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The cosmological constant problem

Really small

Λ
M2

P

∼ 10−122

One motivation: the cosmological constant problem:

Rµν −
1
2
Rgµν + Λgµν =

1
M2

P

Tµν

Two aspects to the problem:  

• existence of the small number (naturalness)
• stability under quantum corrections (technical naturalness)

Two roads to take: 

• Take GR and the CC seriously (→ anthropics, landscape)
• Modify things



Conservative modification of gravity

• Lorentz-Invariance → degrees of freedom are classified by mass and spin/
helicity 

• Should be an infrared modification, to say something about the cosmological 
constant without messing up solar system tests of gravity

• GR is the unique theory of an interacting massless helicity-2 at low energies → 
to modify gravity is to change the degrees of freedom 

First thought: make the graviton massive

V (r) ∼ M

M
2
P

1
r
e
−mr

, m ∼ H

Extra DOF:  5 massive spin states as opposed to 2 helicity states

IR modification scale



Other motivations

1)  It is an interesting field theoretic question:  is it possible to have a 
consistent theory of an interacting massive spin-2 particle (or multiple 
spin 2’s)?

2)  It shows us new mechanisms: massive gravity is a deformation of GR 
→ pathologies should go away as mass term goes to zero → new 
mechanisms for curing pathologies



Massive gravity

where the interaction potential U is the most general one that reduces to Fierz-Pauli at

linear order,
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...

The square bracket indicates a trace, with indices raised with g(0),µν , i.e. [h] = g(0)µνhµν ,

[h2] = g(0)µαhαβg(0)βνhνµ, etc. The coefficients C1, C2, etc. are generic coefficients. Note that

the coefficients in Un(g(0), h) for n > D are redundant by one, because there is a combination

of the various contractions, the characteristic polynomial LTD
n (h) (see Appendix A), which

vanishes identically. Thus one of the coefficients in Un(g(0), h) for n > D (or any one linear

combination) can be set to zero.

If we like, we can re-organize the terms in the potential by raising and lowering with

the full metric gµν rather than the absolute metric g(0)µν ,

S =
1

2κ2

�
dDx

�
(
√
−gR)−

√
−g

1

4
m2V (g, h)

�
, (6.40)

where

V (g, h) = V2(g, h) + V3(g, h) + V4(g, h) + V5(g, h) + · · · , (6.41)

V2(g, h) = �h2� − �h�2, (6.42)

V3(g, h) = +c1�h3�+ c2�h2��h�+ c3�h�3, (6.43)

V4(g, h) = +d1�h4�+ d2�h3��h�+ d3�h2�2 + d4�h2��h�2 + d5�h�4, (6.44)

V5(g, h) = +f1�h5�+ f2�h4��h�+ f3�h3��h�2 + f4�h3��h2�+ f5�h2�2�h�

+f6�h2��h�3 + f7�h�5, (6.45)
...
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d4x
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(
√
−gR)−

√
−g

1
4
m2V (g, h)

�
, gµν = ηµν + hµν

Fierz-Pauli tuning, 5 linear D.O.F. Fierz, Pauli (1939)

KH Massive gravity review: arXiv:1105.3735 

http://arxiv.org/abs/1105.3735
http://arxiv.org/abs/1105.3735


The Boulware-Deser ghost

ADM variables:

extensive numerical studies of the full non-linear solutions in [86], in the decoupling limit

in [87], and more extensively in the full theory in [88, 89, 90], with the final result being

that the non-linearities can in fact work to restore continuity with GR. We will see later the

mechanism by which this occurs. Some analytic solutions in various cases are claimed in

[91, 92, 93, 94, 95].

6.4 Non-linear hamiltonian and the Boulware-Deser mode

We now go on to study the hamiltonian of the non-linear massive gravity action (6.32) with

flat absolute metric ηµν
,

S =
1

2κ2

�
dDx

�
(
√
−gR)− 1

4
m2ηµαηνβ

(hµνhαβ − hµαhνβ)

�
. (6.67)

We saw in Section 2.1 that the free theory carries five degrees of freedom in D = 4, due

to the fact that the time components h00 appeared as a Lagrange multiplier in the action.

We will see that this no longer remains true once the non-linearities of (6.67) are taken into

account, so there is now an extra degree of freedom.

