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We study a system of spinless fermions in two dimensions with a short-range interaction fine-tuned to a

p-wave resonance. We show that three such fermions form an infinite tower of bound states of orbital

angular momentum ‘ ¼ "1 and their binding energies obey a universal doubly exponential scaling EðnÞ
3 /

expð%2e3!n=4þ"Þ at large n. This ‘‘super Efimov effect’’ is found by a renormalization group analysis and

confirmed by solving the bound state problem. We also provide an indication that there are ‘ ¼ "2 four-

body resonances associated with every three-body bound state at EðnÞ
4 / expð%2e3!n=4þ"%0:188Þ. These

universal few-body states may be observed in ultracold atom experiments and should be taken into

account in future many-body studies of the system.

DOI: 10.1103/PhysRevLett.110.235301 PACS numbers: 67.85.Lm, 03.65.Ge, 05.30.Fk, 11.10.Hi

Introduction.—Recently topological superconductors
have attracted great interest across many subfields in phys-
ics [1,2]. This is partially because vortices in topological
superconductors bind zero-energy Majorana fermions and
obey non-Abelian statistics, which can be of potential use
for fault-tolerance topological quantum computation [3,4].
A canonical example of such topological superconductors
is a p-wave paired state of spinless fermions in two
dimensions [5], which is believed to be realized in
Sr2RuO4 [6]. Previous mean-field studies revealed that a
topological quantum phase transition takes place across a
p-wave Feshbach resonance [7–9].

In this Letter, we study few-body physics of spinless
fermions in two dimensions right at the p-wave resonance.
We predict that three such fermions form an infinite tower of
bound states of orbital angular momentum ‘ ¼ "1 and their
binding energies obey a universal doubly exponential scaling

EðnÞ
3 / expð%2e3!n=4þ"Þ (1)

at large n. Here " is a nonuniversal constant defined modulo
3!=4. This novel phenomenon shall be termed a super
Efimov effect, because it resembles the Efimov effect in
which three spinless bosons in three dimensions right at an
s-wave resonance form an infinite tower of ‘ ¼ 0 bound
states whose binding energies obey the universal exponential

scaling EðnÞ
3 / e%2!n=s0 with s0 ' 1:00624 [10] (see Table I

for comparison).While the Efimov effect is possible in other
situations [11,12], it does not take place in two dimensions or
with p-wave interactions [12–14]. We also provide an indi-
cation that there are ‘ ¼ "2 four-body resonances associ-
ated with every three-body bound state at

EðnÞ
4 / expð%2e3!n=4þ"%0:188Þ; (2)

which also resembles the pair of four-body resonances in the
usual Efimov effect [15,16]. These universal few-body states

of resonantly interacting fermions in two dimensions should
be taken into account in future many-body studies beyond
the mean-field approximation.
Renormalization group analysis.—The above predic-

tions can be derived most conveniently by a renormaliza-
tion group (RG) analysis. The most general Lagrangian
density that includes up to marginal couplings consistent
with rotation and parity symmetries is

L ¼ c y
!
i@t þ

r2

2

"
c þ#y

a

!
i@t þ

r2

4
% "0

"
#a

þ g#y
ac ð%iraÞc þ gc yð%ir%aÞc y#a

þ v3c
y#y

a#ac þ v4#
y
a#

y
%a#%a#a

þ v0
4#

y
a#

y
a#a#a: (3)

Here and below, @ ¼ m ¼ 1, r" ( rx " iry, and sums
over repeated indices a ¼ " are assumed. c and#" fields
correspond to a spinless fermion and ‘ ¼ "1 composite
boson, respectively. The p-wave resonance is defined by
the divergence of the two-fermion scattering amplitude at
zero energy, which is achieved by tuning the bare detuning
parameter at "0 ¼ g2!2=ð2!Þ with ! being a momentum
cutoff.

TABLE I. Comparison of the Efimov effect versus the super
Efimov effect.

