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•   configurations beyond the chosen model space 
•   core polarization effects	  
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Realis8c	  shell-‐model	  Hamiltonian	  

VNN + (VNNN )⇒ many body theory ⇒ Heff
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Realis8c	  shell-‐model	  Hamiltonian	  

u  Understand the  properties of nuclei  starting from 
the forces between nucleons �

u  No adjustable parameters�

VNN + (VNNN )⇒ many body theory ⇒ Heff
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Deriva8on	  of	  Heff	  

  Two main ingredients 
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•  Nucleon-Nucleon potential 
 
•  Many-body perturbative theory 
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Potentials which reproduce the two-body 
experimental data (deuteron properties and the NN 

scattering data up the inelastic threshold) with 
    χ2/Ndata ~ 1   

Nucleon-‐nucleon	  poten8al	  	  
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•  Nijmegen II 
•  CD-Bonn  
•  Argonne V18  
•  Chiral potentials 
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Problem:	  
these	  poten8als	  have	  a	  strongly	  repulsive	  	  	  

short-‐range	  component	  	  	  	  
ê	  

cannot	  be	  used	  directly	  in	  nucler	  structure	  perturba8ve	  
calcula8ons	  
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these	  poten8als	  have	  a	  strongly	  repulsive	  	  	  

short-‐range	  component	  	  	  	  
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cannot	  be	  used	  directly	  in	  nuclear	  structure	  perturba8ve	  
calcula8ons	  

Remedy:	  
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Vlow-k approach 
construc8on	  of	  a	  NN	  poten8al	  confined	  within	  a	  	  

low-‐	  momentum	  space	  
by	  integra8ng	  out	  the	  high-‐momentum	  components	  of	  VNN	  down	  

to	  a	  momentum-‐space	  cutoff	  	  	  Λ	  	  	  
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Hψi = (H 0 +H1 )ψi = Eiψ i

Schrödinger	  equa8on	  	  for	  A	  nucleons	  	  

H 0 = T +U

H1 =VNN −U
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Hψi = (H 0 +H1 )ψi = Eiψ i

Schrödinger	  equa8on	  	  for	  A	  nucleons	  	  

PHeff Pψi = P(H 0 +Veff )Pψi = EiPψ i

P	  	  -‐	  projec8on	  operator	  onto	  the	  chosen	  model	  space	  	  
	  defined	  in	  terms	  of	  H0	  	  eigenvectors	  

H 0 = T +U

H1 =VNN −U

Shell-‐model	  equa8on	  	  for	  N-‐valence	  nucleons	  
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u Veff	  	  is	  wri5en	  as	  recursive	  equa:on	  

	  in	  terms	  of	  	  the	  	  	  	  	  	  	  	  -‐	  	  box	  and	  its	  deriva:ves	  


Q = PH1P + PH1Q

1
ε − QHQ

QH1P

-‐	  box	  folded-‐diagram	  method	  ˆ	  Q
 	  	  

u Veff	  solved	  by	  itera:ve	  techniques	  
(Krenciglowa-‐Kuo,	  Lee-‐Suzuki)	  

ˆ	  Q 	  	  

PH
0
P = εP

	  Q=1-‐P	  	  
	  ε	  =	  unperturbed	  energy	  for	  a	  degenerate	  model	  space	  



2-body diagrams up to 2nd order:
V        V1p1h       V2p         V2p2h

1-body diagrams up to 2nd 
order S-box

+	   +	  …	  

Diagramma8c	  expansion	  of	  the	  	  	  	  	  	  	  -‐	  box	  
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with	  Vlow-‐k	  in	  the	  interac8on	  ver8ces	  
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Calculation: 
 

 • inclusion of diagrams up to finite order in the interaction  
 • truncation of the intermediate-state summation 

with	  Vlow-‐k	  in	  the	  interac8on	  ver8ces	  
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Remarks	  on	  the	  calcula8on	  of	  Veff	  	  
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Veff =Veff
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two-‐body	  component	  
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H0 +Veff
(1)



	  132Sn	  core	  

 Valence proton orbits:  0g7/2, 1d5/2, 1d3/2,    
0h11/2, 2s1/2  
 Valence neutron orbits: 1f7/2, 2p3/2, 0h9/2, 
2p1/2, 1f5/2, 0i13/2  

VNN	  	  	  	  	  CD	  Bonn	  poten:al	  	  
Vlow-‐k	  with	  Λ=2.2	  fm-‐1	  +	  Coulomb	  force	  for	  protons	  

Q-‐box	  at	  second	  order	  

	  	  U	  harmonic	  oscillator	  with	  ħω=	  7.88	  MeV	  
	  	  	  	  intermediate	  hole	  states	  –	  all	  
	  	  	  	  intermediate	  par:cles	  states	  -‐	  5	  shell	  above	  the	  Fermi	  Surface	  
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Proton	  and	  neutron	  single-‐par8cle	  energies	  (in	  MeV)	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  133Sb	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  133Sn	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  

π2s1/2	  	  from	  the	  expt	  energy	  of	  the	  1/2+	  at	  2.15	  MeV	  in	  137Cs	  
	  

ν0i13/2	  	  	  from	  the	  expt	  energy	  of	  the	  10+	  state	  at	  2.43	  MeV	  in	  134Sb	  
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Mo8va8on	  for	  our	  study	  
	  	  	  	  135Te	  	   	  	  	  137Xe	  

	  	  	  	  135Sb	  	   	  	  	  137Sb	  
•  one-‐par8cle	  spectroscopic	  

factors	  
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for the two lowest states in 133Sn with the DWBA calculations scaled
to reproduce the data. The ground-state data (Fig. 3a) prefer the
previously inferred 2f7/2 assignment to an alternative 3p3/2 single-
particle state available close by. Conversely, the 854-keV state
(Fig. 3b) can be distinguished as an l 5 1 transfer, as would be
expected for population of the 3p3/2 orbital, as opposed to a 2f7/2

f-wave state. Detection of protons with position-sensitive detectors
relies on being able to detect a significant signal from both ends of the
resistive strip. As the proton energy decreases with increasing excita-
tion energy of the residual 133Sn nucleus, the area of the strip that is
sensitive is reduced. This leads to a decreased angular coverage and
angular resolution for the newly observed 1,363-keV and 2,005-keV
states and precludes the determination of significant angular distri-
butions. Spectroscopic factors could nevertheless be determined by
comparison of the angle-integrated cross-sections with those from
the DWBA calculations. In Fig. 3c and Fig. 3d, respectively, are shown
the measured cross-sections over the range of angles for which the
1,363-keV and 2,005-keV states can be observed, with normalized
DWBA calculations assuming that the state is either the 3p1/2 or the
2f5/2. The previously observed (5/22) state at 2,005 keV, shown in
Fig. 3d, is expected to be 2f5/2. The newly observed state with
Ex 5 1,363 keV, shown in Fig. 3c, is a strong candidate for the 3p1/2

single-particle state that has not previously been observed in 133Sn
and is predicted by the shell model. The 2f5/2 assignment is unlikely
because such a 5/22 state should previously have been observed in the
b-decay9 and fission spectroscopy10 experiments. Calculations for the
1,363-keV state with higher l-transfers resulted in cross-sections that
were much lower than the data and are thus ruled out on a sum-rule
basis; that is, S? 1 would be required.

Spectroscopic factors are generally sensitive to the choice of the
optical potentials (see Supplementary Information). The Strömich
potentials19 provided good fits to the data in terms of shape of the
angular distributions and were extracted in a rigorous manner by using
elastic scattering and (d,p) data on the last stable tin isotope, 124Sn.
Table 1 summarizes the information on each of the four single-particle

states measured here. The l values of the lowest two states are well
constrained. The asymptotic normalization coefficient (ANC)20, which
is a measure of the normalization of the tail of the overlap function to a
Hankel function, is largely independent of the bound-state parameters
and is also extracted in this work. The experimental uncertainties in the
values of S and ANC come from statistics (4–7%), fitting and normali-
zation of the data (10%). An uncertainty of 15% originates from the
optical model potentials used in the reaction theory.

Spectroscopic factors can be extracted by using different experi-
mental probes, including electron-induced proton knockout (e,e9p),
nuclear-induced nucleon knockout (knockout) and various transfer
reactions. There has been some controversy during the past decade
regarding probe-dependent discrepancies in S. Those extracted from
(e,e9p) reactions, for example, consistently have values about 50–60% of
the predicted value from shell model calculations21. This decrease has
been explained as being due to short-range, high-momentum correla-
tions. An S extracted from transfer by using standard bound-state para-
meters should be considered as a relative value. When a radius for the
bound state is available, either from a reliable density functional theory
valid in this region of the nuclear chart (only ground states) or from
experiment (only ground states and for a limited number of nuclei),
then an absolute S can be extracted. Here we used standard radius and
diffuseness parameters; the S extracted is therefore relative even though
absolute cross-sections were measured. This relative S is useful when
comparisons are made between values extracted from similar experi-
ments on different isotopes in a careful and consistent manner.

