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Homogeneous dimers - He, , Ne,, Ar,, Kr,, Xe,, Rn, (6) INTERACTION POTENTIALS
Heterogeneous : He-Ne , He-Ar , He-Kr , He-Xe , He-Rn, Ne-Ar and etc. (15)

Potential models:

— Lennard - Jones [1]: V(ir)=4¢ [(2)12 - (2)6]

& —scales the energy and o — the length scale; a a

— Tang -Toennies [2]:
where A and b parameters, V(R) = Viep + Vate = Ae” z fon (bR ) Rzn
the Cyyy are the dispersion coefficient,
fon(BR) - the damping function, =
which is given by the following expression: _ ‘

_k
fon(x)=1-— e_xz xk_'
k=0

Tang - Toennies |
- — - Aziz
Lennard - Jones

V(r) [K]

— Aziz [3]: V) =¢eV() _
where { = x /1y, , and term Vi, ({) has the form: gy

Vp(§) = Aexp(—a {+ B (%) -

Ce P -15 4
pat o
-20 : . ;
at that x is expressed in the same length units 3 4 5 6
as ty, (for this case they are angstroms). r[A]
Function F ({) is given by the expression: [1] D.M. Leither, J.D. Doll, R.M.Whitnell // J.Chem.Phys. 94, 6644 - 6659 (1991)

- _ [2] KT. Tang and J.P. Toennies // J.Chem.Phys. 118, 4976 - 4983,(2003)
F(() = {exp[ (D/{—1)7], }f ¢ =D, [3]RA. Azizand M.J. Slaman //J. Chem. Phys. 94, 8047 - 8053 (1991);
, Lf *5 )] D.A. Barrow, M.J. Slaman, R.A. Aziz // J. Chem. Phys. 91, 6348-6358 (1989);
R.A. Aziz // ). Chem. Phys. 99, 4518 - 4525 (1993)
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INTERACTION POTENTIALS OF HOMOGENEOUS DIMERS

System Ce Cg C10 A b, au?!
He - He 1,461 14,11 183,6 41,96 2,523
Ne - Ne 6,383 90,34 1536 199,5 2,458
Ar - Ar 64,30 1623 49060 748,3 2,031
Kr - Kr 129,6 4187 155500 832,4 1,865
Xe - Xe 285,9 12810 619800 951,8 1,681
Rn-Rn 420,6 19260 1067000 5565,0 1,824

Tang —Toennies model [1]:

N
V(R) = Vrep r Vatt =A e_bR _ z on(bR)ﬁ
n=3

where A and b parameters,
the Cyy, are the dispersion coefficient,

fon(bR) - the damping function,
which is given by the following expression:

2n W
X
fon(x)=1—e7* 2 i
k=0

[1] K.T. Tang and J.P. Toennies // J. Chem. Phys. 118, 4976-4983,(2003)
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0
Measurements: bond length [3] < R >=52+4A - E (K) [5]
Estimation of the binding energy and scattering length ¢ ol =5 GO0
+0.3 o 1 4,405 £+ 0,02
g, =11, mK |_=104% A 3]
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[1] F.Luo et. al.// J. Chem. Phys. 98 (1993) 9687. [4] Y.Tanaka,K.Yoshino //).Chem.Phys.57 (1972) 2964.

[2] W.Schoellkopf et. al.// Science.266 (1994) 1345. [5] A.West, F.Merkt//J.Chem.Phys.118 (2003) 8807.
[3] R.Grisenti et. al. // Phys. Rev. Lett. 85 (2000) 2284. [6] W.Cencek et.al. // J.Chem.Phys., 136(2012) 224303.



Spectra of homogeneous dimers (TT potentials):

level He, (K) Ne; (K) Ar; (K) Kr, (K) Xe; (K)
0 0,001309 24,1316 121,5004 184,7897 267,1759
1 4,2777 83,7284 153,1110 238,6889
2 0,02215 54,0021 124,8287 212,0169
3 31,8334 99,8756 187,1428
4 16,5115 78,1658 164,0472
5 7,0383 59,5926 142,7075
6 2,1227 44,0234 123,0977
7 0,2823 31,2940 105,1879
8 21,2031 88,9437
9 13,5088 74,3252
10 7,9285 61,2863
11 4,1441 49,7742

12 1,8129 39,7280
13 0,5801 31,0784
14 0,09122 23,7471
15 0,0001393 17,6446
16 12,6781
17 8,7381
18 5,7122
19 3,4831
20 1,9286
21 0,9256
22 0,3511
23 0,08371
24 0,004802




Ground states of heterogeneous dimers:

