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Motivations

One of the important longstanding theoretial questions raised by QCD is

its behaviour in the perturbative Regge limit s≫ −t
Based on theoretial grounds, one should identify and test suitable

observables in order to test this peuliar dynamis
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where the t−hannel exhanged state is the so-alled hard Pomeron

2 /23



The di�erent regimes of QCD
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Resummation in QCD: DGLAP vs BFKL

Small values of αS (perturbation theory applies due to hard sales) an be

ompensated by large logarithmi enhanements.

⇒ resummation of

∑

n(αS lnA)n series

DGLAP BFKL
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xn+1 ≪ xn

strong ordering in kT strong ordering in x
∑

(αS ln Q2

µ2 )
n ∑

(αS ln s
s0
)n

When

√
s beomes very large, it is expeted that a BFKL desription is needed

to get aurate preditions
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How to test QCD in the perturbative Regge limit?

What kind of observables?

perturbation theory should be appliable:

seleting external or internal probes with transverse sizes ≪ 1/ΛQCD or by

hoosing large t in order to provide the hard sale

governed by the soft perturbative dynamis of QCD
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p→ 0

and not by its ollinear dynamis
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m = 0

m = 0
θ → 0

⇒ selet semi-hard proesses with s≫ p2T i ≫ Λ2
QCD where p2T i are

typial transverse sale, all of the same order
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The spei� ase of QCD at large s

QCD in the perturbative Regge limit

The amplitude an be written as:

A = +






+ + · · ·






+






+ · · ·






+ · · ·

∼ s ∼ s (αs ln s) ∼ s (αs ln s)2

this an be put in the following form :

← Impat fator

← Green's funtion

← Impat fator
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Higher order orretions

Higher order orretions to BFKL kernel are known at NLL order (Lipatov

Fadin; Camii, Ciafaloni), now for arbitrary impat parameter

αS

∑

n(αS ln s)n resummation

impat fators are known in some ases at NLL

γ∗ → γ∗
at t = 0 (Bartels, Colferai, Gieseke, Kyrieleis, Qiao;

Balitski, Chirilli)

forward jet prodution (Bartels, Colferai, Vaa)

inlusive prodution of a pair of hadrons separated by a large interval of

rapidity (Ivanov, Papa)

γ∗
L → ρL in the forward limit (Ivanov, Kotsky, Papa)
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Mueller-Navelet jets: Basis

Mueller-Navelet jets

Consider two jets (hadrons �ying within a narrow one) separated by a

large rapidity, i.e. eah of them almost �y in the diretion of the hadron

�lose� to it, and with very similar transverse momenta

in a pure LO ollinear treatment, these two jets should be emitted bak to

bak at leading order: ∆φ− π = 0 (∆φ = φ1 − φ2 = relative azimuthal

angle) and k⊥1=k⊥2. There is no phase spae for (untagged) emission

between them
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Master formulas

kT -fatorized di�erential ross-setion
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with Φ(kJ2, xJ2,k2) =
∫

dx2 f(x2)V (k2, x2) f ≡ PDF xJ = |kJ |√
s
eyJ
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Studies at LHC: Mueller-Navelet jets

in LL BFKL (∼∑

(αs ln s)
n
), the emission between

these jets leads to a strong deorrelation between the

jets, inompatible with pp̄ Tevatron ollider data

up to reently, the subseries αs

∑

(αs ln s)
n
NLL was

inluded only in the Green's funtion, and not inside the

jet verties

Sabio Vera, Shwennsen

Marquet, Royon

the importane of these orretions was not known
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Results: symmetri on�guration (

√
s = 7 TeV)

Results for a symmetri on�guration

In the following we show results for

35GeV < |kJ1| , |kJ2| < 60GeV

0 < y1 , y2 < 4.7

These uts allow us to ompare our preditions with reent results presented by

CMS at DIS 2013 (CMS-PAS-FSQ-12-002)

note: unlike experiments we have to set an upper ut on |kJ1| and |kJ2|. We have

heked that varying this ut doesn't modify our results signi�antly.
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Results