All of the measured states in 133Sn have large spectroscopic factors
S < 1, and if these were absolute values they would indicate little frag-
mentation of the single-particle strength. Because they are relative
values, the spectroscopic factors for 133Sn were compared with those
obtained for 209Pb, the core of which is well known for its magic nature.
So that we might make a meaningful comparison, finite-range DWBA
calculations, similar to those made for the 132Sn(d,p)133Sn reaction,
were made for 208Pb(d,p)209Pb using the data from ref. 22 (see
Supplementary Information), and were compared with those from
ref. 23. Both 133Sn and 209Pb have high values of S for the lowest-lying
states, indicating little fragmentation of the single-neutron strength in
these nuclei. In fact, the spectroscopic factors for states above 1 MeV in
133Sn are consistently larger than their counterparts in 209Pb, clearly
signalling the magic nature of 132Sn. The resulting spectroscopic fac-
tors are shown in Fig. 1c, d.

Here we have determined the purity of the low-spin single-neutron
excitations in 133Sn, namely the 2f7/2, 3p3/2, 3p1/2 and 2f5/2 orbitals. In
addition, the proposed 3p1/2 state has been measured here and the
previously proposed spins of the lowest two states have been con-
firmed. New calculations of the 208Pb(d,p)209Pb reaction have been
made in a manner consistent to those for 132Sn(d,p)133Sn, thus allow-
ing meaningful comparisons to be drawn. The simplicity of 132Sn,
and the single-neutron excitations in 133Sn, provides a new touch-
stone needed for extrapolations to nuclei farther from stability, in
particular those responsible for the synthesis of the heaviest elements.
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Table 1 | Properties of the four single-particle states populated by the
132Sn(d,p)133Sn reaction

Ex (keV) Jp Configuration S C2 (fm21)

0 7/22 132Sngs fl nf7/2 0.86 6 0.16 0.64 6 0.10
854 3/22 132Sngs fl np3/2 0.92 6 0.18 5.61 6 0.86
1,363 6 31 (1/22) 132Sngs fl np1/2 1.1 6 0.3 2.63 6 0.43
2,005 (5/22) 132Sngs fl nf5/2 1.1 6 0.2 (9 6 2) 3 1024

The spectroscopic factors (S) were extracted from the data by using the Strömich optical
potentials, a radius parameter r 5 1.25 and diffuseness a 5 0.65 for the neutron bound state
wave function. The asymptotic normalization coefficient (ANC) is quoted as C2. All errors are
expressed as standard deviations. Excitation energies were taken from the ENSDF database
(http://www.nndc.bnl.gov/ensdf/) and the present work.
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Figure 3 | Angular distributions, expressed as differential cross sections
(ds/dV), of protons in the centre of mass resulting from the
132Sn(d,p)133Sn reaction for the two lowest states populated and cross-
section measurements, also expressed as differential cross sections, for
the two highest states. Calculations for the nearest expected f-wave and
p-wave single-neutron states are shown in red (solid) and blue (dotted),
respectively. Error bars refer to the standard deviations in the differential
cross-sections. The numbers in parentheses give the spectroscopic factors
used to fit the calculation to the data. a, Ground state; b, 854-keV state;
c, 1,363-keV state; d, 2,005-keV state.
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The single-neutron properties of the N = 83 nucleus 137Xe have been studied using the 136Xe(d ,p) reaction in
inverse kinematics at a beam energy of 10 MeV/u. The helical-orbit spectrometer, HELIOS, at Argonne National
Laboratory was used to analyze the outgoing protons, achieving an excitation-energy resolution of ∼100 keV.
Extraction of absolute cross sections, angular distributions, and spectroscopic factors has led to a more complete
understanding of the single-neutron strength in 137Xe. In particular, the centroids of the νh9/2 and νi13/2 strengths
appear to evolve through the N = 83 isotones in a manner consistent with the action of the tensor force.
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I. INTRODUCTION

Establishing single-particle excitations in nuclei is essential
to the framework of our understanding of nuclear structure, and
single-nucleon transfer reactions provide an ideal experimental
tool for establishing this property. The recent expansion of
our experimental knowledge to short-lived nuclei indicates
considerable changes in shell structure far from stability
(for example, Refs. [1–3]) and has spurred a more detailed
investigation of the energies of single-particle excitations in
stable nuclei, particularly those where trends can be tracked
across a large range of neutron excess such as the Sn isotopes
and the N = 82 nuclei [4,5].

The motivation for the present measurement was two-fold.
One was to extend a previous study of the high-j neutron
single-particle states outside the N = 82 closed shell [5] by
performing the (d,p) reaction on 136Xe in inverse kinematics,
thus avoiding the complications of a gaseous Xe target. At
the same time, this measurement, with a heavy stable beam,
provided a stringent test of the capabilities of the recently
commissioned HELIOS spectrometer [6] at the Argonne
Tandem-Linac Accelerator System (ATLAS) as the beam
used is an order of magnitude heavier than those in the first
experiments [7,8].

Recent theoretical investigations [9–11] have been suc-
cessful in describing the changes in single-particle energies
as arising from the tensor component of the nucleon-nucleon
interaction. As specific orbits are filling, this interaction causes
shifts that depend on whether nucleons are in j = " + 1/2 or
" − 1/2 orbits and thus modifies the relative proton single-
particle energies as the neutron occupancies change or for
neutrons as the proton orbits are filled. While the most

*Present address: Department of Physics, University of York,
Heslington, York YO10 5DD, United Kingdom;
benjamin.kay@york.ac.uk

dramatic consequences of these shifts are in exotic nuclei,
the effects can be explored in considerably more quantitative
detail in stable nuclei, where more intense beams are available
and precision measurements can be performed. Examples
of such measurements are in the Z = 51 nuclei, where the
changes in the πg7/2 and πh11/2 states were studied via the
(α,t) reaction [4]. Similar measurements, using the (α,3He)
reaction, were performed on the stable N = 82 isotones to
study the νh9/2 and νi13/2 excitations [5]. Such quantitative
measurements are becoming possible with unstable nuclear
beams [12] and the HELIOS spectrometer was specifi-
cally designed for studying reactions performed in inverse
kinematics [13].

The focus of the present measurement is to determine the
energy centroids corresponding to the nodeless νh9/2 and
νi13/2 orbitals. These have been studied in the other stable
N = 82 isotones (56 ! Z ! 62) via the (d,p) [14] and (α,3He)
[5] reactions, the latter better matched for " = 5 and 6 transfer
than the (d,p) reaction. Significant fragmentation of the h9/2
and i13/2 strengths was seen due to mixing of the single-particle
excitations with weak-coupling states of the same quantum
numbers. From 56 ! Z ! 62, the difference in the centroids
of single-particle strength for the h9/2 and i13/2 orbitals was
found to increase from ∼0.1 to ∼0.5 MeV, in agreement with
theoretical calculations incorporating the tensor force [5,16].
Only one 9/2− state had been reported previously for 137Xe,
along with an unpublished observation of the lowest 13/2+

level [15].
The (d,p) reaction on 136Xe has been studied previously.

There are two experiments in the literature done in normal
kinematics where a deuteron beam is used to bombard an
enriched Xe gas cell [17,18], achieving resolutions of 45
and 80 keV, respectively. A third measurement [19], which
constituted the first exploration of direct nucleon transfer in
inverse kinematics, achieved an energy resolution of 125–
172 keV. These measurements all extracted information for
low-" transfer only.
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I. INTRODUCTION

Establishing single-particle excitations in nuclei is essential
to the framework of our understanding of nuclear structure, and
single-nucleon transfer reactions provide an ideal experimental
tool for establishing this property. The recent expansion of
our experimental knowledge to short-lived nuclei indicates
considerable changes in shell structure far from stability
(for example, Refs. [1–3]) and has spurred a more detailed
investigation of the energies of single-particle excitations in
stable nuclei, particularly those where trends can be tracked
across a large range of neutron excess such as the Sn isotopes
and the N = 82 nuclei [4,5].

The motivation for the present measurement was two-fold.
One was to extend a previous study of the high-j neutron
single-particle states outside the N = 82 closed shell [5] by
performing the (d,p) reaction on 136Xe in inverse kinematics,
thus avoiding the complications of a gaseous Xe target. At
the same time, this measurement, with a heavy stable beam,
provided a stringent test of the capabilities of the recently
commissioned HELIOS spectrometer [6] at the Argonne
Tandem-Linac Accelerator System (ATLAS) as the beam
used is an order of magnitude heavier than those in the first
experiments [7,8].

Recent theoretical investigations [9–11] have been suc-
cessful in describing the changes in single-particle energies
as arising from the tensor component of the nucleon-nucleon
interaction. As specific orbits are filling, this interaction causes
shifts that depend on whether nucleons are in j = " + 1/2 or
" − 1/2 orbits and thus modifies the relative proton single-
particle energies as the neutron occupancies change or for
neutrons as the proton orbits are filled. While the most
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dramatic consequences of these shifts are in exotic nuclei,
the effects can be explored in considerably more quantitative
detail in stable nuclei, where more intense beams are available
and precision measurements can be performed. Examples
of such measurements are in the Z = 51 nuclei, where the
changes in the πg7/2 and πh11/2 states were studied via the
(α,t) reaction [4]. Similar measurements, using the (α,3He)
reaction, were performed on the stable N = 82 isotones to
study the νh9/2 and νi13/2 excitations [5]. Such quantitative
measurements are becoming possible with unstable nuclear
beams [12] and the HELIOS spectrometer was specifi-
cally designed for studying reactions performed in inverse
kinematics [13].