A particularly nice way to study gravity hamiltonians is through the ADM formalism

[96, 97]. A spacelike slicing of spacetime by hypersurfaces Σt is chosen, and we change

variables from components of the metric gµν to the spatial metric gij, the lapse Ni and the

shift N , according to

g00 = −N2
+ gijNiNj, (6.68)

g0i = Ni, (6.69)

gij = gij. (6.70)

Here i, j, . . . are spatial indices, and gij
is the inverse of the spatial metric gij (not the ij

components of inverse metric gµν
).

The Einstein-Hilbert part of the action in these variables reads (see [98, 99] for detailed

derivations and formulae)

1

2κ2

�
dDx

√
gN

�
(d)R−K2

+ KijKij

�
, (6.71)
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S =
M2

P

2

�
d4xpabġab −NC −NiCi − m2

4
�
δikδjl (hijhkl − hikhjl) + 2δijhij − 2N2δijhij + 2Ni

�
gij − δij

�
Ni

�
Hamiltonian:

In GR, lapse and shift are lagrange multipliers enforcing gauge constraints

Phase space DOF = 6 spatial metric + 6 canonical momentum - 0 constraints = 12 → 6 
real space DOF

Extra non-linear D.O.F. is the Boulware-Deser ghost

Hamiltonian is unbounded.

Boulware, Deser (1972)

In massive GR, they are auxiliary variables



The smallest scale is carried by a cubic scalar interaction:

This is the (UV) strong coupling scale of the theory

−3(∂φ̂)2 +
2
Λ5

5

�
(�φ̂)3 − (�φ̂)(∂µ∂ν φ̂)2

�
+

1
MP

φ̂T

∼ −(∂ϕ)2 +
(∂2Φ)

Λ5
5

(∂2ϕ)2 + interactions

φ = Φ(r) + ϕExpand around the spherical background:

m2
ghost(r) ∼

Λ5
5

∂2Φ(r)

Λ5 ≡ (MP m4)1/5

Higher-derivative interaction → fourth order equations → extra ghost degree of freedom

The effective field theory: longitudinal mode
After extracting longitudinal mode, hµν → hµν + 2∂µ∂νφ + · · · Creminelli, Nicolis, Papucci, Trincherini (2005)

Deffayet, Rombouts (2005)

http://arxiv.org/find/hep-th/1/au:+Creminelli_P/0/1/0/all/0/1
http://arxiv.org/find/hep-th/1/au:+Creminelli_P/0/1/0/all/0/1
http://arxiv.org/find/hep-th/1/au:+Nicolis_A/0/1/0/all/0/1
http://arxiv.org/find/hep-th/1/au:+Nicolis_A/0/1/0/all/0/1
http://arxiv.org/find/hep-th/1/au:+Papucci_M/0/1/0/all/0/1
http://arxiv.org/find/hep-th/1/au:+Papucci_M/0/1/0/all/0/1
http://arxiv.org/find/hep-th/1/au:+Trincherini_E/0/1/0/all/0/1
http://arxiv.org/find/hep-th/1/au:+Trincherini_E/0/1/0/all/0/1
http://arxiv.org/find/hep-th/1/au:+Creminelli_P/0/1/0/all/0/1
http://arxiv.org/find/hep-th/1/au:+Creminelli_P/0/1/0/all/0/1


where the interaction potential U is the most general one that reduces to Fierz-Pauli at

linear order,
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The square bracket indicates a trace, with indices raised with g(0),µν , i.e. [h] = g(0)µνhµν ,

[h2] = g(0)µαhαβg(0)βνhνµ, etc. The coefficients C1, C2, etc. are generic coefficients. Note that

the coefficients in Un(g(0), h) for n > D are redundant by one, because there is a combination

of the various contractions, the characteristic polynomial LTD
n (h) (see Appendix A), which

vanishes identically. Thus one of the coefficients in Un(g(0), h) for n > D (or any one linear

combination) can be set to zero.

If we like, we can re-organize the terms in the potential by raising and lowering with

the full metric gµν rather than the absolute metric g(0)µν ,

S =
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where

V (g, h) = V2(g, h) + V3(g, h) + V4(g, h) + V5(g, h) + · · · , (6.41)

V2(g, h) = �h2� − �h�2, (6.42)

V3(g, h) = +c1�h3�+ c2�h2��h�+ c3�h�3, (6.43)

V4(g, h) = +d1�h4�+ d2�h3��h�+ d3�h2�2 + d4�h2��h�2 + d5�h�4, (6.44)

V5(g, h) = +f1�h5�+ f2�h4��h�+ f3�h3��h�2 + f4�h3��h2�+ f5�h2�2�h�

+f6�h2��h�3 + f7�h�5, (6.45)
...
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Tuning interactions to raise the cutoff (dRGT theory)

