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=⇒ MS parameterisations assume a fixed aerosol phase function / GAP-2011-073
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1 Equations that will have been used elsewhere 1

1 Equations that will have been used elsewhere




dNmol = − N×dl

Λmol(hagl)

dNaer = − N×dl
Λaer(hagl)

(1)

Paer(ψ|g, f) =
1− g2

4π

[
1

(1 + g2 − 2g cosψ) 3
2

+ f
(

3 cos2 ψ− 1
2(1 + g2)

3
2

)]

(2)

Pmol(ψ) =
3

16π (1 + cos2 ψ) (3)





Nmol = N0 exp

(
l

Λmol

)

Naer = N0 exp
(
l

Λaer

) (4)






Λmol(hagl) = Λ0
mol exp

(
hagl+1412
h0

mol

)

Λaer(hagl) = Λ0
aer exp

(
hagl
h0aer

) (5)





dNmol = −N×dl

Λmol

dNaer = −N×dl
Λaer

(6)

Pjpf(ψ) = A[Paer(ψ)dNaer + Pmol(ψ)dNaer]

Pjpf(ψ) =
Paer(ψ)

1 +
(

Λaer
Λmol

) +
Pmol(ψ)

1 +
(

Λmol
Λaer

) (7)

∫∫
P (ψ) sinψ dψdφ (8)

2 Method of simulating multiple scattering

2.1 General Program Structure

The program is written in C++ and revolves around the creation and use of a class called
photon. The photon class inherits from another class called threevector which includes all
the typically useful methods for manipulating 3-dimensional vectors. The constructor for
the photon class takes two threevector objects as arguments to represent initial position and
direction of travel of the photon. Monte Carlo methods in the class are written to simulate
the propagation of the photon through an atmosphere described by the parameters {Λ0

aer ,
Λ0

mol , h0
aer, h0

mol, g, f} as described in section 32.
The propagation of the photon through space can be simulated by using a specified step

time dt with the iterative Eq. (9)

pi+1 = pi + (d̂i × cdt) (9)

where pi is the position and d̂i the unit vector of direction of travel of the photon at
the ith step . A photon can hence be propagated for a given time t by iterating Eq. (9)
(t/dt) times. The methods used to find when and how the direction vector d̂i changes due
to scattering events are described in the sections that follow.
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(b) D = 10 km
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(c) D = 20 km

Figure 14: The density distribution of indirect photons for an isotropic source at hinit =
20 km for three different distances of propagation D = {5 km, 10 km, 20 km} where in
figure 14(c) at D = 20 km the direct photon sphere first touches the ground. Atmospheric
aerosols are given parameters representing a realistic atmosphere: {Λ0

aer = 25 km, h0
aer=

1.5 km , g = 0.6}

of an infinite number of photons in the simulation. For all proceeding cases the number of
bins used is 80,000 which is a sufficient resolution for 108 photons.

If the reader should be confused by the the explanation of units of each histogram in this
section, it is sufficient for all explanations that follow to accept that the value dε/dV (rrel, θrel)
is proportional to the density of indirect photons at a given {rrel , θrel } for every φrel.

3.3 Evolution of density distribution in a typical atmosphere
This section looks at how the distribution of indirect photons evolves with time and propaga-
tion of the direct photon sphere rdir . Figure 14 shows plots for an isotropic source at an initial
height of 20 km after three different distances of propagation D = {5 km, 10 km, 20 km}. The
atmosphere simulated to have both molecules and aerosols with associated aerosol parameters
set to {Λ0

aer = 25 km, h0
aer= 1.5 km, g = 0.6}.

The figure shows that the overall density increases as rdir increases. This is simply because
the volume of the sphere over which the indirect photons are found increases proportionally
to r3rel whilst the increase of indirect photons is at a rate less than this. It should be duly
noted that the figures do not imply a decrease in the total amount of indirect photons as
rdir increases. Indeed, the vaue of εtotal for indirect photons can only increase seeing as only
direct photons can become indirect photons and not vice versa.