The focus of the present measurement is to determine the
energy centroids corresponding to the nodeless νh9/2 and
νi13/2 orbitals. These have been studied in the other stable
N = 82 isotones (56 ! Z ! 62) via the (d,p) [14] and (α,3He)
[5] reactions, the latter better matched for " = 5 and 6 transfer
than the (d,p) reaction. Significant fragmentation of the h9/2
and i13/2 strengths was seen due to mixing of the single-particle
excitations with weak-coupling states of the same quantum
numbers. From 56 ! Z ! 62, the difference in the centroids
of single-particle strength for the h9/2 and i13/2 orbitals was
found to increase from ∼0.1 to ∼0.5 MeV, in agreement with
theoretical calculations incorporating the tensor force [5,16].
Only one 9/2− state had been reported previously for 137Xe,
along with an unpublished observation of the lowest 13/2+

level [15].
The (d,p) reaction on 136Xe has been studied previously.

There are two experiments in the literature done in normal
kinematics where a deuteron beam is used to bombard an
enriched Xe gas cell [17,18], achieving resolutions of 45
and 80 keV, respectively. A third measurement [19], which
constituted the first exploration of direct nucleon transfer in
inverse kinematics, achieved an energy resolution of 125–
172 keV. These measurements all extracted information for
low-" transfer only.

024325-10556-2813/2011/84(2)/024325(6) ©2011 American Physical Society

B. P. KAY et al. PHYSICAL REVIEWC 84, 024325 (2011)

∼3% level. A smooth background, generated by protons from
fusion-evaporation of the target and the beam, was subtracted
prior to fitting peaks. To first order, this was linear in the
range of 0–3.7 MeV in excitation energy. This subtraction is
considered to contribute <5% uncertainty to the cross sections.
The combined uncertainty in the absolute cross sections is,
thus, estimated to be on the order of 15%.

A typical excitation-energy resolution of ∼100 keV was
achieved, though there was variation across the PSD array
based on the properties of the individual detectors. The range
of this variation was 90 to 130 keV and independent of
position in z. The observed resolution is a consequence of
several factors; the dominant sources are the intrinsic detector
resolution (!50 keV and varied from 50–90 keV among the
detectors [6]), the beam energy loss in the target, and the proton
energy loss and straggling in the target. The beam energy loss
in the target is ∼10 MeV for these targets and contributes
∼10–40 keV to the resolution for θc.m. ∼ 5–30◦, respectively.
The proton energy losses are similar across the angular range
of interest; the higher stopping power of the lower energy
protons is offset by traversing less target thickness, since they
travel on trajectories closer to the solenoid axis. Protons with
higher energy are emitted at less backward laboratory angles
that see a greater geometric target thickness but have a lower
stopping power. This is estimated to contribute ∼20 keV to
the resolution. For this experiment, the beam energy spread
was <2%, with a diameter of "3 mm, as determined by
the aperture on the tuning cup. The size of the beam spot
contributes " 20 keV to the energy resolution in Fig. 2. From
the outgoing proton spectra, the change in resolution over the
excitation-energy range where discrete peaks could be fitted is
negligible.

III. RESULTS AND DISCUSSION

A representative 137Xe excitation-energy spectrum for
−0.488 # "z # −0.437 m is presented in the lower portion
of Fig. 2. Eight previously known states [15,21] are seen
clearly. Angular distributions (see Fig. 3) were extracted
where feasible, with the remaining states being either too
weak or not resolved. DWBA calculations were carried out
using the finite-range code Ptolemy [23] with several sets
of optical-model parameters [24]. Those used to deduce the
spectroscopic factors of Table I and subsequent analysis are
from Ref. [14]. For the deuteron bound-state wave function,
a Reid potential [25] was used. The final neutron bound
state was modeled using a Woods-Saxon potential of radius
r0 = 1.25 fm and diffuseness a0 = 0.63 fm, whose depth
was adjusted to reproduce the experimental binding energy.
Absolute spectroscopic factors are highly sensitive to the
final bound state radius with a 5% increase resulting in a
∼40% change magnitude. However, the relative spectroscopic
factors, between states of different energy and # values, vary
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States of '+Xe and '~Xe have been investigated via the»'Xe(d, pl and "'Xe(d,t) reactions with 13-MeV
incident deuterons and an over-all energy resolution of 45 keV. Q values of 1.637+0.020 and —1.723%0.020
MeV have been obtained for the respective ground state "'Xe(d,P)"7Xe and "'Xe(d,t)"'Xe reactions.
The angular distribution data have been analyzed using finite-range distorted-wave Born-approximation
(DWBA) calculations corrected for nonlocality of the optical potential to extract spectroscopic information.
Spin and parity assignments, excitation energies, and spectroscopic factors for most of the observed levels
are presented. A "6Xe(d,p) excitation function showed no significant evidence for an anomaly in the (d,p0)
cross section near the threshold of the (d,n) reaction to the corresponding isobaric analog state.

I. INTRODUCTION
TRIPPING and pickup reactions on nuclei with a
"magic" neutron number are convenient for study-

ing neutron shell structure in view of the simplicity of
the 6nal-state neutron configurations. In this paper we
wish to report on the "'Xe(d,p)" Xe and "'Xe(d,t)"'Xe
reactions which have been studied in order to investigate
neutron shell structure in the vicinity of the closed
g2-neutron shell. Previous work' ' on the closed-shell
nuclei ' Ha, '~Ce, '4'Pr, ''Nd, ' Sm, and "'Xe has
been done to investigate this same region. The mea-
surements on "'Xe were carried out by Schneid and
Rosner' using xenon gas isotopically enriched to
80.5% "'Xe in conjunction with a magnetic spectro-
graph, with an over-all experimental resolution of
80 keV. In the present work, xenon gas isotopically
enriched to 99%%u~ "'Xe was available, and the experi-
mental resolution was 45 keV. The higher isotopic
purity and better experimental resolution has allowed
more accurate angular momentum and energy assign-
ments and the identification of several more states in
'~ Xe.
In addition, isobaric analogs of the low-lying states

of "'Xe have recently been studied by means of proton
elastic and inelastic scattering measurements on '~6Xe
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at proton energies from 9.0 to 13.0 MeU. A detailed
comparison of analog states in "'Cs observed in the
proton elastic scattering measurements with the states
in "'Xe observed in the (d,p) work was therefore of
interest.

II. EXPERIMENTAL PROCEDURE

"'Xe(d&p)"'Xe and "'Xe(d t)"'Xe cross sections
were measured at 15 laboratory angles between 25' and
160' at an incident deuteron energy of 12.973 MeV. In
addition, excitation function measurements were carried
out between 12.335 and 12.973 MeV in order to search
for anomalies in the "sxe(d,pe) excitation function
caused by charge-exchange effects. The target gas,
isotopically enriched to 99%%uo "'Xe,was contained within
a 3-in. -diam gas cell used in conjunction with the Oak
Ridge National Laboratory precision gas scattering
chamber. 7 The gas pressure was 0.022 atm, correspond-
ing to a target thickness of approximately (80/sineq, b)
tsg/cms. Beam entrance and exit windows were 5-
and 25-pin. nickel foils, respectively. The cell walls were
0.00025-in. -thick aluminized Mylar. Four 2-mm-thick
lithium-drifted-silicon solid-state detectors, cooled to
dry-ice temperature, were used. Only one of the detec-
tors was movable, the other being 6xed. at laboratory
angles of 90', 123.75', and 146.25'. Each detector face
was shielded by a S-pin. -thick nickel foil to reduce oil
contamination. The over-all experimental proton resolu-
tion was 45 keV. Proton groups leading to 23 states in
"'Xe, and triton groups leading to 3 states in "'Xe
were identi6ed. Figure 1 shows typical spectra, taken
at laboratory angles of 50' and 146.25'. The excitation

6 P. J. Riley, C. M. Jones, J. L. Foster, M. D. Mancusi, and
S.T. Thornton, Bull. Am. Phys. Soc. 12, 565 (1967).'C. M. Jones, $. W. Johnson, and R. M. Seekers, Nucl.
Instr. Methods (to be published).
1516

Shell	  Model	  as	  a	  Unfied	  View	  of	  Nucler	  Structure	  
IPHC	  -‐	  Strasbourg,	  October	  	  8-‐10,	  	  2012	  



	  	  	  	  	  	  	  A.	  Gargano	  
Sezione	  di	  Napoli	  

P H YSI GAL REVIEW VOLUME 175, NUM HER 4 20 NOVEMBER 1968

"'Xe(d,p) and "'Xe(d, f) Reactions*
P. A. MooRE) AND P. J. Rix.Elf

University of Texas, Austin, Texas 7871Z

C. M. JQNzs AND M. D. MANcUsz)
Oak Ridge Eationa/ Laboratory, Oak Ridge, Tennessee 37830

J. L FoSTER, JR,
University of Pittsburgh, Pittsburgh, Pennsytvania 15Z13

(Received 8 July 1968)

States of '+Xe and '~Xe have been investigated via the»'Xe(d, pl and "'Xe(d,t) reactions with 13-MeV
incident deuterons and an over-all energy resolution of 45 keV. Q values of 1.637+0.020 and —1.723%0.020
MeV have been obtained for the respective ground state "'Xe(d,P)"7Xe and "'Xe(d,t)"'Xe reactions.
The angular distribution data have been analyzed using finite-range distorted-wave Born-approximation
(DWBA) calculations corrected for nonlocality of the optical potential to extract spectroscopic information.
Spin and parity assignments, excitation energies, and spectroscopic factors for most of the observed levels
are presented. A "6Xe(d,p) excitation function showed no significant evidence for an anomaly in the (d,p0)
cross section near the threshold of the (d,n) reaction to the corresponding isobaric analog state.