(∂2φ)n

After extracting longitudinal mode,

the bad terms, those with cutoffs < Λ3 ≡ (m2MP )1/3 are the scalar self-interactions

hµν → hµν + 2∂µ∂νφ + · · ·

Can choose the interactions, order by order in h, so that the scalar self-
interactions cancel. Arkani-Hamed, Georgi and Schwartz (2003)

Once this is done, the cutoff of the theory will be Λ3 = (m2MP )1/3

Creminelli, Nicolis, Papucci, Trincherini (2005)

http://arxiv.org/find/hep-th/1/au:+Creminelli_P/0/1/0/all/0/1
http://arxiv.org/find/hep-th/1/au:+Creminelli_P/0/1/0/all/0/1
http://arxiv.org/find/hep-th/1/au:+Nicolis_A/0/1/0/all/0/1
http://arxiv.org/find/hep-th/1/au:+Nicolis_A/0/1/0/all/0/1
http://arxiv.org/find/hep-th/1/au:+Papucci_M/0/1/0/all/0/1
http://arxiv.org/find/hep-th/1/au:+Papucci_M/0/1/0/all/0/1
http://arxiv.org/find/hep-th/1/au:+Trincherini_E/0/1/0/all/0/1
http://arxiv.org/find/hep-th/1/au:+Trincherini_E/0/1/0/all/0/1


Galileons

Diagonalize: ĥµν → ĥµν + φ̂ĥµν +
2(6c3 − 1)

Λ3
3

∂µφ̂∂ν φ̂

where we have used the definitions Π ≡ ∂µ∂νφ, as well as Π0
µν ≡ ηµν and Π−1

µν ≡ 0, and the

X(n)
µν are the identically conserved combinations of ∂µ∂νφ̂ described in Appendix A. Thus we

have

X̄µν
=

1

2

�

n≥2

αn

�
X(n)

µν + nX(n−1)
µν

�
. (9.25)

For D = 4 this agrees with (9.10), showing that (9.10) contains all the scalar and tensor

terms of the decoupling limit. Some other re-summations are discussed in [143, 93].

9.3 The appearance of galileons and the absence of ghosts

We can partially diagonalize the interaction terms in (9.10) by using the properties (A.18).

First, we perform the conformal transformation needed to diagonalize the linear terms, ĥµν →
ĥµν + φ̂ηµν , after which the lagrangian takes the form

S =

�
d4x

1

2
ĥµνEµν,αβĥαβ −

1

2
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�
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Λ6
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ĥµνT
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−3(∂φ̂)
2
+

6(6c3 − 1)
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3

(∂φ̂)
2�φ̂ +

16(8d5 + c3)

Λ6
3

(∂φ̂)
2
�
[Π̂]

2 − [Π̂2
]

�
+

1

MP
φ̂T.

(9.26)

Here the brackets are traces of Π̂µν ≡ ∂µ∂ν π̂ and its powers (the notation is explained at the

end of the Introduction).

The cubic hφφ couplings can be eliminated with a field redefinition ĥµν → ĥµν +

2(6c3−1)
Λ3

3
∂µφ̂∂νφ̂, after which the lagrangian reads,

S =
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Λ3
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2 − [Π̂2
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]
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1

MP
φ̂T +

2(6c3 − 1)

Λ3
3MP

∂µφ̂∂νφ̂T µν .

(9.27)

There is no local field redefinition that can eliminate the hφφφ quartic mixing (there is a

non-local redefinition that can do it), so this is as unmixed as the lagrangian can get while

staying local.
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• Equations of motion are second order (no ghost)

• Symmetry under shifts of the field and its derivative

• Not renormalized at any loop (no quantum corrections in the decoupling limit)

φ(x)→ φ(x) + c + cµxµ

Longitudinal mode is described by Galileon interactions:The scalar self-interactions in (9.27) are given by the following four lagrangians,

L2 = −1

2
(∂φ)2 ,

L3 = −1

2
(∂φ)2[Π] ,

L4 = −1

2
(∂φ)2

�
[Π]2 − [Π2]

�
,

L5 = −1

2
(∂φ)2

�
[Π]3 − 3[Π][Π2] + 2[Π3]

�
. (9.28)

These are known as the galileon terms [135] (see also Section II of [136] for a summary of the

galileons). They share two special properties: their equations of motion are purely second

order (despite the appearance of higher derivative terms in the lagrangians), and they are

invariant up to a total derivative under the galilean symmetry (8.8), φ(x)→ φ(x)+ c+ bµxµ.

