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Helium is the only
substance that remains
liquid down to T=0

- Large zero-point motion
- Weak atom-atom attraction

Superfluid phase transition
“He Thx=2.2 K
SHe TA =3 mK

1960’s: is it possible to
observe superfluidity In
finite systems?
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Low-temperature
nozzle

“He droplets
T = 0.36K
(superfluid)
SHe droplets
T=0.10K
(normal fluid)
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Size distribution in the jet: log-normal distribution
Typical average size: a few thousand atoms

Detection of small droplets

(up to =~ 40 amu)

Atoms in the beam have
a sharp velocity Av/iv=2%

(W. Schollkopf, J.P. Toennies, Science 266, 1345, 1994)

De Broglie wavelength
A=h/(Nmv)
Typical value 0.1/N A

Diffraction peaks
B=A\/d
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He-He interaction 1K = 0.9 meV. 1A =105 fm
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Calculating dimers: Diffraction experiment 4He>

*Hez2 = 1.3 mK bond length
3He> unbound 52 + 4A
SHe “He unbound binding energy
1.1+0.3-0.2 mK
Nuclear matter ‘He liquid SHe liquid
E/N=-16 MeV E/N=-75K E/N=-2.5 K
Deuteron “Heo dimer SHeo dimer

E/N = -1 MeV E/N =-0.6 mK unbound

v

Minimum number
of SHe atoms to form
a self-bound system



Theoretical methods to study Helium droplets
‘*Hena // 3Hens // 4Hens-3Hens

- Density functional theory
Phenomenological interaction

T /dVe(m,pg)

- Monte Carlo simulations
Microscopic He-He interaction

Shell model techniques
to describe certain properties
of fermionic (*He) components



1. -

Minimum number of 3SHe atoms

to form a bound droplet

Density functional N3=20 Unbound

magic numbers: (p+1)(p+2)(p+3)/3 N3=40 Bound
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Uniform filling
approximation:
Nmin — 34

Configuration
Interaction
(1f 2p shells)
DFT. ®ni, €nl, Vet
Nmin =2

L)
S

24 28 32 38 .. 40
N

However: Uncertainties in DF

+ Pronounced minimum in Ecorr
Safe estimate: Nmin = 30



TABLEII. Matnx elements (/,,/5(L)|V|l, Is(L)) (K) for N =
30 and 40 drops.

Diagonal M.E.
11, 12, 13, 14 LS N = 30 N =40
3,3,3,3 00 0.724 0896 —— i o
11 ~0.247 -0228 —— S=0, L=0
20 -0.019 ~0.010 — repulsive
31 ~0.210 -0235 —
40 0.015 0024 —00u i
51 -0.203 -0239 — S=1, L_Odd
60 0.010 -0003 —  attractive
1,1,1,1 00 0307 0506 —
11 ~0.137 ~0.155 —— S=0, L even >0
3,1,3,1 20 -0.024 -0.012 y
21 ~0.237 -0.264
30 ~0.197 ~0.245
31 ~(.188 -0.264 e /
40 ~0.005 ~0.053 /dr p(r')V(r —1’)
41 -0.235 ~0.287
Zerorange : V(r) = too(r
S V pin allgnegngnt
: . : Finiterange :  due to short-
Maximum spin in the open shell: 55 rande
below mid-shell: np/2 Al — 0 7 < i

above midshell: nn/2 = Vite—ie(r) ,7 > A



2. - Mixed 3He-*He droplets: ¢ atoms:
density functional extra binding for 3He atoms
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Configuration interaction (1g-1h shells)

TABLE I Antisymmetnzed two-body matnx elements
(I; 1;.L,S|V|l,, ], ;LS) in mK for the (50,300) droplet.

oL 1, L S=0 L S§=1

4 4 v :ﬁ ; :32 Analogous to the
4 46 5 16 case of pure 3He
6 +1 7 -10
SO droplets

4 5 4 5 1 +111 1 —81
2 -17 2 —80 :
3 430 3 8 SHe atoms In the
oL Y open shell couple to
6 -1 6 -3 maximum spin
7 +5 7 -1
8 0 8 -23
9 —-21 9 -2

5 5 5 5 0 + 142 1 -93
2 +18 3 —38
4 +12 5 —24
6 +7 7 —18
8 +3 9 -13
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3. - Mixed 3He-%He droplets: diffusion Monte Carlo

Solve the Schrodinger equation in imaginary time
f(R,t) = VY (R)¥(R,1)
F(R,t+ At) = / IR G(R. R, At) f(R', 1)

Up(R)=Vpp¥prYrrDr  WUpn = i el i)

Slater determinant ‘Y, ., Levels: 1s2, 1p6, 1d10, 114, ...