Cross-setion
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35GeV < |kJ1| < 60GeV

35GeV < |kJ2| < 60GeV

0 < y1 < 4.7

0 < y2 < 4.7

The e�et due to NLL orretions to the jet vertex is of the same order of magnitude

as the e�et due to NLL orretions to the Green's funtion.
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Results

Cross-setion: stability with respet to s0 and µR = µF hanges
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Our result is rather stable w.r.t s0 and µ hoies for 5 < Y < 9.
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Results

Relative variation of the ross setion when using other PDF sets than MSTW 2008
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Results

Azimuthal orrelation 〈cosϕ〉
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The e�et of NLL orretions to the jet vertex is very important

At full NLL auray, 〈cosϕ〉 is very �at in Y and very lose to 1.
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Results

Azimuthal orrelation 〈cosϕ〉

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 4  5  6  7  8  9

PSfrag replaements

〈cosϕ〉

Y

pure LL

LL vertex + NLL Green fun.

NLL vertex + NLL Green fun.

CMS data

35GeV < |kJ1| < 60GeV
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0 < y2 < 4.7

None of the BFKL omputations desribe the data very well
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Results

Azimuthal orrelation 〈cosϕ〉
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35GeV < |kJ2| < 60GeV

0 < y1 < 4.7

0 < y2 < 4.7

None of the BFKL omputations desribe the data very well

The result at NLL is still rather dependent on the hoie of s0 and µR = µF
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Results

Relative variation of 〈cosϕ〉 when using other PDF sets than MSTW 2008
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0 < y1 < 4.7
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The result at NLL is still rather dependent on the hoie of s0 and µR = µF

〈cosϕ〉 does not depend strongly on the PDF set
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Results

Azimuthal orrelation 〈cos 2ϕ〉
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Results

Azimuthal orrelation 〈cos 2ϕ〉/〈cosϕ〉
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CMS data

35GeV < |kJ1| < 60GeV

35GeV < |kJ2| < 60GeV

0 < y1 < 4.7

0 < y2 < 4.7

The observable 〈cos 2ϕ〉/〈cos ϕ〉 is desribed reasonably well by NLL BFKL and is

more stable with respet to the sales
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Results: asymmetri on�guration

Azimuthal orrelation 〈cos 2ϕ〉/〈cosϕ〉: �xed order NLO versus NLL BFKL
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35GeV < |kJ1| < 60GeV

50GeV < |kJ2| < 60GeV
(suh an asymmetri

on�guration is required to get

stable results in a �xed order

alulation)

0 < y1 < 4.7
0 < y2 < 4.7

dots: based on the �xed order NLO parton generator Dijet (thanks to M. Fontannaz)

�xed order NLO and NLL BFKL di�er signi�antly for 4.5 < Y < 8
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Results: asymmetri on�guration

Azimuthal orrelation 〈cos 2ϕ〉/〈cosϕ〉: �xed order NLO versus NLL BFKL
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�xed order NLO and NLL BFKL di�er signi�antly for 4.5 < Y < 8

This result is rather stable w.r.t s0 and µ hoies.
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Conlusion

The e�et of NLL orretions to the verties is very important, similar to

the NLL Green's funtion orretions

Surprisingly small deorrelation e�et

First omparison to data taken at LHC for the azimuthal orrelations

The quantities 〈cosnϕ〉 are still rather dependent on the hoie of the

sales

For the observable 〈cos 2ϕ〉/〈cosϕ〉:
- NLL BFKL preditions are more stable with respet to the hoie of the

sales

- data is quite well desribed by NLL BFKL in a symmetri on�guration

- there is a lear di�erene between �xed-order NLO and our NLL BFKL

alulation in an asymmetri on�guration

⇒ It ould be interesting to study experimentally this observable also in

the asymmetri ase
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Bakup
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Results: asymmetri on�guration