Efimov effect Super Efimov effect

Three bosons Three fermions
Three dimensions Two dimensions
s-wave resonance p-wave resonance
‘ ¼ 0 ‘ ¼ "1
Exponential scaling Doubly exponential scaling
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Super Efimov effect for mass imbalanced systems
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We study two species of particles in two dimensions interacting by isotropic short-range potentials
with the interspecies potential fine-tuned to a p-wave resonance. Their universal low-energy physics
can be extracted by analyzing a properly constructed low-energy effective field theory with the
renormalization group method. Consequently, a three-body system consisting of two particles of one
species and one of the other is shown to exhibit the super Efimov effect, the emergence of an infinite
tower of three-body bound states with orbital angular momentum ℓ = ±1 whose binding energies
obey a doubly exponential scaling, when the two particles are heavier than the other by a mass
ratio greater than 4.03404 for identical bosons and 2.41421 for identical fermions. With increasing
the mass ratio, the super Efimov spectrum becomes denser which would make its experimental
observation easier. We also point out that the Born-Oppenheimer approximation is incapable of
reproducing the super Efimov effect, the universal low-energy asymptotic scaling of the spectrum.

PACS numbers: 67.85.Pq, 03.65.Ge, 11.10.Hi

I. INTRODUCTION

When quantum particles interact by a short-range
potential with a scattering length much larger than
the potential range, they may form universal bound
states whose properties are independent of microscopic
physics [1–3]. Besides universal N -boson bound states
in one dimension [4] and in two dimensions [5], the most
remarkable example is the Efimov effect in three dimen-
sions, which predicts the emergence of an infinite tower
of three-boson bound states with orbital angular momen-
tum ℓ = 0 whose binding energies obey the universal
exponential scaling [6].
Recently, new few-body universality was discovered at

a p-wave resonance in two dimensions [7], which predicts
the emergence of an infinite tower of three-fermion bound
states with orbital angular momentum ℓ = ±1 whose
binding energies obey the universal doubly exponential
scaling

En ∝ exp
(

−2e3πn/4+θ
)

(1)

for sufficiently large n ∈ Z. It is, to the best of our
knowledge, the first physics phenomenon exhibiting the
doubly exponential scaling similarly to the hyperinflation
in economics [8]. This super Efimov effect summarized in

TABLE I. Comparison of the Efimov effect versus the super
Efimov effect [7].

Efimov effect Super Efimov effect

Three bosons Three fermions

Three dimensions Two dimensions

s-wave resonance p-wave resonance

ℓ = 0 ℓ = ±1

Exponential scaling Doubly exponential scaling

Table I stimulated further theoretical studies in the hy-
perspherical formalism [9, 10] and its mathematical proof
was claimed in Ref. [11]. On the other hand, from the ex-
perimental perspective, the doubly exponential scaling of
the binding energies makes the experimental observation
of the super Efimov spectrum challenging.

In this paper, we extend the super Efimov effect to
mass-imbalanced systems, motivated by the fact that the
usual Efimov spectrum becomes denser with increasing
the mass ratio [12, 13]. This advantage recently made it
possible to observe up to three Efimov resonances in ul-
tracold atom experiments with a highly mass-imbalanced
mixture of 6Li and 133Cs [14, 15]. Correspondingly, we
shall consider two species of particles in two dimensions
interacting by isotropic short-range potentials with the
interspecies potential fine-tuned to a p-wave resonance.

We first construct an effective field theory in Sec. II
that properly captures universal low-energy physics of
the system under consideration. This low-energy effec-
tive field theory is then employed in Sec. III to analyze
a three-body problem consisting of two particles of one
species and one of the other with the renormalization
group method. Consequently, such a three-body system
is shown to exhibit the super Efimov effect when the
two particles are heavier than the other by a mass ra-
tio greater than 4.03404 for identical bosons and 2.41421
for identical fermions. We also find that the super Efi-
mov spectrum indeed becomes denser with increasing the
mass ratio which would make its experimental observa-
tion easier. Finally, we point out in Sec. IV that the
Born-Oppenheimer approximation is incapable of repro-
ducing the super Efimov effect, the universal low-energy
asymptotic scaling of the spectrum, and Sec. V is devoted
to summary and conclusion of this paper. For readers un-
familiar with our renormalization group analysis of the
low-energy effective field theory, an explicit model analy-
sis is also presented in Appendix to confirm the predicted
super Efimov effect.