A further feature of figure 14 is the difference in the density of indirect photons at the
highest and lowest points in the atmosphere. In Figure 14(a) the difference is not noticeable.
This is due to a difference of only 10 km between the highest and lowest heights of direct
photons. However, it is expected that as rdir increases and the difference in the density of
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(a) g = 0.3
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(b) g = 0.6
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(c) g = 0.9

Figure 15: The effect of changing g on the density distribution of photons propa-
gating from an isotropic source. Simulations are for atmospheres of only aerosols
with Λ0

aer = 14.2 km and h0
aer= 8 km i.e. an aerosol density distribution the same

as that of molecules. Results for three different values of g = {0.3, 0.6, 0.9} are
presented.

The explanation of this trend lies in the increasing anisotropy of the direction of scattered
photons for increasing g. For a photon scattered through a scattering angle ψ its component
of direction along the direction of direct light is cosψ. As such, for increasingly low values of ψ
the component of direction along the direction of direct light is increasingly high. Figure 11(a)
in section 33 clearly shows that for higher values of g lower scattering angles of ψ are more
likely to be generated and hence explains the increased accumulation of indirect photons just
before rdir for increasing g.

The important point here that should not be overlooked is that a majority of these
indirect photons that have accumulated just before rdir are present because they have a large
directional component along the direction of direct light travel. This will prove a key fact in
explaining the relative effects of aerosols and molecules on indirect light signals at fluorescence
detectors at different times. This idea will be discussed in more depth in section33 .

3.5 The relative effect of molecules and aerosols in the atmosphere

In the previous section the density of aerosols in the atmosphere was set to be the same as for
molecules such as to demonstrate the effect of a changing phase function. It is now set to a
much lower, more realistic value expected to be found in a real atmosphere. Aerosols are far
less dense than molecules in a real atmosphere and the object of this section is to show that
this difference in density means aerosols have very little effect on the overall distribution of
scattered photons across all space.

If it is can be shown that aerosols have a negligible effect at a higher than normal density,
it means the negligibility of the aerosols is also applicable to all lower densities and hence.
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(a) Molecules
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(b) Aerosols
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(c) Molecules and aerosols

Figure 16: The relative effect on density distribution of indirect photons for
aerosols and molecules in a real atmosphere illustrated by simulations with
aerosols and molecules independently and simultaneously present. (a) An atmo-
sphere consisting of only molecules. (b) An atmosphere consisting of only aerosols with
parameters {g=0.6, Λ0

aer =10 km and h0
aer=1.5 km}. (c) An atmosphere consisting simul-

taneously of both aerosols and molecules with parameters the same as for the independent
simulations in figure (a) and (b).

all real atmospheres. As such, the parameters for aerosols are set to Λ0
aer = 10 km and

h0
aer= 1.5 km representing densities higher than would ever be found in a real atmosphere.

Simulations are ran independently for atmospheres of only aerosols, only molecules and
both simultaneously present. Figure ?? shows the results for the atmosphere with only
molecules and figure 16(b) for only aerosols. Comparing figure 16(c) (the results of a simula-
tion with both aerosol and molecules present) it is directly evident by eye from the striking
similarity between figure 16(a) and figure 16(c) that the overall distribution of photons in the
atmosphere must be governed by molecules.

In spite of the negligible effect of aerosols on the overall distribution of indirect photons,
their presence should not be forgotten, in particular near to ground level where the fluores-
cence detectors are found at the Pierre Auger Observatory. The next section is devoted to
demonstrating that, even in such small proportions, the high forward scattering peak associ-
ated with aerosol scattering events is so important in considering indirect light signal detected
at detectors, that aerosols can absolutely not be overlooked.