Atom He Ne Ar Kr Xe Rn
124 1.3096 mK_ 3.442 9.886 11.540 11.978 13,224
He 51,784 4,041 4,093 4,236 4,505 4,594
0 - 70,618 4,138 4,137 4,274 4,541 4,627
- 24,132 17.963 53,845 55.565 61,937
S
gﬂe Ne 3.331 3,627 3,777 4.015 4,104
'?g 3,346 3,636 3,784 4,022 4,110
5 —
= Fol) 121,500 147,334 168,742 196,895
a5 He - Ne (n=0} Al"
e, ™) 3.836 3.954 4.145 4211
3,840 3,957 4,148 4,213
0.0 - =, =
™ A T i 184,790 217,189 254,653
' Kr 4,055 2,235 4,298
i 4,057 4,237 4,299
J 267,176 320,315
£ Xe 4.398 4,448
T
R 4,399 4,449
Los- 383,018
= — A, (n=0)
—— Ne, (n=0) Rn 4,497
0.3 - — Me - Ar (n=0} 4498
r[A]
ﬂ,ﬂ T T 1
2 4 ] a

TABLE. Ground state energy of the heterogeneous rare gases dimers (in K), average distance and mean
root square radius (both in A). FIG. The wave functions of the He,, He-Ne and Ne, dimers (upper) and

Ar,, Ne, and Ne-Ar (lower).



Ground states of heterogeneous dimers:

Atom He MNe Ar Kr Xe Rn
E,(K) | 1.30960 | 3.442 9.886 0.034 | 0.1414 | 0.2749
He <R>A | 51.784 | 4.041 4.093 | 13.3545 | 9.8008 | 8.7300
<«R%Y2A| 70.618 | 4.138 4.137 | 15.0955 | 10.4618 | 9.1502
Ep, (K) 0.02215 | 0.6890 | 0.2628 | 1.0192 | 0.1821
Ne <R>A 11.8246 | 6.8575 | 8.5512 | 7.2220 | 9.9060
<R>Y2A 13.0404 | 6.9949 | 8.7115 | 7.3383 | 10.1317
Ep, (K) 0.2823 | 0.0311 | 0.0262 | 0.0010
Ar  <R>A 9.6011 | 14.8778 | 16.2743 | 32.7279
<R*>Y2A 9.7904 | 15.3308 | 16.7389 | 35.6998
Ep, (K) 0.0001 | 0.02957 | 0.0006
Kr  <R>A 53.3392 | 16.6931 | 36.4596
<R*>Y2A 62.4463 | 17.0551 | 39.1313
Ep, (K) 0.004802 | 0.009926
Xe  <R>A 24.4651 | 22.0605
<R*>Y2A 25.2103 | 22.5518
Er, (K) 0.001673
Rn  <R>A 31.1108
<R*>Y2A 32.0870

TABLE. Weakest state energy of the heterogeneous rare gases dimers (in K), average distance and mean

root square radius (both in A).




Three-body, theory
formalism

In describing the three-body system we use the standard Jacobi coordinates [4] x,. Y.,
a = 1,2, 3. expressed in terms of the position vectors of the particles »; € R and their

masses m,,

Ly

Ya

- 1/2
2mgm,, : ( )
LR L o
| mg +m, 5 7’
[ 2m, (mg +m.,,) 1/2 marg +m.,r -
a\""tB Y - BB vy ~ X
o
| My +mg +m,, mg + m,

P

where («. . y) stands for a cyclic permutation of the indices (1.2.3). The coordinates
T, .Y, fix the six-dimensional vector X = (x,.y,) € R°. The vectors g, Yp corresponding
to the same point X as the pair x,. y, are obtained using the transformations

Lpg = CuyLy ar Spa¥Ya Ypg = —SgaLa e CaYa
where the coefficients cp, and sg, fulfil the conditions —1 < ez, < +1 and sia =1 c:;”
with ¢,p = Cgo. Sap = —Spo. B #F « and depend only on the particle masses [4]. For equal
masses Cpy = —5.