arXiv:1407.7664
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Few-body universality

Infinite bound states 
with exponential scaling

Efimov effect  (1970) 
•  3 bosons 
•  3 dimensions 
•  s-wave resonance En ⇠ e�2⇡n

Universal !
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Infinite bound states 
with exponential scaling

Efimov effect  (1970) 
•  3 bosons 
•  3 dimensions 
•  s-wave resonance

Efimov effect in other systems ? 
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6Few-body universality

Infinite bound states 
with exponential scaling

Efimov effect  (1970) 
•  3 bosons 
•  3 dimensions 
•  s-wave resonance

Different universality in other systems ? 

En ⇠ e�2⇡n

Yes, super Efimov effect in 2D with p-wave !

Y.N. & S.Tan,  
Few-Body Syst 

Y.N. & D.Lee 
Phys Rev A
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Super Efimov effect 
•  3 fermions 
•  2 dimensions 
•  p-wave resonance 
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7Few-body universality

Super Efimov Effect of Resonantly Interacting Fermions in Two Dimensions

Yusuke Nishida,1 Sergej Moroz,2 and Dam Thanh Son3

1Theoretical Division, Los Alamos National Laboratory, Los Alamos, New Mexico 87545, USA
2Department of Physics, University of Washington, Seattle, Washington 98195, USA

3Enrico Fermi Institute, University of Chicago, Chicago, Illinois 60637, USA
(Received 18 January 2013; published 4 June 2013)

We study a system of spinless fermions in two dimensions with a short-range interaction fine-tuned to a

p-wave resonance. We show that three such fermions form an infinite tower of bound states of orbital

angular momentum ‘ ¼ "1 and their binding energies obey a universal doubly exponential scaling EðnÞ
3 /

expð%2e3!n=4þ"Þ at large n. This ‘‘super Efimov effect’’ is found by a renormalization group analysis and

confirmed by solving the bound state problem. We also provide an indication that there are ‘ ¼ "2 four-

body resonances associated with every three-body bound state at EðnÞ
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Introduction.—Recently topological superconductors
have attracted great interest across many subfields in phys-
ics [1,2]. This is partially because vortices in topological
superconductors bind zero-energy Majorana fermions and
obey non-Abelian statistics, which can be of potential use
for fault-tolerance topological quantum computation [3,4].
A canonical example of such topological superconductors
is a p-wave paired state of spinless fermions in two
dimensions [5], which is believed to be realized in
Sr2RuO4 [6]. Previous mean-field studies revealed that a
topological quantum phase transition takes place across a
p-wave Feshbach resonance [7–9].

In this Letter, we study few-body physics of spinless
fermions in two dimensions right at the p-wave resonance.
We predict that three such fermions form an infinite tower of
bound states of orbital angular momentum ‘ ¼ "1 and their
binding energies obey a universal doubly exponential scaling

EðnÞ
3 / expð%2e3!n=4þ"Þ (1)

at large n. Here " is a nonuniversal constant defined modulo
3!=4. This novel phenomenon shall be termed a super
Efimov effect, because it resembles the Efimov effect in
which three spinless bosons in three dimensions right at an
s-wave resonance form an infinite tower of ‘ ¼ 0 bound
states whose binding energies obey the universal exponential

scaling EðnÞ
3 / e%2!n=s0 with s0 ' 1:00624 [10] (see Table I

for comparison).While the Efimov effect is possible in other
situations [11,12], it does not take place in two dimensions or
with p-wave interactions [12–14]. We also provide an indi-
cation that there are ‘ ¼ "2 four-body resonances associ-
ated with every three-body bound state at

EðnÞ
4 / expð%2e3!n=4þ"%0:188Þ; (2)

which also resembles the pair of four-body resonances in the
usual Efimov effect [15,16]. These universal few-body states

of resonantly interacting fermions in two dimensions should
be taken into account in future many-body studies beyond
the mean-field approximation.
Renormalization group analysis.—The above predic-

tions can be derived most conveniently by a renormaliza-
tion group (RG) analysis. The most general Lagrangian
density that includes up to marginal couplings consistent
with rotation and parity symmetries is

L ¼ c y
!
i@t þ

r2

2

"
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a
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Here and below, @ ¼ m ¼ 1, r" ( rx " iry, and sums
over repeated indices a ¼ " are assumed. c and#" fields
correspond to a spinless fermion and ‘ ¼ "1 composite
boson, respectively. The p-wave resonance is defined by
the divergence of the two-fermion scattering amplitude at
zero energy, which is achieved by tuning the bare detuning
parameter at "0 ¼ g2!2=ð2!Þ with ! being a momentum
cutoff.