Consider levels: Smax : Lmax

Other Technicalities:
Fixed-node approximation

“Backflow” correlations r; — r; + Z n(rij)(r; — ri)
(to improve nodal surfaces) jHi



DMC
energies
(in K)

N,- Conﬁguratlon L \) N ,=8 N ,=20
0 0 0 5.14(0) 33.76(1)
1 15! 0 1/2 6.08(0) 35.55(1)
2 15 0 0 7.09(0) 37.32(1)
3 1p! 1 1/2 7.72(0) 38.88(1)
4 1 p? 1 1 8.44(1) 40.47(2)
2 0 8.40(1) 40.44(2)

5 1p* 0 3/2 9.25(1) 42.14(1)
2 1/2 9.20(1) 42.08(2)

6 1p* l 1 10.09(1) 43.72(3)
2 0 10.04(1) 43.71(2)

7 1p° l 1/2 11.00(1) 45.40(2)
8 1p° 0 0 12.00(1) 47.07(2)
9 1d' 2 1/2 12.49(1) 48.37(2)
10 1d* 3 1 13.02(1) 49.62(2)
. 0 12.97(1) 49.64(4)

11 1d* 3 3/2 13.65(1) 51.03(4)
5 1/2 13.56(1) 51.01(3)

12 1d* 2 2 14.42(1) 52.46(5)
6 0 14.19(1) 52.23(4)

13 & 0 5/2 15.26(2) 53.99(2)
6 1/2 14.96(2) 53.71(3)

14 1d° 2 2 16.01(1) 55.37(4)
6 0 15.74(2) 55.19(4)

15 1d" 3 3/2 16.77(2) 56.83(3)
5 1/2 16.64(1) 56.70(5)

16 1d* 3 1 17.63(2) 5834(4)
B 0 17.62(2) 58.29(4)

17 1 2 1/2 18.64(3) 59.94(3)
18 1d" 0 0 19.74(3) 61.56(5)



SHe separation energies
E(NB,Nr-1)-E(Ng,NF)
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An effective monopole Hamiltonian analysis
U= nees  Vigay = (rs; LS|V|tu; LS)

S
Hamiltonian: H=Hms + Huw Hms gives the average energy
of configurations at fixed number of

particles and spin

VS il ZL Vrl;%s(zL T 1)[1 Rl (_)L+Sdrs:
i ZL(QL + 1)[1 i (_)L+Sdr8] ]
ars = = (8V, + V), brs — Vi
_ A rSs TS rSs : rSs
Hpns =U + Z AyrsTlys (nrs EE 57“5) T Ops {155 55 i O
r<s = 4 >
v, E = b. D — DO Tl
st gl o PG g e r
4 D e : brs — b :
3n. (D, — n,)
mS—U_I'; 'rsn’rs nrs 57“8)_|_b S(S_I_l)_zr: 4(D7~_1)
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Vss, Vpp, Vdd, (Vsp+3Vsd)/4, Vpd

Simple interpretation of DMC
energies in terms of Hms



Helium droplets

- Interesting (interdisciplinary) many-body problem
- Structureless bosons and fermions, same interaction
- Effects related to different statistics and different masses

As compared with nuclei:
- Only central interaction
- Very correlated system (but a DFT works very well)

Shell model calculations:

- Stability threshold: 30 3He atoms

- SHe atoms in the open shells coupled to maximum spin
- 3He atoms in 3He-%He droplets: 1s2, 1pb, 1d19, 114, ...

- DMC results nicely interpreted in terms of monopolar
Hamiltonian