I. INTRODUCTION
TRIPPING and pickup reactions on nuclei with a
"magic" neutron number are convenient for study-

ing neutron shell structure in view of the simplicity of
the 6nal-state neutron configurations. In this paper we
wish to report on the "'Xe(d,p)" Xe and "'Xe(d,t)"'Xe
reactions which have been studied in order to investigate
neutron shell structure in the vicinity of the closed
g2-neutron shell. Previous work' ' on the closed-shell
nuclei ' Ha, '~Ce, '4'Pr, ''Nd, ' Sm, and "'Xe has
been done to investigate this same region. The mea-
surements on "'Xe were carried out by Schneid and
Rosner' using xenon gas isotopically enriched to
80.5% "'Xe in conjunction with a magnetic spectro-
graph, with an over-all experimental resolution of
80 keV. In the present work, xenon gas isotopically
enriched to 99%%u~ "'Xe was available, and the experi-
mental resolution was 45 keV. The higher isotopic
purity and better experimental resolution has allowed
more accurate angular momentum and energy assign-
ments and the identification of several more states in
'~ Xe.
In addition, isobaric analogs of the low-lying states

of "'Xe have recently been studied by means of proton
elastic and inelastic scattering measurements on '~6Xe

*Research sponsored by the U. S. Atomic Energy Commission
under contract with Union Carbide Corporation.
1'Research participation at Oak Kdge sponsored by Oak

Ridge Associated Universities.
fU. S. Atomic Energy Commission Postdoctoral Fellow under

appointment from the Oak Ridge Associated Universities.
'G. B. Holm and H. J. Martin, Jr., Phys. Rev. 122, 1537

(1961).' R. H. Fulmer, A. L. McCarthy, and B.L. Cohen, Phys. Rev.
128, 1302 (1963).
3 R. K. Jolly and C. F. Moore, Phys. Rev. 145, 918 (1966).
4 J. Rapaport and W. W. Buchener, Phys. Letters 18, 299

(1965).
~ E. J. Schneid and B.Rosner, Phys. Rev. 148, 1241 (1966).

175

at proton energies from 9.0 to 13.0 MeU. A detailed
comparison of analog states in "'Cs observed in the
proton elastic scattering measurements with the states
in "'Xe observed in the (d,p) work was therefore of
interest.

II. EXPERIMENTAL PROCEDURE

"'Xe(d&p)"'Xe and "'Xe(d t)"'Xe cross sections
were measured at 15 laboratory angles between 25' and
160' at an incident deuteron energy of 12.973 MeV. In
addition, excitation function measurements were carried
out between 12.335 and 12.973 MeV in order to search
for anomalies in the "sxe(d,pe) excitation function
caused by charge-exchange effects. The target gas,
isotopically enriched to 99%%uo "'Xe,was contained within
a 3-in. -diam gas cell used in conjunction with the Oak
Ridge National Laboratory precision gas scattering
chamber. 7 The gas pressure was 0.022 atm, correspond-
ing to a target thickness of approximately (80/sineq, b)
tsg/cms. Beam entrance and exit windows were 5-
and 25-pin. nickel foils, respectively. The cell walls were
0.00025-in. -thick aluminized Mylar. Four 2-mm-thick
lithium-drifted-silicon solid-state detectors, cooled to
dry-ice temperature, were used. Only one of the detec-
tors was movable, the other being 6xed. at laboratory
angles of 90', 123.75', and 146.25'. Each detector face
was shielded by a S-pin. -thick nickel foil to reduce oil
contamination. The over-all experimental proton resolu-
tion was 45 keV. Proton groups leading to 23 states in
"'Xe, and triton groups leading to 3 states in "'Xe
were identi6ed. Figure 1 shows typical spectra, taken
at laboratory angles of 50' and 146.25'. The excitation

6 P. J. Riley, C. M. Jones, J. L. Foster, M. D. Mancusi, and
S.T. Thornton, Bull. Am. Phys. Soc. 12, 565 (1967).'C. M. Jones, $. W. Johnson, and R. M. Seekers, Nucl.
Instr. Methods (to be published).
1516

Z. Phys. A - Hadrons and Nuclei 340, 339-340 (1991) 

Short note 

""~ Hadrons  fi3r Physik A 

and Nuclei 
 9 Springer-Verlag 1991 

Investigation of the (d, p)-reaction on 
in inverse kinematics* 

1 3 6 , 1 3 2 X e  

G. Kraus l  p. Egelhofl, H. Emling ~, E. Grosse 1, W. Henning ~, R. Hohmann 1, H.J. Kdrner 2, J.V. Kratz 3, 
R. Kulessa  4, Ch.  Schiel l l  2, j . p .  Sch i f fe r  5, W.  W a g n e r  2, W.  W a l u s  4 and H . J .  W o l l e r s h e i m  1 

GSI Darmstadt, W-6100 Darmstadt, Federal Republic of Germany 
2 Physik-Department TU Mfinchen, W-8046 Garching, Federal Republic of Germany 
3 Institut f~r Kernchemie, Universit/it Mainz, W-6500 Mainz, Federal Republic of Germany 

Jagiellonian University, Cracow, Poland 
5 Argonne National Laboratory, Argonne, IL 60439, USA 

Received May 14, 1991; revised version July 2, 1991 

A b s t r a c t  

The one-neutron transfer react ions d(~3z~36Xe, p)m.~37Xe 
have been investigated in inverse kinematics with xenon 
beams incident on deuter ium loaded t i tanium targets. The 
angular distr ibut ions of the protons, measured with a de- 
tector array of 100 PIN-photodiodes, have been analyzed 
using standard DWBA. General ly,  good agreement  is 
obtained with results previously obtained in reactions in- 
duced by l ight-ion beams. 

PACS: 25.45.Gh;25.70.Cd 

The new GSl-accelerator SIS in combinat ion with the 
f ragment separator FRS and the exper imenta l  storage 
ring ESR will provide cooled beams of relat ively short - 
l ived nuclei, extending to isotopes far off stability. These 
beams open the possibi l i ty for nuclear structure studies 
on radioact ive nuclei through direct reactions in inverse 
kinematics. 
Of part icular interest are invest igat ions of s ingle-nucleon 
transfer reactions near doubly-magic nuclei, as for in- 
stance the determinat ion of s ingle-part ic le energies and 
matrix e lements of the two-body residual interaction in 
the vicini ty of 132Sn (N=82,  Z=50) ,  and of inelastic scat- 
ter ing studies of low-lying col lect ive states. 

In order to test the method of inverse kinematics, the ex- 
per imental  condit ions for such studies were investigated 
in the reactions d(132Xe,p)~33Xe and d(~36Xe,p)~37Xe. Stable 
xenon beams from the UNILAC accelerator  with E~b = 5.87 
MeV/u were focussed onto 100 /~g/cm 2 deuterated 
t i tanium targets (Ti:D content 1:1) on a 200/~g/cm 2 
a lumin ium backing. The recoi l -protons were detected 
using an array consisting of 100 PIN-photodiodes (10x10 
mm 2 active area and 320 #m thickness each) in a 10x10 
quadrat ic arrangement.  With a distance of 375 mm from 
the target the angular resolut ion of one PIN-diode was 
1.5~ the whole detector array covered an angular range 
of AO~b =180 and a solid angle of 71 mrad. 

The kinematic broadening dE/d 0 for protons from (d,p)- 
react ions for the invest igated region 0~o~ =90~ re- 
quired a col l imator  system (3 m m -  8 mm slits) to reach 
an energy resolut ion better than 100 keV (CMS) in every 
case. A semicol lect ive r e a d o u t -  method al lowed to ob- 
tain energy and t ime signals from each of 100 PIN - di- 
odes using only 20 electronic channels. For that purpose 
the 100 diodes were connected for all l ines at their  N - 

*Dedicated to Prof. Dr. P. Kienle on the occasion 
of his 60th birthday 

contacts and for all columns at their P - contacts. The 10 
l ines del ivered the t ime signals, the 10 columns the en- 
ergy signals and by a coincidence - condit ion the iden- 
t i f ication of the diode which had fired was obtained. A 
more detai led descript ion of the detector and the readout 
- method is given in ref. 1. 
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Fig. 1 :Angular distribution of the differential cross section 
for la2Xe + d elastic scattering normalized to the 
Rutherford cross section. The solid line is the result of an 
optical - model calculation. The errors shown are statis- 
tical. 
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caused by charge-exchange effects. The target gas,
isotopically enriched to 99%%uo "'Xe,was contained within
a 3-in. -diam gas cell used in conjunction with the Oak
Ridge National Laboratory precision gas scattering
chamber. 7 The gas pressure was 0.022 atm, correspond-
ing to a target thickness of approximately (80/sineq, b)
tsg/cms. Beam entrance and exit windows were 5-
and 25-pin. nickel foils, respectively. The cell walls were
0.00025-in. -thick aluminized Mylar. Four 2-mm-thick
lithium-drifted-silicon solid-state detectors, cooled to
dry-ice temperature, were used. Only one of the detec-
tors was movable, the other being 6xed. at laboratory
angles of 90', 123.75', and 146.25'. Each detector face
was shielded by a S-pin. -thick nickel foil to reduce oil
contamination. The over-all experimental proton resolu-
tion was 45 keV. Proton groups leading to 23 states in
"'Xe, and triton groups leading to 3 states in "'Xe
were identi6ed. Figure 1 shows typical spectra, taken
at laboratory angles of 50' and 146.25'. The excitation

6 P. J. Riley, C. M. Jones, J. L. Foster, M. D. Mancusi, and
S.T. Thornton, Bull. Am. Phys. Soc. 12, 565 (1967).'C. M. Jones, $. W. Johnson, and R. M. Seekers, Nucl.
Instr. Methods (to be published).
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A b s t r a c t  

The one-neutron transfer react ions d(~3z~36Xe, p)m.~37Xe 
have been investigated in inverse kinematics with xenon 
beams incident on deuter ium loaded t i tanium targets. The 
angular distr ibut ions of the protons, measured with a de- 
tector array of 100 PIN-photodiodes, have been analyzed 
using standard DWBA. General ly,  good agreement  is 
obtained with results previously obtained in reactions in- 
duced by l ight-ion beams. 