TABLE I. Comparison of the Efimov effect versus the super
Efimov effect.

Efimov effect Super Efimov effect

Three bosons Three fermions
Three dimensions Two dimensions
s-wave resonance p-wave resonance
‘ ¼ 0 ‘ ¼ "1
Exponential scaling Doubly exponential scaling
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 “doubly” exponential
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Super Efimov effect

En ⇠ e�2⇡n En ⇠ e�2e3⇡n/4
 “doubly” exponential

•  Low-energy EFT for 2D p-wave scattering 

•  RG analysis for 3-body & 4-body couplings  
    =>  Exact spectrum in the low-energy limit !

New !
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⇡ ln
⇣
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10P-wave scattering in 2D

V(r)
Two fermions with short-range potential

scattering “length” effective “range”

collision energy

=>  Effective range expansion

p+k/2

p-k/2

q+k/2

q-k/2

Cf.  H.-W. Hammer & D. Lee 

Ann. Phys. 325, 2212 (2010)
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11P-wave scattering in 2D

V(r)
Two fermions with short-range potential

=>  Effective range expansion

p+k/2

p-k/2

q+k/2

q-k/2

collision energy

resonance 
(a➔∞)

low-energy 
(ε➔0)

Cf.  H.-W. Hammer & D. Lee 

Ann. Phys. 325, 2212 (2010)
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} }�iT ! �
2⇡ ~p · ~q
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12P-wave scattering in 2D
Two fermions with short-range potential

=>  Effective range expansion

p+k/2

p-k/2

q+k/2

q-k/2

→

propagator of  dimer

V(r)

ig ig

= (ig)2 p·q 

“running” coupling
(logarithmic decrease toward low-energy p/Λ→0)

- iT
resonance

low-energy
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13P-wave scattering in 2D
Two fermions with short-range potential

V(r)
p+k/2

p-k/2

q+k/2

q-k/2

→ ig ig-iT
resonance

low-energy

dimer field Φ± couples to two fermions ψ                     

with orbital angular momentum L=±1

=>  Low-energy effective field theory
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Low-energy effective field theory
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renormalized by

15RG in 3-body sector
3-body problem  ⇔  fermion+dimer scattering

marginal coupling

}

irrelevant

=>  RG equation

L
3�body

= v3
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a=±
 †�†

a�a + · · ·

dv3

ds
=

16
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g4 �

11

3⇡
g2v3 +

2

3⇡
v2
3



/ 32

s

sv3

0.01 0.1 1 10 100
s

!15

!10

!5

5

10

15

s v3

16RG in 3-body sector
3-body problem  ⇔  fermion+dimer scattering

}
marginal coupling @ low-energy limit s→∞

irrelevant
L

3�body

= v3

XXX

a=±
 †�†

a�a + · · ·

}
non-universal

diverges at 

En / ⇤
2

m
e�2e3⇡n/4+✓

=>  characteristic energy scales

Super Efimov effect !
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resonance (a➔∞)

17Model confirmation

} }
�±(p) = (p

x

± ip
y

) e�p2/(2⇤2)

Spinless fermions 
with a separable potential

=>  solve STM equation numerically

�n = ln ln (mEn/⇤
2)�1/23-body binding energies

= +

Za(p) = �
ZZZ dq

2⇡
(p + 2q)�a e�(5p2+5q2+8p·q)/(8⇤2)

p2 + q2 + p · q + 2

⇥
P

b=±(2p + q)b Zb(q)

( 3
4 q2 + 2) e( 3

4 q2+2)/⇤2 E1[( 3
4 q2 + 2)/⇤2]
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resonance (a➔∞)