When the total angular momentum L of the system is fixed, the three-body dynamics is
constrained onto three-dimensional internal space [5], which can be parametrized by coordinates

Xa :l Xa |’ ya :l ya |’ Za :Cosea :()’za’ 90[)

For zero angular momentum the Faddeev equations in internal space are given by the set of three
coupled three-dimensional equations

(Ho+V, —E)F, (X, Y1 2,) = -V, D Fs(Xg, ¥5.25)

Pa
X, =,/C +2c Z
\/ ﬂa a y Ba ﬂa Xe Yol 0 o2 1 1 o 12 O
2 2 Ho=- 2 2_( 7 T 2) (1_20!) ~
\/Sﬂa SHC Y.t —-2e,5,X.Y.2, ox,. oy, xSy, oz,

Xﬁ yﬁzﬁ - \/(C;a — Slzfa)xa Yoloa — C/}asﬁa (X yaz)

or in hyperspherical coordinates P = \/ 2 + y tan 19 =Y, /Xa, n,= ()’Za, )7 )

(Ho +Va 3 E)CDQ(,O,I%,??@) o _Vazq)lg(p"g ’77,3)
P+

D(x,Y,1) = ya (X)explipy)a, (7;E) + expffp) A7)

[5] - V.V.Kostrykin,A.A.Kvitsinsky,S.P.Merkuriev, Few-Body Syst. 6 (1989) 97




For computational purposes, one can reduce the dimension by expanding the Faddeev components
into an auxiliary basis, at the expense of dealing with an infinite number of partial equations.
Expanding the function F, in a series of bispherical harmonics

O
F.(x,y,0)= Z ”“(;( Y) 1120 >

One can obtain the partial equation

(Hy 4V, - E)O (x,.7,) =V, 33 [ drh (x,, .m0 (x,. )

pra I'1' 1

2 2
H, = — 62_ 82+I(Itl)+ﬂ(/12+1)
ox~ oy X y

\/C,Ba a y +2Cﬂa pPa ayan

2 2
\/S,Ba a +C/5’aya B ﬂa ,Ba ayan

10



Three-body, theory

where
formalism
hfa;m,) (B:I'A'L) (x,y,m)
il Xy 4z A +1)(271+1) : : 1/2
= -1 212D 24 + 1) (27 +1
XBo (M )YBa(N) ) DA+ [( N27)Y( ) )]

Kimax yll +1 xlz +1I
X —1)*(2k+1)P(n —_1YMc al1+fzs a,lg+fl
2 DDA )?%df TP AR
1tHh=

I
<[21)120)!(20)!@R) T X QA+ D@1 +1) (?51 ¥ ) ©)
"JUHII'H
. ;Lg [ 1" EAT AN ETI"Y
0 0O 00 0/\0O00O0

poarpy [P Rt
X{?L”f”k} fl fgf .
"o
A" 1'% |

i = %(Hl +I'+ 1.

"

Pi(n) <= the Legendre polynomial of order &

xﬁa(n) — \/Cﬁaxz—l—ZCﬁaSﬁaxyT] —I—SEGy

yﬁa(n) — \/E‘EQJ:_ZC,B&S’,B&WT] ‘I‘Cza}"

11



“He, - “He

Boundary conditions

The asymptotic condition for the partial-wave Faddeev components of the
(2+1—>2+1;1+1+ 1) scattering wave function reads, (as o — ocand/ory — oo)

D, (X, Y; p) = 8,04 (X){sin( py) +exp(ipy)[a,(p) +o(y ™)1}
. &Xp(VEp)
N

Here w, is the dimer wave function, E stands for the scattering energy given by

E =&, + p° with g, the dimer energy, and p is the relative momentum conjugate
to the variable y. The coefficient a,(p) is nothing but the elastic scattering amplitude,
while the functions A (&) provides us, at E > 0, with the corresponding partial-wave

Faddeev breakup amplitudes. The scattering length is given by

==Y i 2LP)
E.K, A.Motovilov,S.Sofianos

sC
? p—>0 p KA.
J.Phys.B 31, 1279 (1998)

[A(6) +0(p™")].



He,

E (mK)|present| [11] [12] | [13] | [14]| [15] | [16]]| [17]
[Eape, ||| 126.501126.4991126.499|126.41{126.2{126.39/125.9/126.40
|E.IHM| 2277 | 2.2784 | 2.2779 | 2.271 2.268 |2.282| 2.265

Table 3. Calculations for binding energies of the trimer *Hes with LM2M2 potential in mK.

[11] V. RoupnEv, M. CaAvAGNERO J Phys, B 45025101 (2012).

[12] E. Hivama, M. KAMIMURA, Phys. Rev. A 85, 062505 (2012); Phys. Rev. A 85, 022502 (2012).
[13] V. A. RouDNEV, S. L. YAKOVLEV, §. A. SOFIANOS, Few-Body Svstems 37, 179 (2003).

[14] M. SaLctetal, Int J Quant. Chem. 107, 464 (2007 ).

[15] R. Lazavuskas, J. CARBONELL, Phvs. Rev. A 73, 062717 (2006).

