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The general picture

Heavy Ion Collision

x−x+



Thomas EPELBAUM

Introduction

Resummation scheme

Fixed volume
Toy model

Energy-momentum tensor

Distribution function

Bose-Einstein
Condensation

Expanding volume
The model

Numerical results

Conclusion

1/20

The general picture

Heavy Ion Collision

x−x+

Classical fields



Thomas EPELBAUM

Introduction

Resummation scheme

Fixed volume
Toy model

Energy-momentum tensor

Distribution function

Bose-Einstein
Condensation

Expanding volume
The model

Numerical results

Conclusion

1/20

The general picture

Heavy Ion Collision

x−x+

Classical fields

Hydrodynamics



Thomas EPELBAUM

Introduction

Resummation scheme

Fixed volume
Toy model

Energy-momentum tensor

Distribution function

Bose-Einstein
Condensation

Expanding volume
The model

Numerical results

Conclusion

1/20

The general picture

Heavy Ion Collision

x−x+

Classical fields

HydrodynamicsTransition?
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The general picture

Hydro prerequisites

• Thermal equilibrium (Equation of state, BOSE-EINSTEIN
distribution fonction...)

• Initial conditions: energy density, pressure
• Transport coefficients: viscosity...

Theoretical framework

• Color Glass Condensate (CGC) semi classical effective
theory (unphysical momentum cutoff Λ between color
fields and classical sources)

• JIMWLK equation (renormalization group equation for the
evolution with Λ)
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Resummation formula [GELIS, LAPPI, VENUGOPALAN (2008)]

Secular divergences

• LO 7→ Finite results, but no equilibration
• NLO 7→ Secular divergences 7→ NLO > LO
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Resummation formula [GELIS, LAPPI, VENUGOPALAN (2008)]

Secular divergences

• LO 7→ Finite results, but no equilibration
• NLO 7→ Secular divergences 7→ NLO > LO

Energy-momentum tensor at LO

Tµν
LO = (∂µϕ) (∂νϕ)− gµνL(ϕ) ,

∂µ
δL

δ (∂µϕ)
=
δL
δϕ

ϕ = ϕ0 at t0
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Resummation formula [GELIS, LAPPI, VENUGOPALAN (2008)]

Energy-momentum tensor at NLO

Tµν
NLO = Ô Tµν

LO [ϕ0]

Ô =
1
2

∫
u,v∈Σ

G(u, v)
δ

δϕ0(u)

δ

δϕ0(v)
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Resummation formula [GELIS, LAPPI, VENUGOPALAN (2008)]

Resummed Energy-momentum tensor

Tµν
resum =eÔ Tµν

LO [ϕ0] = Tµν
LO + Tµν

NLO + · · ·

Ô =
1
2

∫
u,v∈Σ

G(u, v)
δ

δϕ0(u)

δ

δϕ0(v)
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Resummation formula [GELIS, LAPPI, VENUGOPALAN (2008)]

Resummed Energy-momentum tensor

Tµν
resum =eÔ Tµν

LO [ϕ0] = Tµν
LO + Tµν

NLO + · · ·

Ô =
1
2

∫
u,v∈Σ

G(u, v)
δ

δϕ0(u)

δ

δϕ0(v)

Equivalent formulation

e
γ
2 ∂

2
x f (x) =

∫ +∞

−∞

dz√
2πγ

e−
z2
2γ f (x + z)



Thomas EPELBAUM

Introduction

Resummation scheme

Fixed volume
Toy model

Energy-momentum tensor

Distribution function

Bose-Einstein
Condensation

Expanding volume
The model

Numerical results

Conclusion

2/20

Resummation formula [GELIS, LAPPI, VENUGOPALAN (2008)]

Resummed Energy-momentum tensor

Tµν
resum =eÔ Tµν

LO [ϕ0] = Tµν
LO + Tµν

NLO + · · ·

Ô =
1
2

∫
u,v∈Σ

G(u, v)
δ

δϕ0(u)

δ

δϕ0(v)

Equivalent formulation

Tµν
resum =

∫ [
Da(u)

]
e−

1
2

∫
u,v∈Σ

a(u) G−1(u,v) a(v) Tµν
LO [ϕ0 + a]

• Solve the EOM for the initial condition ϕ0 with random
gaussian fluctuations a on top of it.

• Semi-classical calculation that takes into account some
quantum corrections.

• Functional integral done by Monte Carlo sampling.
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Scalar field theory

Lagrangian of the theory

L(φ) =
1
2

(∂µφ)(∂µφ)− g2

4!
φ4︸ ︷︷ ︸

V (φ)

+Jφ

where
J ∝ θ(−x0)

Why do we use this model?