As shown in [135], the terms (9.28) are the only polynomial terms in four dimensions with

these properties.

The galileon was first discovered in studies of the DGP brane world model [35] (which

we will explore in more detail in Section 10.2), for which the cubic galileon, L3, was found

to describe the leading interactions of the brane bending mode [144, 145]. The rest of the

galileons were then discovered in [135], by abstracting the properties of the cubic term away

from DGP. They have some other very interesting properties, such as a non-renormalization

theorem (see e.g. Section VI of [136]), and a connection to the Lovelock invariants through

brane embedding [146]. Due to these unexpected and interesting properties, they have since

taken on a life of their own. They have been generalized in many directions [147, 148, 149,

150, 151, 152, 153], and are the subject of much recent activity (see for instance the > 100

papers citing [135]).

The fact that the equations are second order ensures that, unlike (8.10), no extra

degrees of freedom propagate. In fact, as pointed out in [34], the properties (A.17) of the

tensors Xµν guarantee that there are no ghosts in the lagrangian (9.10) of the decoupling

limit theory.20 By going through a hamiltonian analysis similar to that of Section 2.1, we

can see that h00 and h0i remain Lagrange multipliers enforcing first class constraints (as they

should since the lagrangian (9.10) is gauge invariant. In addition, the equations of motion

20 This is contrary to [100], which claims that a ghost is still present at quartic order. As remarked however
in [34], they arrive at the incorrect decoupling limit lagrangian, which can be traced to a minus sign mistake
in their Equation 5, which should be as in (9.4).
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de Rham, Gabadadze (2010)

Nicolis, Rattazzi, Trincherini (2008)



Vainshtein Mechanism in dRGT theory
L = −3(∂φ̂)2 − 1

Λ3
3

(∂φ̂)2�φ̂ +
1

M4
φ̂T

Solution around point source of mass M:

Vainshtein radius:

5-th force on a test particle, relative to gravity:

φ̂(r) ∼





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V
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V .
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�
M

MPl

�1/3 1
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=
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r(3)
V
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V ,

∼ 1 r � r(3)
V .

φ̂ = Φ + ϕ, T = T0 + δT

−3(∂ϕ)2 +
2
Λ3

(∂µ∂νΦ− ηµν�Φ) ∂µϕ∂νϕ− 1
Λ3

(∂ϕ)2�ϕ +
1

M4
ϕδT

Kinetic terms are enhanced, which means that, after canonical normalization, the 
coupling to δT is suppressed.   The non-linear coupling scale is also raised.

∼
�

r(3)
V

r

�3/2

This is known as a Screening mechanism

Studied In DGP context by: Nicolis, Rattazzi 
(2004)



Quantum corrections and the effective field theory
Non-renormalizable effective theory with a cutoff Λ.  Must include all terms 
compatible with galilean symmery, suppressed by powers of the cutoff

L ∼ (∂π)2 +
1

Λ3n
(∂π)2(∂∂π)n +

1
Λm+3n−4

∂m(∂∂π)n

Galileon terms Terms with at least two derivatives per fieldαcl ≡
∂∂π

Λ3 αq ≡
∂2

Λ2

r � RV

αcl ∼
�
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r

�3

� 1

αq ∼
1

(rΛ)2
� 1

r � 1
Λ

αcl ∼
�
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r

�3/2

� 1

αq ∼
1

(rΛ)2
� 1

1
Λ
� r � RV

αcl ∼
�
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r

�3/2

� 1

αq ∼
1

(rΛ)2
� 1

r ∼ 1
Λ

r ∼ RV

Source

“Sweet spot”



r →

Quantum Classical

Non-linear Linear

rQ ∼
1
Λ3

rV ∼
�

M

MP

�1/3 1
Λ3

rQ ∼ 103 km rV ∼ 1016 km

Figure 4: Regimes for massive gravity with cutoff Λ3 = (MP m2)1/3, and some values within the

solar system. The values are much more reasonable than those of the Λ5 theory.

As in the Λ5 theory, quantum corrections are generically expected to ruin the various

classical tunings for the coefficients, but the tunings are still technically natural because the

corrections are parametrically small. For example, cutting off loops by Λ3, we generate the

operator ∼ 1
Λ2

3
(�φ̂)2, which corrects the mass term. The canonically normalized φ̂ is related

to the original dimensionless metric by h ∼ 1
Λ3

3
∂∂φ̂, so the generated term corresponds in

unitary gauge to Λ4
3h

2 = M2
p m2

�
Λ3
Mp

�
h2, representing a mass correction δm2 ∼ m2

�
Λ3
Mp

�
.

