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Introduction:
Few-body universality




Few-body universality

Efimov effect (1970) !IIJ

e 3 bosons Infinite bound states

+ 3 dimensions — with exponential scaling

—2
¢ S-wave resonance E, ~ e ™"

Universal!
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Efimov effect in other systems ?

No, only in 3D with s-wave resonance
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Few-body universality

Efimov effect (1970) !IIJ

e 3 bosons Infinite bound states

+ 3 dimensions — with exponential scaling
-2

* S-wave resonance E, ~ e "

Different universality in other systems ?

Yes, super Efimov effect in 2D with p-wave !

S-wave ‘ p-wave d-wave

3D O X X Y.N. & S.Tan,
2D = 4! % Few-Body Syst
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Few-body universality

Efimov effect Super Efimov effect
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Few-body universality

Efimov effect Super Efimov effect
A

3 bosons e 3 fermions \
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3 dimensions e 2 dimensions
e S-wave resonance * p-wave resonance
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exponential scaling “doubly” exponential
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 Low-energy EFT for 2D p-wave scattering
* RG analysis for 3-body & 4-body couplings

=> Exact spectrum in the low-energy limit !



Prediction:
Super Efimov effect




P-wave scattering in 2D

Two fermions with short-range potential e

V(r)
p+k/2 qQ+k/2
p-k/2 q-k/2
. . Cf. H-W. H &D.L
=> Effective range expansion e
PN p-q
Ly e Ean e e S
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= —n ( \+Z Cn(mg)n
scattering “length” effective “range”
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collisionenergy e =F — — + 10
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P-wave scattering in 2D

Two fermions with short-range potential e

V(r)
p+k/2 qQ+k/2
\ / resonance Qe
e lely ety ig
/ \ low-energy
p-k/2 q-k/2
=> Effective range expansion
2np-q i
m?> ln(—A—) E-=4i0
E
=(ig)’p-9 propagator of dimer @@

“running” coupling
(logarithmic decrease toward low-energy p/A—0)



P-wave scattering in 2D

Two fermions with short-range potential e
p+k/2 q+k/2 V(I’)
\ / resonance > e <
— fepey = onts, ig
/ \ low-energy
p-ki2 q-ki2

=> Low-energy effective field theory
2

A%
£:¢T(iat+2_

dimer field ®: couples to two fermions
with orbital angular momentum L=*1



RG in 2-body sector

Low-energy effective field theory

2
L= w*(zat+ )¢+Z[¢“ (zat+v )qb_
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marginal coupling irrelevant
d 3
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logarithmical decrease
(eSA<p<A mtegrated out) toward low-energy s—«



RG in 3-body sector

3-body problem < fermion+dimer scattering

L3—b0dy — U3 Z ¢T¢j‘z¢a¢ e

a==

irrelevant

marginal coupling renormalized by

=> RG equation




RG in 3-body sector

3-body problem < fermion+dimer scattering

L3—b0dy — U3 Z ¢T¢j‘z¢a¢ e

irrelevant

marginal coupling @ low-energy limit s
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vals) {1 — cot|=(Ins — 6) ) /
< _3 | 10
, drn 5
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=> characteristic energy scales

E - A_2 e_2’e37m/4+49
n

= Super Efimov effect!



Model confirmation

dk k2 Spinless fermions
H= [l o .
(27)2 2m with a separable potential

dkdpdq . :
<Y, | e Yl xe@L, x vr @by,

resonance (a—>oo) X+ (P) = (pz £ ipy) o~ P 1(2A%)

3-body binding energies \,, = Inln(mE,,/A?)"/?

=> solve STM equation numerically
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Model confirmation

dk k2 Spinless fermions
(27)2 2m with a separable potential

dkdpdq . :
<), f OV S e S C) 1

resonance (a—>oo) X+ (P) = (pz £ ipy) o~ P 1(2A%)

3-body binding energies \,, = Inln(mE,,/A?)1/?
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RG in 4-body sector

4-body problem & dimer+dimer scattering

L4—b0dy o Z [U4¢Z¢ia¢—a¢a 1 vé¢l¢£¢a¢a] ke s

irrelevant
marginal couplings renormalized by

______

______

______

=> RG equations
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RG in 4-body sector

4-body problem & dimer+dimer scattering

L4—b0dy 5 Z [v4¢l¢ia¢—a¢a Fo vé¢l¢g¢a¢a] i
7 irrelevant
marginal couplings
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Efimov vs super Efimov

Efimov effect Super Efimov effect
e 3 bosons e 3 fermions

« 3 dimensions e 2dimensions
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Efimov vs super Efimov

n=26
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Are there other phenomena
3 with doubly-exponential scaling ?



Efimov vs super Efimov
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Are there other “physics” phenomena

with doubly-exponential scaling ?



Extension:
Mass imbalance mixtures




Efimov vs super Efimov

Super Efimov effect
e 3 fermions Infinite bound states

e 2 dimensions — with doubly exponential
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Universal! n=2
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Efimov vs super Efimov

Efimov effect

e 3 identical bosons

e 3 dimensions

¢ S-wave resonance
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Efimov vs super Efimov

Efimov effect Super Efimov effect
3 identical bosons 3 identical fermions
3 dimensions e 2 dimensions
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Mass imbalance mixtures

m
e

Vinter(r) @ p-wave resonance

ME

Om
Vintra(r)

Low-energy limit
/ (higher partial waves die out)

s-wave interaction ~ 1/log(k)
+ p-wave resonance ~ 1/log(k)

s-wave interaction (only for bosons)



Mass imbalance mixtures

2 fermions +1 (M/Im>2.41)
2 bosons +1 (M/Im>4.03)
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In E,

* p-wave resonance observed but 2D confinement necessary
M. Repp et al, Phys. Rev. A 87, 010701 (R) (2013)

~1.34 ! for 6Li-133Cs mixture




Born-Oppenheimer approx.

m
e

p-wave resonance

R o

Effective potential induced by light particle
1

ME

Vally & =
_ mn* n> C. Gao & Z. Yu, arXiv:1401.0965
— En ~ e 2M M. A. Efremov & W. P. Schleich, arXiv:1407.3352

inconsistent with our prediction for large M/m
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Born-Oppenheimer approx.

m
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p-wave resonance

R o

Characteristic time scales
Theavy ~ MR? (>>) Tigne ~ mR*In(R/7o)
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adiabatic condition holds only for
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Summary

Super Efimov effect
e 3 fermions Infinite bound states

e 2 dimensions — with doubly exponential

* p-wave resonance scaling F_~ e

A b WO N =

_ze3ﬂn/4

. New few-body universality

. RG analysis & Model confirmation

. First doubly exponential scaling (?)

. Easier to observe with mass imbalance

. Born-Oppenheimer approximation fails



