  =	  9.02	  	  compares	  acceptably	  well	  with	  
previous	  theore/cal	  es/mates	  	  
[Stoof	  et	  al.	  PRA	  2011,	  arXiv	  2013;	  Sykes	  et	  al	  PRA	  2014]	  



Density	  Func/onal	  theory	  of	  a	  trapped	  Bose	  gas	  with	  tunable	  a	  
M.	  Rossi,	  F.	  AnciloQo,	  L.	  Salasnich	  &	  F.	  Toigo	  arXiv:1408.3925	  

,me-‐dependent	  Density	  Func,onal	  Theory	  for	  an	  inhomogeneous	  system	  of	  
interac/ng	  Bosons	  at	  zero	  temperature	  within	  the	  local	  density	  approxima,on	  

| (r, t)|2 = n(r)

U(r) =
1

2
m!

2
H(x2 + y

2 + z

2)

energy	  per	  atom	  of	  a	  homogeneous	  system	  with	  
density	  	  	  	  	  	  	  and	  scaQering	  length	  	  n
external	  confinement	  	  

i~@ (r, t)
@t

=


�~2r2

2M
+ U(r) +

@(n"a)

@n

�
 (r, t)

"a(n)
a

total	  energy	  func/onal	  

as	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  we	  take	  the	  MC	  equa/on	  of	  state	  

E =

Z
d3r

⇢
~2
2M

|r (r)|2 + n(r)"a(n(r)) + n(r)U(r)

�

"a(n)
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	  M
C	  

DFT:	  obtained	  by	  imaginary	  	  	  	  
	  /me	  propaga/on	  

VMC:	  obtained	  by	  adding	  
	  a	  1	  body	  term	  to	  the
	  wave	  func/on	  
	  [BuBois	  &	  Glyde,	  PRA	  2001]	  

 (~r1, ...,~rN ) =  J(~r1, ...,~rN )
NY

i=1

e�↵r2i

integrated	  density	  profile	  
N = 500

a = 104a0

⇢(x) =

Z
dydz n(x, y, z)

mainly	  due	  to	  the	  form	  of	  the	  1body	  term,	  the	  value	  
of	  a	  is	  “dominated”	  by	  the	  central	  region.	  

good	  agreement	  except	  
near	  the	  surface	  
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if	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  DFT	  reduces	  to	  Gross-‐Piatevskii	  Equa/on	  "a(n) =
2⇡~2
m

an2

GPE	  

DFT	  

TF	  limit	  
< r2 >1/2/ a1/5

convergence	  to	  a	  constant	  
value	  is	  expected	  for	  the	  
unitary	  regime	  where	  the	  
proper/es	  of	  the	  system	  
depends	  only	  on	  the	  density	  

average	  radius	  of	  the	  trapped	  gas	  
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s	   monopole	  (breathing	  or	  compressional)	  mode	  frequencies	  are	  obtained	  by	  

slightly	  changing	  	  	  !H

quadrupole	  (surface)	  mode	  frequencies	  are	  obtained	  by	  using	  the	  ini/al	  state	  
 (r, t = 0) = ei⌘Q 0(r) ground	  state	  

wave	  func/on	  
small	  parameter	   standard	  quadrupole	  operator	  

Q = 2z2 � x

2 � y

2

monopole	  

quadrupole	  

empty	  sym.	  :	  N	  =	  500	  
filled	  sym.	  :	  N	  =	  80000	  

p
5!H

TF	  limit	  
(independent	  of	  a)	  

2!H
unitary	  limit	  	  
(sta/s/c	  independent)	  
[Cas/n	  CRP	  2004]	  

2!H
non	  interac/ng	  
regime	  

2!H
non	  interac/ng	  
regime	  

p
2!H

TF	  limit	  
(independent	  of	  a)	  

TF	  regime:	  
Na

aH
� 1
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3	  body	  losses	  can	  be	  accounted	  including	  the	  standard	  term	  	  

�i~L3n
2(r, t) (r, t)

we	  can	  inves/gate	  the	  effects	  on	  the	  collec/ve	  excita/ons	  

!q =
p
2!H

!m ' 2!H

surface	  mode	  
only	  slightly	  
affected	  by	  
3body	  losses	  

the	  monopole	  mode	  follows	  the	  evolu/on	  of	  the	  average	  radius	  
with	  superimposed	  oscilla/ons	  at	  the	  expected	  frequency	  

!q =
p
2!H

!m ' 2!H
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few	  experimental	  data	  to	  compare	  with:	  one	  is	  the	  momentum	  distribu/on	  
aser	  a	  sudden	  quench	  to	  unitary	  [Conell	  &	  co.w.	  Nat.Phys.	  2014]	  

A	  quasi-‐steady-‐state	  distribu/on	  is	  reach	  
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quite	  similar	  behavior!	  
Our	  distribu/on	  s/ll	  evolves	  on	  
large	  /me	  scales	  as	  already	  noted	  
with	  a	  disspipa/ve	  GPE	  approach	  

	  [Rançon	  &	  Levin	  PRA	  2014]	  



conclusions	  

•  we	  have	  studied	  the	  zero	  temperature	  unitary	  Bose	  gas	  via	  a	  Jastrow	  ansatz	  on	  
the	  many-‐body	  wave	  func/on	  that	  avoids	  the	  forma/on	  of	  the	  self-‐bound	  
ground	  state.	  We	  have	  computed	  the	  energy	  per	  par/cle	  ε	  and	  the	  condensate	  
frac/on	  n0	  
-  in	  the	  weakly	  interac/ng	  regime	  we	  recover	  the	  Bogoliubov	  predic/ons	  
-  in	  the	  unitary	  regime	  both	  ε	  and	  n0	  converge	  to	  a	  finite	  value:	  signature	  of	  the	  

universal	  behavior	  

•  MC	  data	  can	  be	  used	  to	  extract	  also	  other	  useful	  informa/on	  
-  via	  standard	  thermodynamic	  rela/ons	  (µ,	  P,	  cs,	  C2…)	  
-  by	  construc/ng	  a	  density	  func,onal	  theory	  

•  TDDFT	  based	  on	  the	  MC	  equa/on	  of	  state	  provides	  also	  dynamical	  proper,es	  
-  monopole	  mode:	  fulfills	  the	  expected	  limi/ng	  values	  	  
-  quadrupole	  mode	  
-  effect	  of	  3body	  losses	  can	  be	  included	  
-  (qualita/ve)	  comparison	  with	  the	  experimental	  momentum	  distribu/on	  

evolu/on	  aser	  a	  sudden	  quench	  	  

Thank	  you	  for	  your	  aQen/on	  