�n = ln ln (mEn/⇤
2)�1/2

18Model confirmation

} }
�±(p) = (p

x

± ip
y

) e�p2/(2⇤2)

3-body binding energies

=>  doubly exponential scaling

Spinless fermions 
with a separable potential

mEn/⇤
2 / e�2e3⇡n/4+✓

 3⇡/4

n �n �n � �n�1 3 7.430 2.352

0 0.5632 — 4 9.785 2.355

1 2.770 2.207 5 12.141 2.356

2 5.078 2.308 1 — 2.35619Super Efimov effect !
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4-body problem  ⇔  dimer+dimer scattering

}
irrelevant

renormalized bymarginal couplings

=>  RG equations

L
4�body

=
XXX

a=±

h
v4�

†
a�

†
�a��a�a + v0

4�
†
a�

†
a�a�a

i
+ · · ·

dv4

ds
= �

8

⇡
g4 +

2

⇡
g2v3 �

2

⇡
g2v4 +

2

⇡
v2
4

dv0
4

ds
= �

4

⇡
g4 +

2

⇡
g2v3 �

2

⇡
g2v0

4 +
2

⇡
v02
4



/ 32

L=±2 tetramers attached to every trimer 

with resonance energy

20RG in 4-body sector
4-body problem  ⇔  dimer+dimer scattering
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We study a system of spinless fermions in two dimensions with a short-range interaction fine-tuned to a

p-wave resonance. We show that three such fermions form an infinite tower of bound states of orbital

angular momentum ‘ ¼ "1 and their binding energies obey a universal doubly exponential scaling EðnÞ
3 /

expð%2e3!n=4þ"Þ at large n. This ‘‘super Efimov effect’’ is found by a renormalization group analysis and

confirmed by solving the bound state problem. We also provide an indication that there are ‘ ¼ "2 four-

body resonances associated with every three-body bound state at EðnÞ
4 / expð%2e3!n=4þ"%0:188Þ. These

universal few-body states may be observed in ultracold atom experiments and should be taken into

account in future many-body studies of the system.
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Introduction.—Recently topological superconductors
have attracted great interest across many subfields in phys-
ics [1,2]. This is partially because vortices in topological
superconductors bind zero-energy Majorana fermions and
obey non-Abelian statistics, which can be of potential use
for fault-tolerance topological quantum computation [3,4].
A canonical example of such topological superconductors
is a p-wave paired state of spinless fermions in two
dimensions [5], which is believed to be realized in
Sr2RuO4 [6]. Previous mean-field studies revealed that a
topological quantum phase transition takes place across a
p-wave Feshbach resonance [7–9].

In this Letter, we study few-body physics of spinless
fermions in two dimensions right at the p-wave resonance.
We predict that three such fermions form an infinite tower of
bound states of orbital angular momentum ‘ ¼ "1 and their
binding energies obey a universal doubly exponential scaling

EðnÞ
3 / expð%2e3!n=4þ"Þ (1)

at large n. Here " is a nonuniversal constant defined modulo
3!=4. This novel phenomenon shall be termed a super
Efimov effect, because it resembles the Efimov effect in
which three spinless bosons in three dimensions right at an
s-wave resonance form an infinite tower of ‘ ¼ 0 bound
states whose binding energies obey the universal exponential

scaling EðnÞ
3 / e%2!n=s0 with s0 ' 1:00624 [10] (see Table I

for comparison).While the Efimov effect is possible in other
situations [11,12], it does not take place in two dimensions or
with p-wave interactions [12–14]. We also provide an indi-
cation that there are ‘ ¼ "2 four-body resonances associ-
ated with every three-body bound state at

EðnÞ
4 / expð%2e3!n=4þ"%0:188Þ; (2)

which also resembles the pair of four-body resonances in the
usual Efimov effect [15,16]. These universal few-body states

of resonantly interacting fermions in two dimensions should
be taken into account in future many-body studies beyond
the mean-field approximation.
Renormalization group analysis.—The above predic-

tions can be derived most conveniently by a renormaliza-
tion group (RG) analysis. The most general Lagrangian
density that includes up to marginal couplings consistent
with rotation and parity symmetries is

L ¼ c y
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y
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y
a#a#a: (3)

Here and below, @ ¼ m ¼ 1, r" ( rx " iry, and sums
over repeated indices a ¼ " are assumed. c and#" fields
correspond to a spinless fermion and ‘ ¼ "1 composite
boson, respectively. The p-wave resonance is defined by
the divergence of the two-fermion scattering amplitude at
zero energy, which is achieved by tuning the bare detuning
parameter at "0 ¼ g2!2=ð2!Þ with ! being a momentum
cutoff.