PACS: 25.45.Gh;25.70.Cd 

The new GSl-accelerator SIS in combinat ion with the 
f ragment separator FRS and the exper imenta l  storage 
ring ESR will provide cooled beams of relat ively short - 
l ived nuclei, extending to isotopes far off stability. These 
beams open the possibi l i ty for nuclear structure studies 
on radioact ive nuclei through direct reactions in inverse 
kinematics. 
Of part icular interest are invest igat ions of s ingle-nucleon 
transfer reactions near doubly-magic nuclei, as for in- 
stance the determinat ion of s ingle-part ic le energies and 
matrix e lements of the two-body residual interaction in 
the vicini ty of 132Sn (N=82,  Z=50) ,  and of inelastic scat- 
ter ing studies of low-lying col lect ive states. 

In order to test the method of inverse kinematics, the ex- 
per imental  condit ions for such studies were investigated 
in the reactions d(132Xe,p)~33Xe and d(~36Xe,p)~37Xe. Stable 
xenon beams from the UNILAC accelerator  with E~b = 5.87 
MeV/u were focussed onto 100 /~g/cm 2 deuterated 
t i tanium targets (Ti:D content 1:1) on a 200/~g/cm 2 
a lumin ium backing. The recoi l -protons were detected 
using an array consisting of 100 PIN-photodiodes (10x10 
mm 2 active area and 320 #m thickness each) in a 10x10 
quadrat ic arrangement.  With a distance of 375 mm from 
the target the angular resolut ion of one PIN-diode was 
1.5~ the whole detector array covered an angular range 
of AO~b =180 and a solid angle of 71 mrad. 

The kinematic broadening dE/d 0 for protons from (d,p)- 
react ions for the invest igated region 0~o~ =90~ re- 
quired a col l imator  system (3 m m -  8 mm slits) to reach 
an energy resolut ion better than 100 keV (CMS) in every 
case. A semicol lect ive r e a d o u t -  method al lowed to ob- 
tain energy and t ime signals from each of 100 PIN - di- 
odes using only 20 electronic channels. For that purpose 
the 100 diodes were connected for all l ines at their  N - 

*Dedicated to Prof. Dr. P. Kienle on the occasion 
of his 60th birthday 

contacts and for all columns at their P - contacts. The 10 
l ines del ivered the t ime signals, the 10 columns the en- 
ergy signals and by a coincidence - condit ion the iden- 
t i f ication of the diode which had fired was obtained. A 
more detai led descript ion of the detector and the readout 
- method is given in ref. 1. 
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Fig. 1 :Angular distribution of the differential cross section 
for la2Xe + d elastic scattering normalized to the 
Rutherford cross section. The solid line is the result of an 
optical - model calculation. The errors shown are statis- 
tical. 
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In order to obtain the opt ical-potent ial  parameters for the 
entrance channel of the (d,p)-reaction, the cross section 
for elastic scattering was measured at laboratory angles 
between 50 ~ and 81 ~ . As an example, the angular distrib- 
ution for d(~zXe,d)l~Xe compared with an opt ical-model 
calculat ion is shown in Fig. 1; the error bars are statis- 
tical. 

Protons or ig inat ing from (d,p)-reactions leading to various 
exi ted states in ~ X e  and ~ X e  were detected in the an- 
gular range 95 ~ _< 8~o~ _<148 ~ . A typical energy spectrum 
for d(~Xe,p)l~z Xe is displayed in Fig. 2. Peaks corre- 
sponding to transit ions to the strong single-part icle states 
in ~ X e  are clear ly resolved on a continous background. 
A detai led energy / t ime-of-f l ight analysis showed, that 
the dominant  part of this background (_>90%) consists of 
protons, most l ikely evaporat ion protons from the X e + T i  
and X e + A I  reactions. The observed energy resolut ion 
was of the order A E = 8 0  keV, mainly determined by the 
angular resolut ion; this can be improved by enlarging the 
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Fig 3: Angular distributions of the differential cross section 
for d (132Xe,p) 133Xe at E~ = 5.868 MeV/u leading to the 
groundstate and the two first exited states in ~33Xe. The 
curves are results of DWBA - calculations for different 
transfered angular momenta. The errors shown are sta- 
tistical. 

distance target - detector and improving the beam - 
emittance, e.g. using cooled beams at the ESR. The t ime 
resolut ion of the protons measured against the beam 
pulses (400 psec pulse width) was around 1.5 ns. This is 
is suff icient for the separation of p, d, t and ~-particles in 
the interesting energy region up to 10 MeV. 

Examples of measured angular distr ibutions are shown in 
Fig. 3 together with DWBA calculat ions carried out with 
the f ini te-range code DWUCK. Overall good agreement 
between the data and the DWBA predict ions is observed. 
The angular distr ibut ions are adequate for the assignment 
of the orbital angular momentum transfer ~. 
Table 1 contains the spectroscopic information obtained 
from the present work for a total of 9 levels in ~33Xe and 
137Xe compared with data from deuteron - induced re- 
actions on Xe - gas targets I-2,3]. The first three states in 
~33Xe as well as the groundstate of 137Xe show excel lent  
agreement  with the results from refs.2 and 3. A disagree- 
ment is observed for the exited states at 1.87 MeV and 
2.36 MeV in 137Xe and we suspect the corresponding 
peaks to consist of several unresolved states due to the 
l imited energy resolut ion in this exploratory study. The 
levels at 1.6 MeV and 3.0 rvleV in ~33Xe were investigated 
for the first t ime. The errors for the spectroscopic factors 
are est imated to be around 40% depending on the quali ty 
of the DWBA fits. 

Table 1: Comparison of the present results with ear l ier  
data from deuteron- induced reactions. E~x is the exitat ion 
energy in MeV, f. the transfered angular momentum, j and 

the spin and parity of the observed levels and Sj the 
obtained spectroscopic factor. 

Present work Reference [2] Reference [3] 
d(13~Xe, p)137Xe 138Xe(d,p)137Xe 136Xe(d,p) l~TXe 

"E~ ~. j= Sj Eex f. j~ j~ Sj 
3.0 3 7/2- 0.70 
).60 1 3/2- 0.41 
:).95 1 1/2- 0.13 
1.87 2 5/2 + 0.20 
-).36 1 3/2- 0.20 
L80 3 5/2- 0.26 

0.0 3 7/2- 
0.61 1 3/2- 
1.01 1 3/2- 
1.87 1 
2.53 1 

Sj Eo~ 
0.58 0.0 3 
0.37 0.55 1 
0.13 0.91 1 
0.30 1.84 - 
0.13 2.30 1 

2.73 3 

7/2- 0.68 
3/2- 0.49 
1/2- 0.34 

1/2- 0.35 
5/2- 0.21 

Present work Reference [2] 
d(132Xe,p) l~3Xe 134Xe(d,t) 133Xe 
E~• f. j~ Sj Eox ~ j~ Sj 
0.0 2 3/2 + 0.22 0.0 2 3/2 + 
1.60 2 5/2 + 0.13 
3.00 (4 7/2 + ) 

The exper imenta l  results and the overal l  good agreement  
with exist ing l ight-ion induced data indicate, that the 
method of inverse kinematics - using heavy ion beams 
incident on light target nuclei - can be a useful tool for 
spectroscopic invest igat ions in nuclear transfer reactions 
on nuclei far from stability. The quality of the data can be 
improved by use of targets with lower a luminium-content  
or the planned use of an internal hydrogen gas target in 
the heavy ion storage ring ESR. 

1. G. Kraus, d ip loma thesis (unpublished), Universit~t 
Mainz (1989) 

2. E.J. Schneid, B. Rosner, Phys.Rev. 14___88 3(1966)1241 
3. P.A. Moore, P.J. Riley, C.M. Jones, M.D. Mancusi, J.L. 

Forster, Phys.Rev. 175 4(1968)1521 
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energy of this state in 134Sn drops to 726 keV, making it the lowest first-
excited 2+ level observed in a semi-magic even-even nucleus over the whole
chart of nuclides.