4 Global view of detected photons with multiple scattering
4.1 Running simulation and presentation of results
The same simulation as described in section 33 is once again used to collect results for this
section. In contrast, studied here is how different atmospheric parameters affect the ratio of
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(a) tdet = 100 ns
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(b) tdet = 1000 ns

Figure 18: Results simulations for atmospheres with aerosols and molecules sim-
ulatneously present with associated parameters respectively {Λ0

aer = 25.0 km,
h0

mol= 1.5 km, g=0.9} and {Λ0
mol = 14.2 km, h0

mol= 8.0 km}.

4.6 Calculating direct photon signal

dN = −Ndl
( 1

Λaer(h)
+

1
Λmol(h)

)
N

N0
= exp

[
h0
aer

sin θ

(
exp(−hinit

h0aer
)− exp(−hdet

h0aer
)
)]

(18)

4.7 Calculating indirect photon signal

Typically simulations must implement some form of approximation in order to allow reason-
able running times of simulations. Previous simulations have used the method of thinning
where photons are considered as being in packets of photons that later divide into more pack-
ets of photons hence minimise the total amount of photons that must be tracked through
space [pekala]. This approximation is not made in this report. The simulation used here is
the most realistic created so far an only makes one very small approximation.

The approximation once again relies on the isotropy in phirel of the distribution of indirect
photons. Instead of simulating the detector as having a circular entry at a given point phirel
in space it is simulated as having an entry at one height but for all values of phirel as seen
in figure 32.

Furthermore, not all photons are continually tracked, but only those for which the amount
of time remaining still allows the possibility of scattering into the detectors field of sight. As
soon as this criteria is no longer met the tracking of the photon through space is stopped in
order to cut down immensely on simulation times.
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(a) Molecules
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(b) Aerosols : g = 0.3
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(c) Aerosols: g = 0.9

Figure 17: Simulations ran for sources of initial height hinit = 10km and for a
detection time tdet = 100 ns. The simulations are ran individually for atmospheres
of only aerosols and molecules. Aerosol density parameters are {Λ0

aer = 25.0 km,
h0

mol= 1.5 km}.

direct photon sphere D within increasingly small time intervals. This explains why, despite a
remarkably lower concentration of aerosols in the atmosphere, the higher forward scattering
peak associated with the aerosols causes a higher ratio of Nindirect/Ndirect than the molecules.
It is noted that the amount of scattering by aerosols only begins to become significant enough
to see this effect at low heights above ground level. This is important as it is at these low
heights (hagl = 4 m that the fluorescence detectors at the Pierre Auger Observatory are
found.

Turning attention now to figure 18 , the same reults are shown for tdet = 1000 ns. Looking
at figure 17(c) and figure 18(c) it is evident that the change in the ratio Nindirect/Ndirect is
nearly invisible when increasing tdet from 100 to 1000 ns for g = 0.9. This implies that for a
very high g, such as g = 0.9, the total amount of indirect photons that will ever be detected,
are nearly all detected at a very low detection time. This is expected given the preceding
arguments of why high values of g give a high ratio Nindirect/Ndirect at low detection times.

Figure 18 equally shows that molecules begin to have a more prominent effect than aerosols
for greater detection times. Indeed, for the higher detection time tdet = 1000 ns, whether or
not photons are scattered with a high forward scaterring peak becomes of increasingly less
importance. This is because in this cae a photon which is much further from the direct photon
sphere now has enough time to reach the sphere and be detected, whereas, tdet = 1000 ns a
high forward scattering peak was necessary for this. It is therefore the relative density of the
scatterers in the atmosphere that bares more influence on the ratio Nindirect/Ndirect for higher
values of tdet. Hence, in general, the ratio is greater for an atmosphere of only molecules for
higher detection times. It is however noted that near to ground level the ratio caused by
aerosols is about equivalent to that caused by molecules.