[16] E. A. KoLcaNnova, A. K. MoToviLov, W.SANDHAS, Few-Body Svst. 51, 249 (2011).

[17] A. KIEVSKY et al., Few-Body Svstems 51, 239 (2011).

1S



“Ne,

E (mK)|[present| [21] [22] || [23]] [24] | [23]
HED-B|HFD-B|HFD-B|| LJ |Morse|Morse
|E4Nm| 74.62 | 74.10 | 74.11 ||59.95(72.07 | 72.07

Table 4. Calculations for ground state energy (in K) of the trimer 2ONe;.

[21] M. SALCI et al.. J. Chem. Phys. 129, 134304 (2008).

[22] H. SUNO, J. Chem. Phys. 135, 134312 (2011).

[23] D. BLUME, CH.GREENE, B.ESRY, J. Chem. Phys. 113, 2145 (2000).
[24] P.N.ROY, J. Chem. Phys. 119, 5437 (2003).

[25] M.MARQUEZ et al., J. Chem. Phys. 130, 154301 (2009).

E,(He;) 133.0 mK 130.57 mK
HFD-B

14
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V. Roudnev and M. Cavagnero //J. Phys. B 45, 025101 (2012)



TRITON BINDING ENERGY {MeV}
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Phillips line from the original paper,
showing the unexpected linear correlation
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Three-body, theory

5 6 7 8 9 10 11
B3 [M@VJ

A.C. Phillips Nucl. Phys A 107, 209 (1968)




4H e, - 4He Three-body, theory

1?_|. T T T | T T | T T T ).ﬂ
- o 7
H]"DBI"CII.E.

.63 ~ =
”

i P ]
1.6 HFD-B{He)p/ -
! s ]
1.55F s —

S - 7

— 1.5F —

FEo — Fq == l_,_-"(lmlgui] ] _,.#f .
1.45F < —~

V.Efimov, E.G.Tkachenko, [ TTY
Phys.Lett. B 157, 108 (1985) LA vovn 22 5
| LM2M3 _

= -~
18307 »f M s T . WG,
1.14 1.16 1.18 1.2 1.22 1.24 1.26 1.28

== (13 1/ _,”-EQ 5 1/\/]?3;317?2 S

V.Roudnev, M.Cavagnero
Phys.Rev.Lett. 108, 110402 (2012)
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Three-body, theory

“‘He, - %He

\Y (X) =A VHFD—B (X)

25
T I T T T | T =
-n213
10 L8
15 | s —610
o~ ~ 6718
i s '
DETIEE S E L
S 2 e o
5 t les 100
(P
= =150 4
3 Xoer = 12 9«"‘2"0[]
F x\ T T T T T 0 116{3;]0
A -
5 10 15 20 25 207 A —
5 | |’ 26 zero range model: 1st branch
\ Fog zero range model: all higher branches 1
zx%l' = Bargmann potential: strong coupling regume
| -5 = =— Bargmann potential: single pole regiume m
-15 \ 3 == Bargmann potential: two dominatmg poles regime
33 B 1 di 1
- 3?' 4
|
R L | . | : | . | .
. | 0 2 4 6 8 10
3 w

= a3y _,“-Ez O 1/\/];;/}?3 — [N

V.Roudnev, M.Cavagnero
Phys.Rev.Lett. 108, 110402 (2012)

E.A.K, Few-Body Syst. 55, 957
(2014)
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‘He, - *He

-E; -E,  Two-body cut Three-body cut
V(X) = AV ep 5(X)
E.
| +—c——====—=UTImNN—
i E; -/ -E, Two-body cuf Three-body cut
i Virtual 3-body state
!
|
6000 i Two-bod (1+1)
——— -body sc.length /
i * @)
e Three-body sc.length /_
|
i
|
4000 == | 1 _ ~
zr i .- =0for A~4.8
!
1> —ofor 1~6.8
i
0 - : E.A.K, A.Motoviloy,
i Phys. At. Nucl. 62, 1179 (1999)
|
i
i M. T. Yamashita, T. Frederico,
Y\ ke A. Delfino, L. Tomio,
0,95 1,0 1,05 1,10 15 \1 ,20 1,25 1,30 Phys. Rev. A 66, 052702 (2002)
— A
& =0

E (1) = O E.A.K, A.Motovilov, W.Sandhas
eX Nucl.Phys. A 790, 752 (2007)



4H e, - 4He Three-body, theory

S-matrix
| | A=1

)
4 - ]
> ol |  A.K.Motovilov, Math.Nachrichten
N W ’_ 187,147(1997)
E o | 1 E.A.K, A.K.Motovilov Phys.At.Nucl.
60, 235 (1997)
1F . E.A.K., A.K.Motovilov,Y.K.Ho
Nucl.Phys.A 684, 623 (2001)
0