Azimuthal orrelation 〈cosϕ〉: �xed order NLO versus NLL BFKL
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dots = based on the �xed order NLO parton generator Dijet (thanks to M. Fontannaz)

25/23



Results: asymmetri on�guration

Azimuthal orrelation: 〈cosϕ〉
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Dijet

35GeV < |kJ1| < 60GeV

50GeV < |kJ2| < 60GeV

0 < y1 < 4.7

0 < y2 < 4.7

Putting (almost) the same sale, exatly the same uts, we get a

di�erene between �xed order NLO and NLL BFKL for 4.5 < Y < 8.5

This di�erene is washed-out beause of s0 and µ dependeny
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Results

Azimuthal orrelation 〈cos 3ϕ〉
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Taking into aount the unertainty assoiated with the hoie of the sales, NLL

BFKL is quite lose to the data for Y & 6.
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Results

Azimuthal orrelation 〈cos 3ϕ〉/〈cos 2ϕ〉
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The 3 di�erent BFKL omputations for 〈cos 3ϕ〉/〈cos 2ϕ〉 are quite lose to eah other
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Results: symmetri on�guration

Azimuthal distribution

Computing 〈cos(nφ)〉 up to large values of n gives aess to the angular

distribution

1

σ

dσ

dφ
=

1

2π

{

1 + 2
∞
∑

n=1

cos (nφ) 〈cos (nφ)〉
}

This is a quantity aessible at experiments like ATLAS and CMS
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Results: symmetri on�guration

Azimuthal distribution
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Results: symmetri on�guration

Azimuthal distribution: stability with respet to s0 and µR = µF

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-3 -2 -1  0  1  2  3

PSfrag replaements

1
σ

dσ
dϕ

ϕ

µF → µF /2

µF → 2µF√
s0 → √

s0/2√
s0 → 2

√
s0

pure LL

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-3 -2 -1  0  1  2  3

PSfrag replaements

1
σ

dσ
dϕ

ϕ

µF → µF /2

µF → 2µF√
s0 → √

s0/2√
s0 → 2

√
s0

LL verties + NLL Green's fun.

pure LL LL verties + NLL Green's fun.

35GeV < |kJ1| < 60GeV

35GeV < |kJ2| < 60GeV

0 < y1 < 4.7

0 < y2 < 4.7

integrating on the bin:

6 < Y = y1 + y2 < 9.4

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-3 -2 -1  0  1  2  3

PSfrag replaements

1
σ

dσ
dϕ

ϕ

µF → µF /2

µF → 2µF√
s0 → √

s0/2√
s0 → 2

√
s0

NLL vert. + NLL Green's fun.

NLL vert. + NLL Green's fun.

31/23



Opening the boxes: Impat representation γ
∗
γ
∗ → γ

∗
γ
∗
as an example

Sudakov deomposition: ki = αi p1 + βi p2 + k⊥i (p21 = p22 = 0, 2p1 · p2 = s)

write d4ki =
s
2
dαi dβi d

2k⊥i (k = Eul. ↔ k⊥ = Mink.)

t−hannel gluons have non-sense polarizations at large s: ǫ
up/down
NS = 2

s p2/1

PSfrag replaements

⇒ set α1 = 0 and

∫

dβ1 ⇒ Φγ∗→γ∗
(k1, r − k1)

impat fator

⇒ set βn = 0 and

∫

dαn ⇒ Φγ∗→γ∗
(−kn,−r + kn)

βր

αց

γ∗

γ∗

r − k1k1

k2

kn

α1

α2

M =
is

(2π)2

∫

d2k

k2 Φup(k, r − k)

∫

d2k′

k′2 Φdown(−k′, −r + k′)

×
δ+i∞
∫

δ−i∞

dω

2πi

(

s

s0

)ω

Gω(k, k
′, r)