This mass correction is parametrically smaller than the mass itself and so the hierarchy

m � Λ3 is technically natural. This correction also ruins the Fierz-Pauli tuning, but the

pathology associated with the de-tuning of Fierz-Pauli, the ghost mass, is m2
g ∼ m2

δm2/m2 ∼ Λ2
3,

safely at the cutoff.

We should mention another potential issue with the Λ3 theory. It was found in [135] that

lagrangians of the galileon type inevitably have superluminal propagation around spherical

background solutions. No matter what the choice of parameters in the lagrangian, if the

solution is stable, then superluminality is always present at distances far enough from the

source (see also [156]). It has been argued that such superluminality is a sign that the

theory cannot be UV completed by a standard local Lorentz invariant theory [157], though

others have argued that this is not a problem [158]. In addition, the analysis of [135] was

for pure galileons only, and the scalar-tensor couplings of the massive gravity lagrangian can

potentially change the story. These issues have been studied within massive gravity in [159].
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“Good” massive gravity: The Λ3 theory (dRGT gravity)

• Higher cutoff

• Ghost free in the decoupling limit

• Possesses a screening mechanism in the non-linear regime, which is under control       
quantum mechanically, and restores continuity with GR as m approaches 0.



The theory with this choice can be re-summed de Rham, Gabadadze, Tolley (2011)

Symmetric Polynomials

“Good” massive gravity: The Λ3 theory (dRGT gravity)

In terms of traces of products of M , the first few are

S0(M) = 1 ,

S1(M) = [M ] ,

S2(M) =
1

2!

�
[M ]2 − [M2]

�
,

S3(M) =
1

3!

�
[M ]3 − 3[M ][M2] + 2[M3]

�
,

S4(M) =
1

4!

�
[M ]4 − 6[M ]2[M2] + 8[M ][M3] + 3[M2]2 − 6[M4]

�
,

... (A.3)

The D-th symmetric polynomial is the determinant,

SD(M) = det M , (A.4)

and the higher symmetric polynomials are defined to vanish identically,

Sn(M) = 0 for n > D . (A.5)

If M is diagonalizable, the symmetric polynomials are the symmetric polynomials in

the eigenvalues. If we label the eigenvalues (including degeneracy) λA, A = 1, · · · , D, then

S0(M) = 1 ,

S1(M) =
�

A

λA ,

S2(M) =
�

A<B

λAλB ,

S3(M) =
�

A<B<C

λAλBλC ,

...

SD(M) = λ1λ2 · · · λD. (A.6)

The symmetric polynomials may be obtained from expanding out the following deter-

minant, in powers of �,

det (1 + �M) =
D�

n=0

�nSn(M). (A.7)
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S4(M) = Det(M)
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�
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√
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βnSn

��
g−1η

��

• Free of the Boulware-Deser ghost, to all orders in interactions and beyond the 
decoupling limit Hassan, Rosen (2011)



Vielbein formulation of ghost-free massive gravity

Or in terms of vierbeins

MD−2
P

2

�
dDx |e|R[e]−m2

�

n

an

�
�A1···ADeA1 ∧ · · · ∧ eAn ∧ 1An+1 ∧ · · · ∧ 1An

KH, Rachel Rosen (2012)gµν = e A
µ e B

ν ηAB

�A1A2A3A4e
A1 ∧ eA2 ∧ eA3 ∧ eA4

�A1A2A3A4e
A1 ∧ eA2 ∧ eA3 ∧ 1A4

�A1A2A3A4e
A1 ∧ eA2 ∧ 1A3 ∧ 1A4

�A1A2A3A4e
A1 ∧ 1A2 ∧ 1A3 ∧ 1A4

�A1A2A3A41
A1 ∧ 1A2 ∧ 1A3 ∧ 1A4

Ghost-free mass terms are simply all possible ways of wedging a vierbein and 
background vierbein:



Vielbein formulation of massive gravity

Vielbein formulation makes it easy to see that the theory is ghost free:

The upper triangular form does not completely fix the local Lorentz invariance. It

leaves a residual local spatial rotation. There are D components in the N , N i
and (D− 1)

2

in the spatial vielbein. The remaining D − 1 components of the general vielbein have been

fixed by using the upper triangular gauge choice.