This, as well as other peculiar features (see for instance Ref. [21]) of
nuclear structure in the 132Sn region for N > 82, has tended to support
the idea that the neutron excess produces a quenching of the N = 82 shell
closure, in contrast with the interpretation [22; 23] based on a reduction of
the neutron pairing above the N = 82 shell. Evidence for a shell quenching
was also considered a first mass measurement of 134Sn [24], which casted
doubt on the doubly magic nature of 132Sn. However, a high-precision
Penning trap mass measurement [25] has revealed a 0.5 MeV discrepancy
with respect to the previous measurement, which restores the neutron-shell
gap at N = 82.

Nuclei around 132Sn, below and above N = 82, have been the subject
of several realistic shell-model calculations ([15] and references therein, [20;
26]) which have yielded very good agreement with experiment without in-
voking any shell-structure modification. In particular, the properties of
134Te, which exhibits a “normal” proton pairing, as well as those of 134Sn
with a weak neutron pairing, are well described by our realistic effective
interaction, as is seen in Fig. 1, where the experimental energies of the
first three excited levels are compared with the calculated ones. Especially
worthy of note is that the energy of the 2+ state in both nuclei, namely
the proton and neutron gap, is remarkably well reproduced. This clearly
means that our effective interaction possesses good pairing properties.
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Fig. 1. Experimental and calculated spectrum of 134Sn (a) and 134Te (b).

As discussed in the previous section, we know, however, that a realistic
effective interaction is obtained from the nucleon-nucleon potential through
a perturbation procedure which takes microscopically into account core
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Expt	   Calc	  
Jπ	   E(MeV)	   C2S	  [1]	   Jπ	   E(MeV)	   C2S	  
7/2-‐	   0.0	   0.94	   7/2-‐	   0.0	   0.86	  

3/2-‐	   0.601	   0.52	   3/2-‐	   0.728	   0.57	  

1/2-‐,3/2-‐	   0.986	   0.35	   1/2-‐	   1.127	   0.43	  

9/2-‐	   1.218	   0.43	   9/2-‐	   1.327	   0.72	  

5/2-‐	   1.303	   0.22	   5/2-‐	   1.349	   0.17	  

5/2-‐,7/2-‐	   1.534	   0.12	   7/2-‐	   1.589	   0.05	  

5/2-‐	   1.666	   0.04	  

9/2-‐	   1.590	   0.24	   9/2-‐	   1.584	   0.01	  

(5/2-‐)5	   2.039c	   0.20	  

13/2+	   1.751	   0.84	   13/2+	   2.082	   0.75	  

137Xe 

[1]	  B.	  P.	  Kay	  et	  al,	  PRC	  84,	  024325	  (2011)	   uncertain:es	  in	  expt	  	  SF	  ≈	  25%	  
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Expt	   Calc	  
Jπ	   E(MeV)	   C2S	  [1]	   Jπ	   E(MeV)	   C2S	  
7/2-‐	   0.0	   0.94	   7/2-‐	   0.0	   0.86	  

3/2-‐	   0.601	   0.52	   3/2-‐	   0.728	   0.57	  

1/2-‐,3/2-‐	   0.986	   0.35	   1/2-‐	   1.127	   0.43	  

9/2-‐	   1.218	   0.43	   9/2-‐	   1.327	   0.72	  

5/2-‐	   1.303	   0.22	   5/2-‐	   1.349	   0.17	  

5/2-‐,7/2-‐	   1.534	   0.12	   7/2-‐	   1.589	   0.05	  

5/2-‐	   1.666	   0.04	  

9/2-‐	   1.590	   0.24	   9/2-‐	   1.584	   0.01	  

(5/2-‐)5	   2.039c	   0.20	  

13/2+	   1.751	   0.84	   13/2+	   2.082	   0.75	  

137Xe 

[1]	  B.	  P.	  Kay	  et	  al,	  PRC	  84,	  024325	  (2011)	  

Jπ i Σi	  C2S	

5/2-‐	   20	   0.65	  

uncertain:es	  in	  expt	  	  SF	  ≈	  25%	  
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Expt	   Calc	  
Jπ	   E(MeV)	   l	  transfer*	   Jπ	   E(MeV)	   C2S	  
7/2-‐	   0.0*	   3	   7/2-‐	   0.0	   0.86	  

3/2-‐	   0.659*	   1	   3/2-‐	   0.726	   0.63	  

1/2-‐	   1.083*	   1	   1/2-‐	   1.110	   0.45	  

5/2-‐	   1.127	   5/2-‐	   1.119	   0.12	  

9/2-‐	   1.246	   9/2-‐	   1.302	   0.18	  

7/2-‐	   1.336	  

7/2-‐,9/2-‐	   1.380	   9/2-‐	   1.346	   0.51	  

3/2-‐	   1.721	   0.27	  

3/2-‐,5/2-‐	   1.837*	   -‐	   1/2-‐	   1.947	   0.32	  

(5/2-‐)6	   2.238	   0.41	  

13/2+	   2.109	   13/2+	   2.268	   0.72	  

*	  preliminary	  	  134Te(d,p)	  experiment	  	  by	  J.A.	  Cizewski	  et	  al,	  AIP	  Conf.	  Proc.	  1090,	  463(2009)	  

135Te 
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Expt	   Calc	  
Jπ	   E(MeV)	   l	  transfer*	   Jπ	   E(MeV)	   C2S	  
7/2-‐	   0.0*	   3	   7/2-‐	   0.0	   0.86	  

3/2-‐	   0.659*	   1	   3/2-‐	   0.726	   0.63	  

1/2-‐	   1.083*	   1	   1/2-‐	   1.110	   0.45	  

5/2-‐	   1.127	   5/2-‐	   1.119	   0.12	  

9/2-‐	   1.246	   9/2-‐	   1.302	   0.18	  

7/2-‐	   1.336	  

7/2-‐,9/2-‐	   1.380	   9/2-‐	   1.346	   0.51	  

3/2-‐	   1.721	   0.27	  

3/2-‐,5/2-‐	   1.837*	   -‐	   1/2-‐	   1.947	   0.32	  

(5/2-‐)6	   2.238	   0.41	  

13/2+	   2.109	   13/2+	   2.268	   0.72	  

*	  preliminary	  	  134Te(d,p)	  experiment	  	  by	  J.A.	  Cizewski	  et	  al,	  AIP	  Conf.	  Proc.	  1090,	  463(2009)	  

	  	  	  	  3/2-‐ 	  	  	  	  5/2-‐ 

E(MeV) C2S E(MeV) C2S 

1.81 0.00 1.71 0.00 
1.82 0.06 
2.01 0.06 

135Te 
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States	  with	  the	  largest	  single-‐neutron	  strength	  
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                   135Sb                         137Sb                                                  
Expt	   Calc	  

Jπ	   E(MeV)	   Jπ	   E(MeV)	   C2S	  
7/2+	   0.0	   7/2+	   0.0	   0.74	  

5/2+	   0.282	   5/2+	   0.387	   0.42	  

3/2+	   0.440	   3/2+	   0.497	   0.07	  

1/2+	   0.523	   1/2+	   0.659	   0.07	  

(5/2+)2	   0.928	   0.23	  

(3/2+)12	   2.600	   0.32	  

(1/2+)12	   3.199	   0.32	  

11/2-‐	   2.652	   0.52	  

(11/2-‐)5	   3.522	   0.21	  

Calc	  
Jπ	   E(MeV)	   C2S	  
7/2+	   0.0	   0.71	  

5/2+	   0.186	   0.56	  

3/2+	   0.333	   0.12	  

1/2+	   0.403	   0.11	  

11/2-‐	   2.587	   0.38	  

yrast	  states	  	  &	  states	  with	  C2S	  >0.2  
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                   135Sb                         137Sb                                                  
Expt	   Calc	  

Jπ	   E(MeV)	   Jπ	   E(MeV)	   C2S	  
7/2+	   0.0	   7/2+	   0.0	   0.74	  

5/2+	   0.282	   5/2+	   0.387	   0.42	  

3/2+	   0.440	   3/2+	   0.497	   0.07	  

1/2+	   0.523	   1/2+	   0.659	   0.07	  

(5/2+)2	   0.928	   0.23	  

(3/2+)12	   2.600	   0.32	  

(1/2+)12	   3.199	   0.32	  

11/2-‐	   2.652	   0.52	  

(11/2-‐)5	   3.522	   0.21	  

Calc	  
Jπ	   E(MeV)	   C2S	  
7/2+	   0.0	   0.71	  

5/2+	   0.186	   0.56	  

3/2+	   0.333	   0.12	  

1/2+	   0.403	   0.11	  

11/2-‐	   2.587	   0.38	  

yrast	  states	  	  &	  states	  with	  C2S	  >0.2  

Jπ i Σi	  C2S	


135Sb	  
1/2+	   12	   0.67	  
3/2+	   12	   0.63	  

137Sb	  
1/2+	   30	   0.38	  
3/2+	   30	   0.52	  
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137Sb 135Sb 133Sb 

States	  with	  the	  largest	  single-‐proton	  strength	  

0.56	  

0.11	  
0.12	  
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More fragmentation of the single-particle �
strength in Sb isotopes than in  N=83 isotones�
	  
due	  to	  the	  pairing	  force	  weaker	  for	  neutrons	  in	  the	  82-‐126	  
shell	  than	  for	  protons	  in	  the	  Z=50-‐82	  shell	  	  	  
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More fragmentation of the single-particle �
strength in Sb isotopes than in  N=83 isotones�
	  
due	  to	  the	  pairing	  force	  weaker	  for	  neutrons	  in	  the	  82-‐126	  
shell	  than	  for	  protons	  in	  the	  Z=50-‐82	  shell	  	  	  