αn−1 ←− multi-Regge kinematis

β2

βn

αq, q̄

βq, q̄
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Master formulas

Angular oe�ients

Cm ≡
∫

dφJ1 dφJ2 cos
(

m(φJ,1 − φJ,2 − π)
)

×
∫

d2
k1 d

2
k2 Φ(kJ1, xJ,1,−k1)G(k1,k2, ŝ)Φ(kJ2, xJ,2,k2).

m = 0 =⇒ ross-setion

dσ

d|kJ1|d|kJ2|dyJ1 dyJ2
= C0

m > 0 =⇒ azimuthal deorrelation

〈cos(mφ)〉 ≡ 〈cos
(

m(φJ,1 − φJ,2 − π)
)

〉 = CmC0
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Jet vertex: jet algorithms

Jet algorithms

a jet algorithm should be IR safe, both for soft and ollinear singularities

the most ommon jet algorithm are:

kt algorithms (IR safe but time onsuming for multiple jets on�gurations)

one algorithm (not IR safe in general; an be made IR safe at NLO: Ellis,

Kunszt, Soper)
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Jet vertex: jet algorithms

Cone jet algorithm at NLO (Ellis, Kunszt, Soper)

Should partons (|p1|, φ1, y1) and (p2|, φ2, y2) be ombined in a single jet?

|pi| =transverse energy deposit in the alorimeter ell i of parameter

Ω = (yi, φi) in y − φ plane

de�ne transverse energy of the jet: pJ = |p1|+ |p2|
jet axis:

Ωc















yJ =
|p1| y1 + |p2| y2

pJ

φJ =
|p1|φ1 + |p2|φ2

pJ
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parton1 (Ω1, |p1|)

parton2 (Ω2, |p2|)

one axis (Ωc) Ω = (yi, φi) in y − φ plane

If distanes |Ωi − Ωc|2 ≡ (yi − yc)
2 + (φi − φc)

2 < R2
(i = 1 and i = 2)

=⇒ partons 1 and 2 are in the same one Ωc

ombined ondition: |Ω1 − Ω2| < |p1|+ |p2|
max(|p1|, |p2|)

R
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Jet vertex: LL versus NLL and jet algorithms

LL jet vertex and one algorithm

k,k′ = Eulidian two dimensional vetors

PSfrag replaements

0, x

k

k, x

S(2)
J (k⊥;x) = δ

(

1− xJ

x

)

|k| δ(2)(k− kJ )
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Jet vertex: LL versus NLL and jet algorithms

NLL jet vertex and one algorithm

k,k′ = Eulidian two dimensional vetors

S(3,cone)
J (k′,k− k′, xz;x) =
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]2

−
[

∆y2 +∆φ2
]

)
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k, x(1 − z)

+ S(2)
J (k− k′, xz) Θ
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]

−
[
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′|+|k′|
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0, x

k

k′
k− k′, x z

k, x(1 − z)

+ S(2)
J (k′, x(1− z)) Θ

(

[

∆y2 +∆φ2
]

−
[

|k−k
′ |+|k′|

max(|k−k′ |,|k′|)Rcone

]2
)

,
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The LL impat fator

V
(0)
a (k, x) = h

(0)
a (k)S(2)

J (k;x)

with: h(0)
a (k) =

αs√
2

CA/F

k2
,

S(2)
J (k;x) = δ

(

1− xJ

x

)

|kJ |δ(2)(k− kJ)
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NLL orretions to the jet vertex: the quark part (Bartels, Colferai, Vaa)

V
(1)
q (k, x) =









3

2
ln

k
2

Λ2
−

15

4





CF

π
+





85

36
+

π2

4





CA

π
−

5

18

Nf

π
− b0 ln

k
2

µ2



 V
(0)
q (k, x)

+

∫

dz

(

CF

π

1 − z

2
+

CA

π

z

2

)

V (0)
q (k, xz)