We can formulate an arbitrary vielbein as the action of some standard boost on an

upper triangular vielbein
2
. For every given d-vector pa

, we define a standard Lorentz boost

Λ(p)
A
B =

�
γ pa

pb δa
b +

1
γ+1p

apb

�
, (2.19)

where indices on pa are raised and lowered with δab and

γ ≡
�

1 + papa. (2.20)

This standard boost takes the standard time-like D-vector (1, 0, 0, . . .) into the unit normal-

ized D-vector with spatial components given by pa
,

Λ(p)
A
B

�
1

�0

�B

=

�
γ

pa

�A

. (2.21)

A general vielbein can now be written as the standard boost of an upper triangular vielbein

E A
µ = Λ(p)

A
BÊ B

µ =

�
Nγ + N ie a

i pa Npa
+ N ie b

i (δ a
b +

1
γ+1pbpa

)

e a
i pa e b

i (δ a
b +

1
γ+1pbpa

)

�
. (2.22)

This is simply a reparametrization of a general vielbein, one which will be particularly

convenient for the Hamiltonian analysis. There need not be any gauge or Lorentz invariance

to do this. The D2
components of the general vielbein are now parametrized by the D

components of N and N i
, the (D−1)

2
components of the spatial vielbein e a

i , and the D−1

components pa
.

We now express the Einstein-Hilbert term in terms of this decomposition. The Einstein-

Hilbert term is invariant under local Lorentz transformations. Therefore, when we plug in

the vielbein as parametrized in (2.22), all the pa
dependence drops out. Thus we can evaluate

the Einstein-Hilbert action using the upper triangular ansatz (2.17).

2This is analogous to the standard boost used to define single particle states in Lorentz invariant quantum
theory. See for instance chapter 2 of [32].
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As an example, consider the interaction terms in D = 4. Define the matrices

X = E(1)
−1E(2) , Y = E(1)

−1E(3) , Z = E(1)
−1E(4) . (2.15)

The ghost-free potentials take the form

�̃A1A2A3A4 E(1)
A1 ∧ E(1)

A2 ∧ E(1)
A3 ∧ E(2)

A4 = 6
�
det E(I1)dDx

�
[X] ,

�̃A1A2A3A4 E(1)
A1 ∧ E(1)

A2 ∧ E(2)
A3 ∧ E(2)

A4 = 2
�
det E(I1)dDx

� �
[X]

2 − [X2
]

�
,

�̃A1A2A3A4 E(1)
A1 ∧ E(1)

A2 ∧ E(2)
A3 ∧ E(3)

A4 = 2
�
det E(I1)dDx

� �
[X][Y ]− [XY ]

�
,

�̃A1A2A3A4 E(1)
A1 ∧ E(2)

A2 ∧ E(2)
A3 ∧ E(2)

A4 =
�
det E(I1)dDx

� �
[X]

3 − 3[X][X2
] + 2[X3

]

�
,

�̃A1A2A3A4 E(1)
A1 ∧ E(2)

A2 ∧ E(3)
A3 ∧ E(4)

A4 =
�
det E(I1)dDx

� �
[X][Y ][Z]− [X][Y Z]

−[Y ][XZ]− [Z][XY ] + [XY Z] + [XZY ]

�
,

(2.16)

as well as every non-redundant permutation of e(1), e(2), e(3) and e(4). Along with the four

cosmological constants, these give the 35 interaction terms described in the previous section.

2.2 Hamiltonian formulation

In this section we perform a Hamiltonian analysis of the multi-vielbein theory with a general

interaction term (2.6). To this end, we perform a d + 1 decomposition of the vielbein into

canonically conjugate ADM variables.

A general vielbein can always, by a local Lorentz transformation, be put into upper

triangular form (upper triangular vielbeins will be written with a hat),

Ê A
µ =

�
N N ie a

i

0 e a
i

�
, Êµ

A =

�
1
N 0

−N i

N ei
a

�
. (2.17)

Here the N and N i
are the D time-like components. The spatial vielbeins e a

i contain (D−1)
2

components and are related to the spatial part of the metric by gij = e a
i e b

j δab. By writing

out the metric of this vielbein, we see that N and N i
are the usual lapse and shift of the

metric ADM decomposition [16],

gµν = Ê A
µ Ê B

ν ηAB =

�
−N2

+ N iNi Ni

Nj gij

�
. (2.18)
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The upper triangular form does not completely fix the local Lorentz invariance. It

leaves a residual local spatial rotation. There are D components in the N , N i
and (D− 1)

2

in the spatial vielbein. The remaining D − 1 components of the general vielbein have been

fixed by using the upper triangular gauge choice.

