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Discrete Scale Invariance

DSI ⇒ Universal form of observables
Log-periodic functions (cfr. Sornette)

Zero-range interaction (` = 0)

Particle-Dimer Scattering Length

aAD/a = d1 + d2 tan[s0 ln(κ∗a) + d3]

d1, d2, d3 Universal Constants

Recombination Rate at the threshold

K3 =
128π2(4π − 3

√
3)

sinh2
(πs0) + cosh2

(πs0) cot2[s0 ln(κ∗a) + γ]
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γ Universal Constant
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Finite-range Calculations
N -body calculation using Schrödinger Equation
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Recombination at the threshold
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y(ξ) = κ∗a(1)
B + α + βa1/a0

Better way to analyse? Ex. tan2 ξ = E3/(1/a2
0 + 1/a2
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Explore the Nuclear plane a1/a0 = −0.228
I Use of a three-body force
I Look at the light-nuclei spectrum
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Origin of the Shift

~2H2/m = E3 + E2

tan2(ξ) = E3/E2

Ψ ∝ Aeis0 log(HR ) + Be−is0 log(HR )

R ≈ ` : A = e2iθ∗B
θ∗ = −s0 log(H/Λ0)

R ≈ a : A = ei∆(ξ)B

Bound State

2θ∗ + ∆(ξ) = 2πn

H = Λ0 e∆(ξ)/2s0 e−πn/s0

Λ0a = e2πn/s0 e−∆(ξ)/s0/ cos ξ
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Zero-range parameterization of ∆(ξ)
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I V (R ) changes

Λ0 = κ∗(1 +A`/a)

Shift ...

κ∗a + Γ = e−∆(ξ)/s0/ cos ξ
Γ = A κ∗`



Origin of the Shift
Bound State

Λ0a = e−∆(ξ)/s0/ cos ξ

Zero-range parameterization of ∆(ξ)

Λ0 = κ∗

Finite-range case
I Parametrization of ∆(ξ) unchanged
I V (R ) changes

Λ0 = κ∗(1 +A`/a)

Shift ...

κ∗a + Γ = e−∆(ξ)/s0/ cos ξ
Γ = A κ∗`



Origin of the Shift
Bound State

Λ0a = e−∆(ξ)/s0/ cos ξ

Zero-range parameterization of ∆(ξ)

Λ0 = κ∗

Finite-range case

I Parametrization of ∆(ξ) unchanged
I V (R ) changes

Λ0 = κ∗(1 +A`/a)

Shift ...

κ∗a + Γ = e−∆(ξ)/s0/ cos ξ
Γ = A κ∗`



Origin of the Shift
Bound State

Λ0a = e−∆(ξ)/s0/ cos ξ

Zero-range parameterization of ∆(ξ)

Λ0 = κ∗

Finite-range case
I Parametrization of ∆(ξ) unchanged

I V (R ) changes
Λ0 = κ∗(1 +A`/a)

Shift ...

κ∗a + Γ = e−∆(ξ)/s0/ cos ξ
Γ = A κ∗`



Origin of the Shift
Bound State

Λ0a = e−∆(ξ)/s0/ cos ξ

Zero-range parameterization of ∆(ξ)

Λ0 = κ∗

Finite-range case
I Parametrization of ∆(ξ) unchanged
I V (R ) changes

Λ0 = κ∗(1 +A`/a)

Shift ...

κ∗a + Γ = e−∆(ξ)/s0/ cos ξ
Γ = A κ∗`



Origin of the Shift
Bound State

Λ0a = e−∆(ξ)/s0/ cos ξ

Zero-range parameterization of ∆(ξ)

Λ0 = κ∗

Finite-range case
I Parametrization of ∆(ξ) unchanged
I V (R ) changes

Λ0 = κ∗(1 +A`/a)

Shift ...

κ∗a + Γ = e−∆(ξ)/s0/ cos ξ
Γ = A κ∗`



Origin of the Shift
Bound State

Λ0a = e−∆(ξ)/s0/ cos ξ

Zero-range parameterization of ∆(ξ)

Λ0 = κ∗

Finite-range case
I Parametrization of ∆(ξ) unchanged
I V (R ) changes

Λ0 = κ∗(1 +A`/a)

Shift ...

κ∗a + Γ = e−∆(ξ)/s0/ cos ξ
Γ = A κ∗`



Universality and Scattering

Effective Range Function
Zero-range interaction (` = 0)

ka cot δ = c1(ka) + c2(ka) cot[s0 ln(κ∗a) + φ(ka)]

I c1(ka), c2(ka), φ(ka) Universal Functions

Finite-range interaction (` ≠ 0)

kaB cot δ = c1(ka) + c2(ka) cot[s0 ln(κ′∗a) + φ(ka)]

E2 = ~2/maB 2 and κ′∗ = κ∗ + Γ/a
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Finite-range interaction (` ≠ 0)

kaB cot δ = c1(ka) + c2(ka) cot[s0 ln(κ′∗a) + φ(ka)]

E2 = ~2/maB 2 and κ′∗ = κ∗ + Γ/a
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Efimov and Light Nuclei

A = 2
0.599 MeV [3] 0+

8.562 MeV [4] 0+

10.406 MeV [3 1] 1−

30.418 MeV [4] 0+

31.72 MeV [5] 0+

43.03 MeV [4 1] 1−

68.28 MeV [5] 0+

122.78 MeV [6] 0+

73.49 MeV [6] 0+

A = 3

A = 4

A = 5

A = 6

0.546 MeV [2] 0+

66.49 MeV [4 2] 0+

70.28 MeV [5 1] 0+

28.72 MeV [4 1] 0+

8.465 MeV [3] 0+
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Efimov and Light Nuclei

7.725 MeV 0+

2H

3H
3He

8.431 MeV 0+

0.599 MeV 0+0.546 MeV 0+

4He

6He

8.085 MeV 0+, 0

6.965 MeV 0−, 0
6.850 MeV 1−, 1

6.417 MeV 2−, 0

28.43 MeV 0+

33.02 MeV 0+

S-wave potential – only acts when lij = 0
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