2 proton particles in the 50-82 shell 

Δn=Eexc(2+1)=0.73	  MeV	  

2 neutron particles in the 82-126 shell 

	  Δp=Eexc(2+1)=1.28	  MeV	  

strong	  renormaliza8on	  effects	  	  
in	  the	  effec8ve	  interac8on	  	  

induced	  by	  the	  core	  polariza8on	  

weak	  renormaliza8on	  effects	  	  
in	  the	  effec8ve	  interac8on	  	  

induced	  by	  the	  core	  polariza8on	  

134Te	   134Sn	  
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Single-‐par8cle	  energies	  as	  the	  centroid	  	  
of	  the	  single-‐par8cle	  strengths	  

εj
c = C 2SfjEfj

f
∑

J.B.	  French,	  E.	  Fermi	  School	  (1965)	  
M.	  Baranger,NP	  A149,225(1970)	  

Ef	  j	  	  	  energies	  of	  the	  final	  states	  of	  the	  one-‐nucleon	  stripping	  reac8on	  
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∑ (j !j )N
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Single-‐par8cle	  energies	  as	  the	  centroid	  	  
of	  the	  single-‐par8cle	  strengths	  

εj
c = C 2SfjEfj

f
∑

J.B.	  French,	  E.	  Fermi	  School	  (1965)	  
M.	  Baranger,	  NP	  A149,225(1970)	  

Ef	  j	  	  	  energies	  of	  the	  final	  states	  of	  the	  one-‐nucleon	  stripping	  reac8on	  

VM	  	  	  monopole	  interac8on	  
Nj	  	  	  	  	  	  number	  of	  nucleons	  in	  the	  orbit	  j	   A.	  Umeya	  and	  K.	  Muto,PRC	  74,034330	  (2006)	  
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jν	   V(πg7/2,jν)	  

f7/2	   -‐0.18	  
f5/2	   -‐0.11	  
p3/2	   -‐0.11	  
p1/2	   -‐0.09	  
h9/2	   -‐0.20	  
i13/2	   -‐0.33	  137Xe 
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jν	   V(πg7/2,jν)	  

f7/2	   -‐0.18	  
f5/2	   -‐0.11	  
p3/2	   -‐0.11	  
p1/2	   -‐0.09	  
h9/2	   -‐0.20	  
i13/2	   -‐0.33	  137Xe 

Because the J dependence is averaged out in Eq. (2), the
monopole interaction, VM, represents the angular-free, i.e.,
monopole property of the original interaction, V, while it
still depends on the isospin. If neutrons occupy j0 and one
looks into the orbit j!! j0" as a proton orbit, the shift of the
single-particle energy of j is given by

!!p!j" # 1
2fVT#0

j;j0 $ VT#1
j;j0 gnn!j0"; (3)

where nn!j0" is (the expectation value of) the number of
neutrons in the orbit j0. The same is true for !!n!j" as a
function of np!j0". The monopole effects from orbits
j0; j00; . . . are added as these orbits are filled. The single-
particle energy, including this monopole effect, is called
the effective single-particle energy (ESPE), and it depends
on the configurations. We shall discuss, in this Letter, how
the ESPE of an orbit j varies due to the tensor force as an
orbit j0 is filled.

If the orbit j0 is fully occupied by neutrons in Eq. (3),
only the monopole effect remains over the other multipoles
and Eq. (3) gives the shift of the bare single-particle energy
for this shell closure. If protons and neutrons are occupying
the same orbit, the change of ESPE becomes slightly more
complicated due to isospin symmetry [8].

We begin with cases like Fig. 1: with orbital angular
momenta being denoted by l or l0, protons are in either
j> # l$ 1=2 or j< # l% 1=2, while neutrons are in ei-
ther j0> # l0 $ 1=2 or j0< # l0 % 1=2. In examples to be
discussed, these orbits represent valence or hole states near
the Fermi surface, and their radial wave functions are given
by the harmonic oscillator potential for simplicity.

From now on, V is the tensor force. For the orbits j and
j0, the following identity can be derived,

!2j> $ 1"VTj>;j0 $ !2j< $ 1"VTj<;j0 # 0; (4)

where T # 0 and 1, and j0 is either j0> or j0<. Note that this
identity is in the isospin formalism, and can be applied not
only to cases like Fig. 1(a) but also to cases between
neutrons or between protons. The identity in Eq. (4) can
be proved by angular momentum algebra by summing all
spin and orbital magnetic substates for the given l. It is

assumed that the radial wave function is the same for j>
and j< orbits, which is exactly fulfilled in the harmonic
oscillator and practically so in other models if the orbits are
well bound. This identity does not hold if the single-
particle state j> or j< is identical to j0 (as excluded in
Fig. 1), because the substate summation is affected by the
isospin symmetry. However, the actual monopole matrix
elements follow the relation in Eq. (4) semiquantitatively.
One can prove that VTj;j0 # 0 for j or j0 # s1=2. Equation (4)
suggests that if both j> and j< orbits are fully occupied,
their total tensor monopole effect vanishes.

Only exchange processes in Fig. 1(b) contribute to VM
for the tensor force, while its direct contribution vanishes.
The same property holds for a spin-spin central interaction
[9]. If only exchange terms remain, the spin-coordinate
part of the T # 0 and 1 matrix elements are just opposite.
Combining this with ! ~"1 & ~"2" in Eq. (1), one obtains

VT#0
j;j0 # 3' VT#1

j;j0 for j ! j0: (5)

Thus, the proton-neutron tensor monopole interaction is
twice as strong as the T # 1 interaction.

The question is the way in which the tensor force drives
ESPE’s, and whether there is a general rule for this move-
ment. The answer is given in an intuitive way. In Fig. 2(a),
a nucleon on j< is colliding with another on j0>. Because of
the high relative momentum between them, the spatial
wave function of their relative motion is narrowly distrib-
uted in the direction of the collision which is basically the
direction of the orbital motion. The spins of two nucleons
are parallel in this case, giving rise to basically S # 1. The
ellipse in Fig. 2(a) represents such relative-motion wave
function being spread more along the total spin S # 1. This
is analogous to the case of the deuteron, and the tensor
force works attractively. The same mechanism holds for
two nucleons in j> and j0<. On the other hand, as in
Fig. 2(b), the tensor force produces a repulsive effect for
two nucleons in j> and j0> (or vice versa), because the
wave function of the relative motion is stretched in the
direction of the collision. Thus, we can obtain a robust
picture that j< and j0> (or vice versa) orbits attract each
other, whereas j> and j0> (or j< and j0<) repel each other. In
this picture, it is supposed that the tensor force being

FIG. 1 (color). (a) Schematic picture of the monopole interac-
tion produced by the tensor force between a proton in j>;< #
l( 1=2 and a neutron in j0>;< # l0 ( 1=2. (b) Exchange pro-
cesses contributing to the monopole interaction of the tensor
force.

FIG. 2 (color). Intuitive picture of the tensor force acting two
nucleons on orbits j and j0.

PRL 95, 232502 (2005) P H Y S I C A L R E V I E W L E T T E R S week ending
2 DECEMBER 2005

232502-2
[T.	  Otska	  et	  al,	  PRL	  95,	  232502	  (2005)]	  
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…the	  behavior	  of	  a	  given	  ESPE	  is	  governed	  
mainly	  by	  the	  triplet-‐	  even	  component	  of	  
the	  central	  part	  
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FIG. 1. (Color online) Neutron ESPEs in N = 20 isotones (a); in N = 28 isotones (b) and proton ESPEs in Ca isotopes (c), as obtained
from the realistic interaction [45].

and approaching the lighter nuclei [Fig. 1(b)]. This shell gap
results from the difference in the centroids corresponding to
the neutron 1p3/2 and 0f7/2 orbitals, which are both “spin-up”
(j> = l + 1/2) orbitals but have different radial quantum
numbers. Hence, the tensor force contributes to both centroids,
V νπ

1p3/20d3/2
and V νπ

0f7/20d3/2
with equal sign, but the absolute values

are quite different (see the lower part of Table II). As a result,
the tensor contribution to the shell-gap variation is about half
of that of the central contribution when the proton 0d3/2 orbital
is filled and about 1/3 of it, but with the opposite sign, when the
proton 0d5/2 orbital is being filled. Thus, we observe a gradual
reduction of the N =28 shell gap moving from 48Ca to 44S and
an even more rapid reduction of this shell gap from 42Si toward
even lighter isotones. In conclusion, we stress again that the
behavior of a given ESPE is governed mainly by the triplet-
even component of the central part. However, evolution of the
shell gap is influenced by both central and tensor components
of the effective interaction, not always having the same sign.