We can formulate an arbitrary vielbein as the action of some standard boost on an

upper triangular vielbein
2
. For every given d-vector pa

, we define a standard Lorentz boost

Λ(p)
A
B =

�
γ pa

pb δa
b +

1
γ+1p

apb

�
, (2.19)

where indices on pa are raised and lowered with δab and

γ ≡
�

1 + papa. (2.20)

This standard boost takes the standard time-like D-vector (1, 0, 0, . . .) into the unit normal-

ized D-vector with spatial components given by pa
,

Λ(p)
A
B

�
1

�0

�B

=

�
γ

pa

�A

. (2.21)

A general vielbein can now be written as the standard boost of an upper triangular vielbein

E A
µ = Λ(p)

A
BÊ B

µ =

�
Nγ + N ie a

i pa Npa
+ N ie b

i (δ a
b +

1
γ+1pbpa

)

e a
i pa e b

i (δ a
b +

1
γ+1pbpa

)

�
. (2.22)

This is simply a reparametrization of a general vielbein, one which will be particularly

convenient for the Hamiltonian analysis. There need not be any gauge or Lorentz invariance

to do this. The D2
components of the general vielbein are now parametrized by the D

components of N and N i
, the (D−1)

2
components of the spatial vielbein e a

i , and the D−1

components pa
.

We now express the Einstein-Hilbert term in terms of this decomposition. The Einstein-

Hilbert term is invariant under local Lorentz transformations. Therefore, when we plug in

the vielbein as parametrized in (2.22), all the pa
dependence drops out. Thus we can evaluate

the Einstein-Hilbert action using the upper triangular ansatz (2.17).

2This is analogous to the standard boost used to define single particle states in Lorentz invariant quantum
theory. See for instance chapter 2 of [32].
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Parametrize vierbeins as an upper triangular vierbein times a boost

Due to structure of epsilons in the wedge product, mass terms are manifestly linear 
in lapse and shift:

Thus we can write, using the property (A.8) of the symmetric polynomials,

(det Ē) Sn(Ē−1
) =

�
− det g Sn(

�
g−1η) . (4.18)

We see that the vielbein massive gravity is equivalent to dRGT massive gravity.

4.2 Ghost-freedom

We’ve seen that we can write the action for dRGT massive gravity using the D2
components

of an unconstrained vielbein as variables. Now, by choosing a different parametrization for

the vielbein, we will see that it is almost trivial to identify the primary constraint which

eliminates the Boulware-Deser ghost.

We again perform a d + 1 decomposition of the general vielbein as in (2.22), an upper

triangular vielbein rotated by a standard Lorentz boost parametrized by pa
,

E A
µ =

�
Nγ + N ie a

i pa Npa
+ N ie b

i (δ a
b +

1
γ+1pbpa

)

e a
i pa e b

i (δ a
b +

1
γ+1pbpa

)

�
. (4.19)

The pa
do not enter the Einstein-Hilbert term, since it is Lorentz invariant.

The mass term (4.9) is not invariant under local Lorentz transformations, so there will

be explicit dependence on the pa
’s. Note, however, that the lapse and shift, N and N i

, only

appear in the components E 0
0 and E b

0 , and that they both appear linearly. Due to the

epsilon tensor in the mass term, there will never be more than one component E 0
0 or E b

0 in

any term, and so the entire interaction term is manifestly linear in both the lapse and the

shift N and N i
. Thus we can write the mass term in the form

U = NCm
(e, p) + N i

C
m
i (e, p) +H(e, p) . (4.20)

As the Einstein-Hilbert Hamiltonian is also linear in the lapse and shift, these remain La-

grange multipliers in the full massive theory, enforcing the constraints

C(e, π) + C
m
(e, p) = 0, Ci(e, π) + C

m
i (e, p) = 0 . (4.21)

Note that in the metric formulation, the lapse and shift do not automatically appear in this

way.
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Ghost free bi-gravity

M2
g

2
√
−gR[g] +

M2
ḡ

2
√
−ḡR[ḡ]−

√
−g

1
4
m2M2

eff

�

n

LTD
n (

�
g−1ḡ)

M2
eff ≡

�
1

M2
g

+
1

M2
ḡ

�−1

• Linear theory: massless graviton + massive graviton of mass m (= 7 DOF).