Figure 17(b) and figure 18(b) shows the intermediate case of aerosols with a value of
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(a) Molecules
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(b) Aerosols : g = 0.3
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(c) Aerosols: g = 0.9

Figure 18: Simulations ran for sources of initial height hinit = 10 km and for a de-
tection time tdet = 1000 ns. The simulations are ran individually for atmospheres
of only aerosols and molecules. Aerosols density parameters are {Λ0

aer = 25.0 km,
h0

aer= 1.5 km}.

g = 0.3. The effects seen are inbetween those of molecules and aerosols with g = 0.9.
The ratio for g = 0.3 is less for low detection times than for g = 0.9, but increases more
substantially between tdet = 100 ns and tdet = 1000 ns .

4.3 Relative effects of aerosols and molecules in the same atmosphere
The effects of an atmosphere where aerosols and molecules are simultaneously present are
considered in this section. Figure 19 show results for a simulation ran with molecules and
aerosols simultaneously present for g = 0.9 . Comparing figure 17(a) and figure 17(c) with
figure 19(a), it is indeed seen that the ratio is governed largely by aerosols at ground level
and molecules above ground level for low tdet.

In contrast, for higher detection times tdet, it is evident that it is molecules that dominate
the given ratio across all space. This is because, as previously explained, their concentration
in the atmosphere is much higher than the aerosols in the atmosphere and whether or not
photons are scattered with a high forward scattering peak becomes of much less importance
at tdet = 1000 ns. Nonetheless, it is noted that towards ground level aerosols indeed still
increase the ratio, but, are no longer the scatterers principally responsible for the amount
of indirect photons detected. The conclusion to be drawn is hence that for small detection
times it is the phase function and g that has the greatest effect, whilst for greater detection
times it is the realtive density of the scatterers in the atmosphere.

The next section continues to investigate the effect of changing g and tdet but for the
specific case of the Pierre Auger Observatory fluorescence detector. As this detector is found
at a height of 4 metres above ground level, it should already be suspected that g will have a
large effect on the percentage of signal detected that is indirect light.
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(a) tdet = 100 ns
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(b) tdet = 1000 ns

Figure 19: Results simulations for atmospheres with aerosols and molecules sim-
ulatneously present with associated parameters respectively {Λ0

aer = 25.0 km,
h0

mol= 1.5 km, g=0.9} and {Λ0
mol = 14.2 km, h0

mol= 8.0 km}.

4.4 Simulating the Pierre Auger Observatory Fluorescence Detectors (FDs)
4.5 Challenges of the simulation
There are several challenges faced in simulating the effects of multiple scatterin on the Pierre
Auger Observatory fluorescence detectors (FDs). The principal problem is that to accurately
consider the effects of multiple scattering on the signal received at the FDs the propagation
of all indirect and direct photons must be continually tracked despite the fact that nearly all
of them will not be detected. more than 99.9% of them will not be detected.

An approximate order of magnitude calculation offers an idea of the amount of initial
photons N that need to be used in order to have a reasonable amount of data of indirect
photons to be analysed. Referring back to figure 33 which is a simulation of an isotropic
source in a real atmosphere we see that deps/dV has an order of magnitude of 10-10 to-
wards ground level. The area of the fluorescence detector is approximately π ∗ r2det where
rdet is the radius of entrance of the fluorescence detector. The amount of indirect pho-
tons cna be worked out to an approximate order of magnitude by considering the vol-
ume covered by photons that are 100 ns and within the radius of the detector. This
volume is approximately V = π1.12c100 × 10−9approximatley102. Multiplying this vol-
ume by the density deps by dV we can work out that the order of magnitude of the frac-
tion of photons of the initial source that will be dtected by the detector is approximately
10−9.Thismeansthattohavearoundabout1000scatteredphotonsdetectedasimulationwithabout1012photonsmustberan.Ifeachphotonisthenpropagatedthrough1000stepsthismeansabout1015calculationswhichwouldtakewelloveramonthpersimulation.Hence, forthesimulationofmultiplescatteringattheFDdetectors, simulationsshouldbecodedwiththefastestmethodspossibletoimprovestatistics.