The only example when the effect of the central part
is negligible is provided by the evolution of the spin-orbit
splitting. This is illustrated by the analysis of the proton
0d3/2-0d5/2 splitting between 40Ca and 48Ca (Fig. 1(c) and
Ref. [21]), the decrease of −2.3 MeV is mainly due to
the tensor contribution (−2.73 MeV) with only a small
contribution stemming from the central term (−0.21 MeV)
and a contribution from the vector term (0.6 MeV). Thus, the
energy shift for spin-orbit partners in opposite senses, when
they result from centroids [here the (1f7/2)-(2d) centroids]

TABLE I. Spin-tensor content of the centroids of the realistic
interaction SDPF-U [45] involved into the evolution of the N =20
shell gap.

Centroid V νπ
0f7/20d3/2

V νπ
0d3/20d3/2

#V V νπ
0f7/20d5/2

V νπ
0d3/20d5/2

#V

MeV MeV MeV MeV MeV MeV

Total −1.70 −1.79 0.09 −1.32 −2.04 0.72
Central −1.51 −2.17 0.66 −1.48 −1.90 0.43
TE −1.35 −2.17 0.82 −1.46 −1.89 0.44
Vector 0.09 0.06 0.03 −0.03 0.08 −0.11
LS 0.00 0.07 0.07 −0.03 0.01 −0.04
ALS 0.09 −0.01 0.10 0.00 0.07 −0.07
Tensor −0.28 0.32 −0.60 0.19 −0.22 0.40
even −0.16 0.24 −0.40 0.11 −0.16 0.27
odd −0.12 0.09 −0.20 0.08 −0.06 0.13

governed by cross-shell proton-neutron matrix elements, are
indeed mainly due to the tensor force.

To specify, let us remark that calculations of the shell gap
evolution from an effective interaction, as presented here,
take into account a well-established mass dependence on
the two-body matrix elements, expressed by a scaling factor
(A/A0)−1/3 [46,47]. Therefore, to obtain the change of a given
energy gap, it is not sufficient to multiply the differences in
two-body centroids given in Tables I and II by a number of
added particles, only.

In conclusion, while the global trend of the ESPEs is due
mainly to the central term of the effective interaction, evolution
of the shell gaps is a common effect, dominantly, of the central
and tensor terms. The characteristic properties of the tensor
force are manifested in the analysis of the spin-orbit splitting.
From our analysis, the role of the vector term is small and it
often contributes to the differences between centroids in the
way opposite to the tensor force contribution.

V. MICROSCOPIC VERSUS PHENOMENOLOGICAL
INTERACTION

The goal of the shell model is to describe nuclear structure
properties starting from microscopic effective interactions.
However, at present the effective interactions derived from
a bare NN force by some renormalization procedure based on
a G matrix or using a low-momentum interaction Vlow−k plus
higher-order corrections within the many-body perturbation

TABLE II. Spin-tensor content of the centroids of the realistic
interaction SDPF-U [45] involved into the evolution of the N =28
shell gap.

Centroid V νπ
1p3/20d3/2

V νπ
0f7/20d3/2

#V V νπ
1p3/20d5/2

V νπ
0f7/20d5/2

#V

MeV MeV MeV MeV MeV MeV
Total −1.06 −1.70 0.64 −0.95 −1.32 0.36
Central −1.04 −1.51 0.47 −1.03 −1.48 0.44
TE −0.99 −1.35 0.36 −1.02 −1.46 0.44
Vector 0.05 0.09 −0.05 0.04 −0.03 0.07
LS 0.06 0.00 0.06 0.00 −0.03 −0.03
ALS −0.01 0.09 −0.10 0.04 0.00 0.04
Tensor −0.06 −0.28 0.22 0.04 0.19 −0.15
even −0.02 −0.16 0.14 0.02 0.11 −0.09
odd −0.04 −0.12 0.08 0.02 0.08 −0.06
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We report on a quantitative study of the evolution of the nuclear shell structure, in particular, effective
single-particle energies (ESPEs), based on the spin-tensor decomposition of an effective two-body shell-model
interaction. While the global trend of the ESPEs is mainly due to the central term of the effective interaction,
variations of shell gaps invoke various components of the in-medium NN force. From a detailed analysis of a
well-fitted realistic interaction in the sdpf shell-model space, two most important contributions for the evolution
of the N =20 and N =28 shell gaps are confirmed to be the central term and the tensor term. The role of the
latter is dominant to explain the energy shift of spin-orbit partners. Spin-tensor analysis of microscopic effective
interactions in sd , pf , and gds shell-model spaces, contrasted with that of the phenomenologically adjusted
ones, shows no evidence of amplification of the tensor component contribution; however, it points toward the
neglect of three-body forces in the present microscopic interactions.
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I. INTRODUCTION

The last few years have noticed a strongly increased ac-
tivity, encompassing advanced experimental studies exploring
energy spectra and electromagnetic properties [B(E2) values,
nuclear moments,...] and theoretical exploration of the nuclear
shell model, in nuclei with a large neutron excess, even
approaching the neutron drip line [1–3]. It has turned out
that for nuclei with neutron number N = 20, 28, 40 (and
their immediate vicinity) and with changing proton number,
nuclear structure properties are observed that do not fit with a
well closed neutron shell (for recent reviews see Refs. [2–7]
and Refs. [1,8–12] and references therein). In particular,
an onset of deformation and the presence of multiparticle
multihole (mp-nh) intruder components in the ground states
for neutron-rich nuclei around 32Mg, 42Si, and 64Cr is well
confirmed nowadays, both experimentally and theoretically
(see, e.g., Refs. [1,13] and references therein). These are the
regions of the nuclear chart called “islands of inversion.” It
turns out that for particular Z, N values, the correlation energy
in these intruder configurations (quadrupole and pairing energy
gain, mainly) is larger than the energy cost (because of the
presence of large gaps in the single-particle energy spectrum)
to create these intruder configurations. Consequently, the
ground-state in both even-even (0+) and in the odd-mass (J π )
nuclei becomes a strongly correlated state and subsequently
gains extra binding. These islands of inversion do not imply
inversions in the single-particle energies but rather a change in
the ground-state configuration from a largely closed N = 20,
28, 40,... configuration into a strongly correlated one, including
mp-nh excitations [1,14]. It immediately becomes clear that
this energy balance will depend largely on the shell gaps
and their variation as a function of proton number will play
a major role. There are clear indications on single-particle
energy variations in odd-A isotopes or isotones adjacent to
semimagic nuclei, governed by the monopole term of the
effective interaction (the so-called monopole shifts). Thus,
it is but normal that the “standard” ordering of orbitals in

a given major oscillator shell will change even causing new
neutron N (or proton Z) numbers to give rise to an increased
stability versus deformation, such as N =14 and N =16 in the
O isotopes. A good description and understanding in order to
predict the changing shell structure for the neutron-rich nuclei
is highly important in the context of nuclear astrophysics.

The purpose of the present study is to investigate the chang-
ing shell structure using the nuclear shell-model framework
and to understand the mechanisms behind these single-particle
energies variations. This issue has been of central importance,
as can be seen from the recent literature [15–21]. In particular,
it has been shown that the spin-isospin exchange central
and the tensor force components in the effective nuclear
interaction play a major role in describing variations in the
single-particle energy of a major shell [16,17,20,21]. Making
use of a spin-tensor decomposition of the effective interaction
[into its central, vector (symmetric and antisymmetric spin-
orbit terms), and tensor rank-2 components], we show that
global variation of the single-particle energy over a region
of isotones (isotopes) is mainly due to the central part of
the nucleon-nucleon interaction. On the other hand, the local
variations (differences of single particle energies) in shell-gaps
and in spin-orbit energy splitting are determined by the
interplay of the central, vector, and tensor parts. We also
study the differences in the spin-tensor decomposition between
microscopic effective interactions (in-medium interactions
starting from a realistic NN two-body force, where either
a G matrix is constructed or a renormalized low-momentum
force is constructed with the further addition of in-medium
many-body effects using perturbation theory) and phenomeno-
logical effective interactions (the latter determined from fitting
two-body matrix elements—or certain linear combinations of
these matrix elements—to the wealth of experimental data).
Comparison of the results obtained from using microscopic
effective interactions and further adjusted to experimental
data with phenomenological effective interactions allows us
to formulate conclusions about the robustness of the proposed
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determined	  	  by	  the	  interplay	  of	  the	  central,	  vector,	  and	  tensor	  parts…	  
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	  	  u the properties of nuclei in terms of the forces among nucleons �
 u deficiencies  and limits of the theory, because of the 
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reliability	  of	  our	  interac8on	  matrix	  elements	  
 

�Open	  problems	  
Role	  of	  genuine	  and	  effec8ve	  three-‐body	  forces	  
	  
	  
	   Shell	  Model	  as	  a	  Unfied	  View	  of	  Nucler	  Structure	  

IPHC	  –Strasbourg,	  October	  8-‐10,	  2012	  



L. Coraggio  

A. Covello    

A. G. 

N. Itaco       

Naples	  group	  

	  	  	  	  	  	  	  A.	  Gargano	  
Sezione	  di	  Napoli	  

Shell	  Model	  as	  a	  Unfied	  View	  of	  Nucler	  Structure	  
IPHC,	  Strasboug	  8-‐10	  October	  2012	  



L. Coraggio  

A. Covello    

A. G. 

N. Itaco       

Naples	  group	  

	  	  	  	  	  	  	  A.	  Gargano	  
Sezione	  di	  Napoli	  

Shell	  Model	  as	  a	  Unfied	  View	  of	  Nucler	  Structure	  
IPHC,	  Strasboug	  8-‐10	  October	  2012	  