TABLE I. Comparison of the Efimov effect versus the super
Efimov effect.

Efimov effect Super Efimov effect

Three bosons Three fermions
Three dimensions Two dimensions
s-wave resonance p-wave resonance
‘ ¼ 0 ‘ ¼ "1
Exponential scaling Doubly exponential scaling
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Super Efimov effect

En ⇠ e�2⇡n En ⇠ e�2e3⇡n/4

New !
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Are there other phenomena 

with doubly-exponential scaling ?
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Are there other “physics” phenomena 

with doubly-exponential scaling ?

Efimov vs super Efimov
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Extension: 
Mass imbalance mixtures
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Infinite bound states 
with doubly exponential 
scaling

Super Efimov effect 
•  3 fermions 
•  2 dimensions 
•  p-wave resonance
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En ⇠ e�2e3⇡n/4

Universal !
but difficult to observe ?
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Efimov effect 
•  3 identical bosons 
•  3 dimensions 
•  s-wave resonance 
!

 exponential scaling
En+1
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! e�2⇡ ⇡ (22.7)�2

for 6Li-133Cs mixture  
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Super Efimov effect 
•  3 identical fermions 
•  2 dimensions 
•  p-wave resonance 
!

 “doubly” exponential

Efimov effect 
•  3 identical bosons 
•  3 dimensions 
•  s-wave resonance 
!

 exponential scaling

Super Efimov effect

En+1

En
! e�2⇡ ⇡ (22.7)�2 ln En+1

ln En
! e3⇡/4 ⇡ 10.55

for 6Li-133Cs mixture

???
for 6Li-133Cs mixture
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Vintra(r)

Vinter(r)  @  p-wave resonance

s-wave interaction  (only for bosons)

s-wave interaction  ~ 1/log(k) 
   + p-wave resonance  ~ 1/log(k)

Low-energy limit 
(higher partial waves die out)
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29Mass imbalance mixtures

2 bosons + 1  ( M/m > 4.03 )

2 fermions + 1  ( M/m > 2.41 )

ln
E

n+
1/

ln
E n

M
m

e3⇡/4 ⇡ 10.55
for 3 identical 

fermions

!  for 6Li-133Cs mixture
ln En+1

ln En
⇡ 1.34

•  p-wave resonance observed but 2D confinement necessary 
      M. Repp et al, Phys. Rev. A 87, 010701(R) (2013)
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p-wave resonance

M
M

m

Effective potential induced by light particle

R

C. Gao & Z. Yu, arXiv:1401.0965 

M. A. Efremov & W. P. Schleich, arXiv:1407.3352

inconsistent with our prediction for large M/m

En ⇠ e�2e(2m/M)⇡n

En ⇠ e�
m⇡2
2M n2

Ve↵(R) ! � 1
mR2 ln(R/r0)

������
R�r0
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p-wave resonance
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m

Characteristic time scales

R

Tlight ⇠ mR2 ln (R/r0)>>

R/r0 ⌧ eM/m ) E/E0 � e�2M/m

Crossover from Born-Oppenheimer 

to super Efimov                                   at                            ???E ⇠ e�2M/mEn ⇠ e�2e(2m/M)⇡n

En ⇠ e�
m⇡2
2M n2

adiabatic condition holds only for

Theavy ⇠ MR2
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Infinite bound states 
with doubly exponential 
scaling

Super Efimov effect 
•  3 fermions 
•  2 dimensions 
•  p-wave resonance En ⇠ e�2e3⇡n/4

1.  New few-body universality 

2.  RG analysis  &  Model confirmation 

3.  First doubly exponential scaling (?) 

4.  Easier to observe with mass imbalance 

5.  Born-Oppenheimer approximation fails