• Scale invariance in 3 + 1 dimensions
• Parametric resonance
• A lot simpler!
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Form of the solution

Initial condition of the EOM

φi(t ,x) = ϕ0(x) +
∑

k

Re
[
ck eiωk t vk (x)

]
with

[−∆ + V ′′(ϕ0)] vk (x) = ω2
k vk (x)

〈ck c∗l 〉 = δ(k − l)
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Tµν
LO [DUSLING, TE, GELIS, VENUGOPALAN (2010)]
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Tµν
NLO: secular divergences
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Tµν
resum: Pressure equilibration
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Time evolution of the occupation number [TE, GELIS (2011)]
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Kolmogorov scaling at late times?
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BOSE-EINSTEIN equilibrium distribution?
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"Classical" equilibrium distribution
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Non-zero initial mode: ϕ0 ∼ cos k .x
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Evolution of the condensate

fk =
T

ωk − µ
− 1

2
+ n0δ(k)

implies

f0
V

= cte
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Evolution of the condensate
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Scalar field theory

Adapted coordinate system to describe a Heavy Ion Collision?

x⊥

z

System boost invariant in z direction
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Scalar field theory

Adapted coordinate system to describe a Heavy Ion Collision?

x⊥

z

System boost invariant in z direction

Proper time/rapidity coordinate system

η =
1
2

ln
t + z
t − z

τ =
√

t2 − z2
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Scalar field theory

Proper time/rapidity coordinate system

x−x+

τ = cte
η = cte

Proper time/rapidity coordinate system

η =
1
2

ln
t + z
t − z

τ =
√

t2 − z2
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Scalar field theory

Proper time/rapidity coordinate system

x−x+

τ = cte
η = cte

EOM for a boost-invariant field[
∂2

∂τ2 +
1
τ

∂

∂τ
−∇2

⊥

]
ϕ+ V ′(ϕ(τ,x⊥)) = 0
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Scalar field theory

Proper time/rapidity coordinate system

x−x+

τ = cte
η = cte

EOM for a small fluctuation a

[
∂2

∂τ2 +
1
τ

∂

∂τ
−∇2

⊥ −
1
τ2

∂2

∂η2 + V ′′(ϕ)

]
a(τ, η,x⊥) = 0
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Form of the solution

Initial condition of the EOM

φi(τ,x⊥, η) = ϕ0(x⊥) +
∑
k⊥,ν

Re
[
ck⊥,νH(2)

iν (ωk⊥τ) eiνη vk⊥(x⊥)
]

with the Hankel functions H(2)
iν being the equivalent of the plane

waves in the fixed volume case , and

[−∆⊥ + V ′′(ϕ0)] vk⊥(x⊥) = ω2
k⊥vk⊥(x⊥)〈

ck⊥,ν c∗l⊥,µ
〉

= δ(k⊥ − l⊥)δ(ν − µ)
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The model
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Tµν
resum [Work in progress]
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Evolution of the distribution function [Work in progress]

τ = 0.1

 0
 0.5

 1
 1.5

 2
 2.5

 3

kT

 0
 10

 20
 30

 40
 50

 60
 70

 80

ν

10
-2

10
-1

10
0

10
1

10
2

10
3

10
4

10
5

τ = 1

 0
 0.5

 1
 1.5

 2
 2.5

 3

kT

 0
 10

 20
 30

 40
 50

 60
 70

 80

ν

10
-2

10
-1

10
0

10
1

10
2

10
3

10
4

10
5

τ = 10

 0
 0.5

 1
 1.5

 2
 2.5

 3

kT

 0
 10

 20
 30

 40
 50

 60
 70

 80

ν

10
-2

10
-1

10
0

10
1

10
2

10
3

10
4

10
5

τ = 100

 0
 0.5

 1
 1.5

 2
 2.5

 3

kT

 0
 10

 20
 30

 40
 50

 60
 70

 80

ν

10
-2

10
-1

10
0

10
1

10
2

10
3

10
4



Thomas EPELBAUM

Introduction

Resummation scheme

Fixed volume
Toy model

Energy-momentum tensor

Distribution function

Bose-Einstein
Condensation

Expanding volume
The model

Numerical results

Conclusion

18/20

Lattice artifacts [Work in progress]

 fk+1/2 at τ=200
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Tµν
resum: Time evolution of PL,T

ε [Work in progress]

×10-1

×100
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τ

PL/ε Lz=40
PT/ε Lz=40

1/3
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Tµν
resum: Time evolution of PL,T

ε [Work in progress]
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Tµν
resum: Time evolution of PL,T

ε [Work in progress]
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Tµν
resum: Time evolution of PL,T

ε [Work in progress]
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Conclusion

Principal results for the fixed volume

• Equation of state ε = 3P
• Px = Py = Pz

• fk ∝ T
ωk−µ

− 1
2 at late times

• BOSE-EINSTEIN condensate

Principal results for the exanding volume

• Equation of state
• BOSE-EINSTEIN condensate?
• PL = PT ?
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