4.6 Calculating direct photon signal

dN = −Ndl
( 1

Λaer(h)
+

1
Λmol(h)

)
N

N0
= exp

[
h0
aer

sin θ

(
exp(−hinit

h0aer
)− exp(−hdet

h0aer
)
)]

(18)
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Figure 22: θinc = 3◦ , D = 1 km, Λ0
aer = 25.0 km.
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Figure 23: θinc = 3◦ , D = 30 km, Λ0
aer = 25.0 km.

 [degrees]!Integration angle 

0 5 10 15 20 25 30

P
e
rc

e
n
ta

g
e
 o

f 
s
ig

n
a
l 
d
u
e
 t
o
 i
n
d
ir
e
c
t 
lig

h
t 
[%

]

0

2

4

6

8

10

aerandmol_distancetodetector30000_inclinationangle30_g0.9_lambdaaer25000_haer1500_t100.0

Aer: g = 0.9

Aer: g = 0.8

Aer: g = 0.6

Aer: g = 0.3

aerandmol_distancetodetector30000_inclinationangle30_g0.9_lambdaaer25000_haer1500_t100.0

(a)

Distance from last scattering event [metres]

0 5000 10000 15000 20000 25000 30000

P
e

rc
e

n
ta

g
e

 o
f 

d
e

te
c
te

d
 i
n

d
ir
e

c
t 

p
h

o
to

n
s
 [

%
]

0

5

10

15

20

25

30

aerandmol_distancetodetector30000_inclinationangle30_g0.3_lambdaaer25000_haer1500_t100.0

Aer and Mol: g = 0.3

Aer and Mol: g = 0.6

Aer and Mol: g = 0.9

aerandmol_distancetodetector30000_inclinationangle30_g0.3_lambdaaer25000_haer1500_t100.0

(b)

Figure 24: θinc = 30◦ , D = 30 km, Λ0
aer = 25.0 km.
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 [degrees]!Integration angle 
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Figure 22: θinc = 3◦ , D = 1 km, Λ0
aer = 25.0 km.
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Figure 23: θinc = 3◦ , D = 30 km, Λ0
aer = 25.0 km.
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Figure 24: θinc = 30◦ , D = 30 km, Λ0
aer = 25.0 km.
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 [degrees]!Integration angle 
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Figure 22: θinc = 3◦ , D = 1 km, Λ0
aer = 25.0 km.
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Figure 23: θinc = 3◦ , D = 30 km, Λ0
aer = 25.0 km.
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Figure 24: θinc = 30◦ , D = 30 km, Λ0
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Figure 21: θinc = 3◦ , D = 1 km, Λ0
aer = 25.0 km.

 [degrees]!Integration angle 

0 5 10 15 20 25 30

P
e

rc
e

n
ta

g
e

 o
f 

s
ig

n
a

l 
d

u
e

 t
o

 i
n

d
ir
e

c
t 

lig
h

t 
[%

]

0

5

10

15

20

25

30

35

aerandmol_distancetodetector30000_inclinationangle03_g0.9_lambdaaer25000_haer1500_t100.0

Aer: g = 0.9
Aer: g = 0.8
Aer: g = 0.6
Aer: g = 0.3

aerandmol_distancetodetector30000_inclinationangle03_g0.9_lambdaaer25000_haer1500_t100.0

(a)

Distance from last scattering event [metres]

0 5000 10000 15000 20000 25000 30000

P
e
rc

e
n
ta

g
e
 o

f 
d
e
te

c
te

d
 i
n
d
ir
e
c
t 
p
h
o
to

n
s
 [
%

]

0

2

4

6

8

10

12

14

16

18

aerandmol_distancetodetector30000_inclinationangle03_g0.3_lambdaaer25000_haer1500_t100.0

