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phases of condensed matter
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T>1T, T < T,
order parameter: magnetization
spontaneously broken symmetry: time-reversal symmetry

many examples: superconductivity, superfluidity, ferroelectricity, liquid crystals...

Landau theory of phase transitions



The integer quantum Hall effect: a topological phase
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- insulating bulk (Landau levels)
- n topologically protected metallic edge states (skipping orbits)
- n cannot be changed without closing an energy gap

Since ~ 2005, many examples of such topological phases



1. Topological insulators and edge states

e topological band theory
* bulk-edge correspondence
e example: guantum spin Hall insulator
2. Topological superconductors and Majorana fermions
* Bogoliubov quasiparticles and Majorana fermions
* models of topological superconductors

* fractional Josephson effect



1. topological insulators and edge states




Bloch band theory

Schrodinger equation for electrons in a periodic potential U(x + a) = U(x)
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guasi-momentum: 7 < k< T (Brillouin zone)
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Metals vs. insulators

electrons are fermions — Pauli principle
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response to an electric field:
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Topology of the Fermi surface

two-band model in 2D
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Fermion doubling theorem: even number of Dirac Cones - (X n) is integer



Bulk-boundary correspondence
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1 chiral metallic edge state
robust to (smooth) potential disorder
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Quantum spin Hall insulators

Quantum Hall insulator
Time-reversal symmetry broken
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2. Topological superconductors and Majorana fermions




Superconductivity

Bardeen-Cooper-Schrieffer theory (1957)
attractive interaction between electrons in metals

> Cooper instability: binding of two electrons

> Cooper pairs condense into a superfluid ground-state
zero-resistance state

> energy gap in the excitation spectrum

density of states
specific heat

C ~ 6—A/T

energy

Fermi sea

T <A



Bogoliubov-de Gennes theory

BCS Hamiltonian (for spinless electrons)
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BdG formulation
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particle-hole spinor
the energy spectrum is gapped and particle-hole symmetric:
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elementary excitations = superposition of electron creation and annihilation
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Majorana fermions

particle-hole symmetry in superconductors

V(=E) =~'(E)
. ot no charge
E=0: 1(0) =510 {roc
(Dirac) fermions:
{Cz',C;r-} = 04j {ci,cj} =0
Majorana fermions
I'; = F;;r - conjectured by Majorana (1937)
- no known elementary particle
{Fiv Fj} — 25?&7’ (maybe neutrino?)

1 fermion = 2 Majoranas

1 1
¢ = 5(T1+il) ¢l = 5 (T1 —il)



Kitaev 1D toy model

Kitaev, 2001

N sites:
H = Z { tel cnpr + hoc.) — pcl e, + (ACILCILH + h.c.)}
hopping pairing (p-wave)
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Kitaev model and topology
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p+ip two-dimensional superconductivity

Read and Green, 2000
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Majorana modes and vortex core states

Read and Green, 2000
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non-abelian statistics

lvanov, 2003

2N Majoranas ['y,1,... 7F2p7 F2p-|—17 .

N fermions oy dy = §(F2p +il'2p41), - -

2N degeneracy of the ground state 71, ...,nN) n, = d;gdp
clockwise exchange of two (vortex core) Majoranas in 2D L'y Ty
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braiding of exchanges - rotations within the ground-state manifold

prospects for adiabatic guantum computing



proximity-induced topological superconductivity

Lutchyn et al., 2010;
Oreg et al, 2010
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Zero-bias anomaly

Au/InSb/NbTi

Mourik et al., 2013
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topological Josephson junctions
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equilibrium Josephson current
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4r-periodic current-phase relation
for a given occupation of the Majorana bound state



fractional ac Josephson effect

Kitaev, 2001
Kwon et al, 2004
Fu and Kane, 2009
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Conclusion

> Surprises in the (non-interacting) band theory of solids

> topological insulating phases:
- insulating bulk characterized by a topological index
- robust metallic edge states
- quantized response function

> emergent Majorana fermions in hybrid junctions with conventional superconductors

General references

* Colloguium: topological insulators,
M.Z. Hasan and C. L. Kane, RMP 82, 3045 (2010)

* New directions in the pursuit of Majorana fermions in solid state systems,
J. Alicea, Rep. Prog. Phys. 75, 076501 (2012)

Majorana bound states in topological Josephson junctions:
 D.M. Badiane, MH, J.S. Meyer, PRL 107, 177002 (2011)
* MH, J.S. Meyer, L.I. Glazman, arXiv:1303.4909