+
CA

π

∫ d2k
′

π

∫

dz

[

1 + (1 − z)2

2z

(

(1 − z)
(k − k

′) ·
(

(1 − z)k − k
′)

(k − k′)2
(

(1 − z)k − k′)2
h(0)
q (k′)S

(3)
J

(k′, k − k
′, xz;x)

−
1

k′2
Θ(Λ

2 − k
′2

)V
(0)
q (k, xz)

)

−
1

z(k − k′)2
Θ
(

|k − k
′| − z(|k − k

′| + |k′|)
)

V
(0)
q (k

′
, x)

]

+
CF

2π

∫

dz
1 + z2

1 − z

∫ d2l

πl2

[

NCF

l2 + (l − k)2

(

S
(3)
J

(zk + (1 − z)l, (1 − z)(k − l), x(1 − z);x)

+ S
(3)
J

(k − (1 − z)l, (1 − z)l, x(1 − z); x)
)

− Θ





Λ2

(1 − z)2
− l

2





(

V (0)
q (k, x) + V (0)

q (k, xz)

)

]

−
2CF

π

∫

dz

(

1

1 − z

)

∫ d2l

πl2

[

NCF

l2 + (l − k)2
S
(2)
J

(k, x) − Θ





Λ2

(1 − z)2
− l

2



 V
(0)
q (k, x)

]
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NLL orretions to the jet vertex: the gluon part (Bartels, Colferai, Vaa)

V
(1)
g (k, x) =





(

11

6

CA

π
−

1

3

Nf

π

)

ln
k
2

Λ2
+





π2

4
−

67

36





CA

π
+

13

36

Nf

π
− b0 ln

k
2

µ2



V
(0)
g (k, x)

+

∫

dz
Nf

π

CF

CA

z(1 − z)V
(0)
g (k, xz)

+
Nf

π

∫ d2k
′

π

∫

1

0
dz Pqg(z)

[

h
(0)
q (k′)

(k − k′)2 + k′2
S
(3)
J

(k
′
, k − k

′
, xz;x) −

1

k′2
Θ(Λ

2 − k
′2

)V
(0)
q (k, xz)

]

+
Nf

2π

∫ d2k
′

π

∫

1

0
dz Pqg(z)

NCA
(

(1 − z)k − k′)2

[

z(1 − z)
(k − k

′) · k
′

(k − k′)2k′2
S
(3)
J

(k
′
, k − k

′
, xz;x)

−
1

k2
Θ
(

Λ
2 −

(

(1 − z)k − k
′)2

)

S
(2)
J

(k, x)

]

+
CA

π

∫

1

0

dz

1 − z
[(1 − z)P(1 − z)]

∫ d2l

πl2

{

NCA

l2 + (l − k)2

[

S
(3)
J

(zk + (1 − z)l, (1 − z)(k − l), x(1 − z); x)

+ S
(3)
J

(k − (1 − z)l, (1 − z)l, x(1 − z); x)
]

− Θ





Λ2

(1 − z)2
− l

2





[

V
(0)
g (k, x) + V

(0)
g (k, xz)

]

}

−
2CA

π

∫ 1

0

dz

1 − z

∫ d2l

πl2

[

NCA

l2 + (l − k)2
S
(2)
J

(k, x) − Θ





Λ2

(1 − z)2
− l

2



 V (0)
g (k, x)

]

+
CA

π

∫ d2k
′

π

∫

1

0
dz

[

P (z)

(

(1 − z)
(k − k

′) ·
(

(1 − z)k − k
′)

(k − k′)2
(

(1 − z)k − k′)2
h
(0)
g (k

′
)

× S
(3)
J

(k
′
, k − k

′
, xz;x) −

1

k′2
Θ(Λ

2 − k
′2

)V
(0)
g (k, xz)

)

−
1

z(k − k′)2
Θ
(

|k − k
′| − z(|k − k

′| + |k′|)
)

V
(0)
g (k

′
, x)

]
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