Re z/l€ 4l

Fig. 1. Root locus curves of the real and imaginary parts of the scattering matrix So(z)
in case of helium trimer. The solid lines correspond to Re Sq(z) = 0, while the tiny dashed
lines, to Im Sp(z) = 0. The Numbers 1, 2 denote the boundaries of the domains 1) and
oy, respectively. Complex roots of the function Sg(z) are represented by the crossing
points of the curves Re Sp(z) = 0 and Im Sy(z) = 0 and are located at {—2.34 + 10.96) mK,
(—0.594+1i2.67)mK, (2.51 +i14.34)mK and (6.92 +i6.10) mK.
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ﬁ-'rf;_;- o |i| ka |

|f: ka :] 2

, V(X) =AV.(X)

“He — “He, scattering

A.Kievsky, M.Gattobigio,
L ] Phys. Rev. A 87, 052719 (2013)

the same parametrization describes

a very different system: nucleon-deuteron
T Y scattering below the deuteron breakup
Threshold and elastic atom-dimer scattering
below the dimer breakup threshold.

: n — d scattering
. . . . : in the doublet channel

kag cotd = cy(ka)+ ca(ka) cot[sy In(k,a) + p(ka)] .



MT I-lI

E =-2.224 MeV Virtual state of (nnp) -2.69 MeV (0.47 MeV)

10 T T T T

- MT 1 A=3

j 1 Nucl. Phys. A 848, 1 (2010) 0.48 MeV
— ] 1 Orlov, Nikitina Phys.At.Nucl. 69 (2006)
2 0 I
> [ 1
o Do

0 1 i 3

X

Fig. 1. The dimensionless MT I-1II 33, nuclear and the HFD-B atomic potentials. The length unit for
each potential is the position of its minimum (L). The potentials are made dimensionless according to
the Schrédinger equation, i.e. v = L? V/(h%/m)
Carbonell, Gignoux, Merkuriev FBS 15, 15 (1993)



Three-body, theory
Root locus curve of scattering matrix

Imz/|¢, |

resonances

2.0

0.4 | !

3H 4He3

S-matrix root lines in nnp system S-matrix root lines in *He; system

E.A.K, Few-Body Syst. 55, 957
(2014)

Solid line - Re(S)=0, tiny dashed line — Im(S)=0
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Evaw

sgn( E) (

-0.5¢

E.Hiyama, M.Kamimura, arxiv: 1409.2501

a® oD
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-1.0 | | | I i
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H— 00
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V.Efimov,Few-Body Syst. 51, 79 (2011)
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BACK UP SLIDES



Three-body, theory
*He, and nnp systems resonances
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4
He3 Three-body, theory
resonances

E > 7 jrl 2

2,(E) > 8,(2)

S,(z) =1+2ia,(z)
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LJ potential model [1]

Nes (K) [ Aray(K) Kry (K) [ Xez(K) Nea (K) | Ara(K) | Kra(K) | Xey(K)
20,178 | 101,454 | 150,716 | 210,674 20,179 | 101,361 | 150,719 | 210,665
3,859 71,019 | 126,280 | 188,599 3,861 | 70,799 | 126,294 | 188,596
0,5981 | 47,139 | 104,534 | 168,059 0,0429 | 46,863 | 104,542 | 168,051
29,157 | 85,329 | 148,985 28,871 | 85,339 | 148,986
16,334 | 68,552 | 131,357 16,084 | 68,554 | 131,354

7,892 54,038 | 115,107 7,704 | 54,050 | 115,120

2,985 | 41,689 | 100,213 2,865 | 41,685 | 100,226

0,693 31,308 | 86,630 0,6821 | 31,313 | 86,626

22,780 | 74,270 0,025 | 22,780 | 74,277

15,924 | 63,111 15,925 | 63,114

10,578 | 53,085 10,580 | 53,099

6,576 | 44,171 6,573 | 44,173

3,723 36,279 3,721 | 36,281

1,837 29,366 1,836 | 29,368

0,722 23,364 0,725 | 23,374

0,230 18,229 0,1859 | 18,242

13,916 0,014 | 13,909

10,315 10,313

7,380 7,389

5,068 5,072

3,295

1,988

1,080

0,501

0,178

0,036

6,360E-04

[1] Leither D.M., Doll J.D., Whitnell R.M. // J. Chem. Phys. 1991. Vol. 94. P. 6644.