Aer and Mol: g = 0.3

Aer and Mol: g = 0.6

Aer and Mol: g = 0.9

aerandmol_distancetodetector30000_inclinationangle03_g0.3_lambdaaer25000_haer1500_t100.0

(b)

Figure 22: θinc = 3◦ , D = 30 km, Λ0
aer = 25.0 km.
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Figure 23: θinc = 30◦ , D = 30 km, Λ0
aer = 25.0 km.
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Figure 21: θinc = 3◦ , D = 1 km, Λ0
aer = 25.0 km.
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(b)

Figure 22: θinc = 3◦ , D = 30 km, Λ0
aer = 25.0 km.
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Figure 23: θinc = 30◦ , D = 30 km, Λ0
aer = 25.0 km.
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    Number of scatterings by aerosols        Number of scatterings by molecules
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Figure 24: Plots to demonstrate the effect of increasing the time of detection tdet.
The inclination angle θinc = 15 and the distance D = 30 km. Λ0

aer =25 km and
g = 0.6. (a) Left panel: The percentage of detected indirect photons that have undergone
either 1 or 2 or more scatterings by an aerosol or molecule. (b) Right panel: The evolution
of the FD halo as time increases.
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Figure 25: g = 0.9 ; D = 15 km ; θinc = 15◦. (a) Left panel: (b) Right panel:
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Figure 20: θinc = 15◦ , D = 15 km, Λ0
aer = 25.0 km.

4.7 Calculating indirect photon signal

Typically simulations must implement some form of approximation in order to allow reason-
able running times of simulations. Previous simulations have used the method of thinning
where photons are considered as being in packets of photons that later divide into more pack-
ets of photons hence minimise the total amount of photons that must be tracked through
space [pekala]. This approximation is not made in this report. The simulation used here is
the most realistic created so far an only makes one very small approximation.

The approximation once again relies on the isotropy in phirel of the distribution of indirect
photons. Instead of simulating the detector as having a circular entry at a given point phirel
in space it is simulated as having an entry at one height but for all values of phirel as seen
in figure 33.

Furthermore, not all photons are continually tracked, but only those for which the amount
of time remaining still allows the possibility of scattering into the detectors field of sight. As
soon as this criteria is no longer met the tracking of the photon through space is stopped in
order to cut down immensely on simulation times.

4.8 Integration Angle

4.9 Effect of different phase functions

This section aims to explain the effect of the phase function on the amount of detected indirect
signal with respect to integration angle ζ.
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Figure 20: θinc = 15◦ , D = 15 km, Λ0
aer = 25.0 km.

4.7 Calculating indirect photon signal

Typically simulations must implement some form of approximation in order to allow reason-
able running times of simulations. Previous simulations have used the method of thinning
where photons are considered as being in packets of photons that later divide into more pack-
ets of photons hence minimise the total amount of photons that must be tracked through
space [pekala]. This approximation is not made in this report. The simulation used here is
the most realistic created so far an only makes one very small approximation.

The approximation once again relies on the isotropy in phirel of the distribution of indirect
photons. Instead of simulating the detector as having a circular entry at a given point phirel
in space it is simulated as having an entry at one height but for all values of phirel as seen
in figure 33.

Furthermore, not all photons are continually tracked, but only those for which the amount
of time remaining still allows the possibility of scattering into the detectors field of sight. As
soon as this criteria is no longer met the tracking of the photon through space is stopped in
order to cut down immensely on simulation times.

4.8 Integration Angle

4.9 Effect of different phase functions

This section aims to explain the effect of the phase function on the amount of detected indirect
signal with respect to integration angle ζ.
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Figure 21: θinc = 15◦ , g = 0.6, Λ0
aer = 25.0 km.
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Figure 21: θinc = 15◦ , g = 0.6, Λ0
aer = 25.0 km.
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Introduction

Ramsauer: Aerosol phase function means Aerosol size
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=⇒ largest aerosols affect the forward peak

K. Louedec and M. Urban, Applied Optics 51 (2012) 7842–7852
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