• One diff. invariance → generically 12 - 4 = 8 DOF non-linearly 

• Special constraint from absence of DB ghost → 7 DOF non-linearly

Two-site model: bi-gravity g ḡ

Lint

Hassan, Rosen (2011)

Vierbein formulation:

∼
�

n

an�A1···ADeA1
(1) ∧ · · · ∧ eAn

(1) ∧ eAn+1
(2) ∧ · · · ∧ eAD

(2)



KH, Rachel Rosen (2012)

Ghost free bi-gravity
Multi-metric theory graph: one massless graviton per 
connected component + tower of massive gravitons 

Ghost-free deconstructed gravitational dimensions Arkani-Hamed, Georgi and Schwartz (2003)



New ghost-free multi-metric interactions in 4-dimensions:

�A1A2···ADeA1
(1) ∧ eA2

(1) ∧ eA3
(2) ∧ e4

(3)

�A1A2···ADeA1
(1) ∧ eA2

(2) ∧ eA3
(2) ∧ e4

(3)

�A1A2···ADeA1
(1) ∧ eA2

(2) ∧ eA3
(3) ∧ e4

(3)

Ghost free multi-gravity
Most general ghost-free potential interaction of multiple gravitons

∼ T I1I2···ID�A1A2···ADeA1
(I1)

∧A2
(I2)

∧ · · · ∧ eAD

(ID)

�A1A2···ADeA1
(1) ∧ eA2

(2) ∧ eA3
(3) ∧ e4

(4)

Interaction of longitudinal modes → multi-galileon interactions

KH, Rachel Rosen (to appear soon)



UV completion issues

Seeming low scale cutoff: Λ3 ∼ (m2MP )1/3

Superluminality:

π = π0(r) + ϕCubic galileon: Speed of radial perturbations around a spherical solution
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Figure 10: The speed of radially moving fluctuations in a Schwarzschild-like solution in DGP.

Having found superluminal propagation, we run into the same paradoxes as we discussed in
section 2. For instance two blobs of π field boosted towards each other in the x direction with a
small separation in y give rise to the same closed timelike curve problems as in the two boosted
blob Goldstone examples. However, while there we assumed the presence of suitable sources that
could give rise to our paradoxical field configuration, here we expect something more. Since the
simple Schwarzschild-like solution we just described features superluminal propagation, a closed
timelike curve should appear in the π field actually sourced by two masses boosted towards each
other. This is not easy to check: a quick estimate shows that in order to close the closed timelike
curve the two masses must pass so close to each other that, even if their Vainshtein regions do
not overlap, the presence of one mass induces sizable non-linearities close to the other, and vice
versa. In other words, the full solution is not just the linear superposition of two Schwarzschild-
like solutions—new non-linear anisotropic corrections must be taken into account. It would be
interesting to further investigate such a configuration and understand whether a closed timelike
curve really arises.

It is instructive to contrast this with what happens for a generic Goldstone theory, where
the leading interaction is still the same cubic term, but we also have the (∂π)4 terms. In the
presence of a generic background field π0(x) this interaction gives a contribution to the quadratic
Lagrangian for the fluctuations which is linear in the background,

δL =
2

Λ3
(∂µ∂νπ0 − ηµν!π0) ∂µϕ∂νϕ . (50)

If we turn on a background with constant second derivatives, then the field equation for the
fluctuation ϕ is exactly of the form eq. (10), with CµCν replaced by ∂µ∂νπ0. Exactly as in
the DGP analysis, it appears that superluminal signals are possible since ∂µ∂νπ0 has no a priori
positivity property. However the (∂π)4 term saves the day. We can certainly set up in some region
a background with constant ∂2π0 and negligible ∂π0, so that the effect of the cubic dominates over
that of (∂π)4; but this region cannot be larger than L ∼

√

Λ/∂2π0, since ∂π0 grows linearly with
x for constant ∂2π0, and after a while the (∂π)4 term starts dominating the kinetic Lagrangian of

24

[φ(x), φ(y)] = 0, (x− y)2 spacelikeUV completion not a relativistic theory:

Adams, Arkani-Hamed, Dubovsky, Nicolis 
Rattazzi (2006)

Classical duals can be found: linear inside the Vainshtein radius, non-linear outside
Grregory Gabadadze, KH, David Pirtskhalava arXiv:1202.6364



Summary and open issues

• Λ3 massive gravity and its extensions are the best behaved IR modification of 
gravity proposed so far, with potential to address the CC naturalness problem

• ~ 40 year old problem of the Boulware-Deser ghost has been solved

• Generic appearance of galileons, scalar theories with interesting and promising 
properties

• Multi-metric theories provide more parameter space in which to address 
superluminality/strong coupling.  More room for model building.

• Still the issue of UV completion/duality




