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We try to identify structures that cannot be directly observed. Modelling
of hidden physical systems = (M, D, g)

e M : the set of modelling parameters describing the hidden physical
system

e D : the set of observable parameters, or data, that are related to
modelling parameters through g:

eVmeM, m-—d=g(m)eD

Forward problem : given m and g, compute d = g(m)

Inverse problem : given d and g, infer the manifold of models m
corresponding to data d, up to measurement errors
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In this approach, at each step of knowledge, the information on
parameters is quantified by a measure

At prior step, the measures represent :
e crrors in physical measurements for data d € D

e the information that can be a priori gathered on modelling parameters
m € M, independently of data

These measures are usually defined through probability density functions
(pdf ) for finite dimensionnal data or model space :

pobs(.) pdf of d over D, and pprior(.) pdf of m over M

For instance, P(A) = [, povs(V)dv represents the probability that the true

data vector d belongs to the measurable set A in D

m and d can be considered as independent random vectors, although
there are not results of random experiments
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meM deD d=g(m) Gm
e m and d are assumed to be independent random vectors with pdf

ppm'or(m)a and ,Oobs(d)

e t =d - g(m) a priori is a random vector; but in fact, in virtue of the
physical theory : t =0
e we define : pyos:(mM) = p(m|t = 0)
Consider (d,m) — (t =d — g(m), m), the Jacobian of which is

I, —Gn

; ; =1, hence : p(t,m) = pops(t + g(M))pprior (M)
d

o and 1 pPpost(M) X Pprior (M) pops(g(mM)) o exp(- E(m))
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d : dobs; Cd; m . Mypior, Cm; g = G
e 2E(m) = (C;l(Gm—dobsﬂGm—dobs)—|—(C;,Ll(m—mpriorﬂm—mpmqn)
G* adjoint of G :  V(v,u) e M xD (Gv|u)p = (v|G*u)y

e 2E(m) = ((C,,! + G*C,'G)(m — mype)[m — my0e)
_<(C;11 + G*C;1G>mpost|mpost> + (C;ﬂblmprior|mprior> + (Cgldobsldobs)

with : Myost = (CT_nl + G*CglG)_l(G*Cgldobs + C;zlmprior)

Hence :  ppost(m) o< exp {

The posterior pdf of m is Gaussian with expectation m,,s; and covariance

C=(C;! + G*C;'G)™"!
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m,.; = C(G*C;'dys + C lmy), C=(C'+G*C;'G)™!
Making use of the two basic formulae :
e C,,G*(C;+GC,,G" ' = (C !+ G*C;'G)'G*C;!
e C, -C,G"(C;+ GC,,G*)'GC,, = (C.} + G*C;'G)!
we obtaln : My, =

(C'+ G*C;'G) H{G*C 'dys + (C' + G*C;'G — G*C;'G)myyi0r }

mpost — mprior + CmG*(Cd + GCmG*)_l(dobs _ Gmpm’or) .
C=(C;'!+G*C;'G)'=C,, — C,,G*(Cy+ GC,,G*)'GC,,

The latter equality indicates the reduction in variance of the pdf since :

Vv € M, (Cvlv) = (C,,v|v)—((C4+GC,,G*)'GC,,v|GC,,v) < (C,Vv|v)
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e stochastic : a priori, d and m are Gaussian with expectations d,,, and
m,,.;., and covariances C; and C,,. A posteriori, m is Gaussian with
expectation my,s, and covariance C = (C 1+ G*CglG)_l

estimation : a priori, dys and m,,.;,, are Gaussian estimators with
expectations d = Gm and m (unbiased), and covariances Cy4, C,,,. A
posteriori, we search for the unbiased estimator m,,;; which depends
lineary on the prior estimators : my,s; = Lm,,;,, + Kdgs and makes
minimum &||m,.; — m|* = tr {Cov(m,.)} (BLUE)

unbiased —m m =Lm + KGm — L =1, — KG
Cov(m,.s) = (I - KG)C,,(I; - KG)* + KC;K*
K =C,G*(C;+GC,,G*)!
Cov(m,,s:) = C

the expectation and covariance in the stochastic approach

as for

tr {Cov(my,s) } minimum = {
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o dimD=n, M=L%V), VCR? d=2or3

e We suppose, for the sake of simplicity, that M corresponds to a single
physical parameter m(r) distributed over V

e data can be GPS, or InSAR displacements that we want to invert for
the total displacement field over a source domain, as a fault system, or
overpressures over a dike, by using an elastic propagator. They can
also be travel time, attenuation or opacity over rays in a given domain.

e G bounded = Vie{l,..,n} d'=(Gm) = [, h'(r)m(r)dV
the n functions h' € L?(V) are kernels related to data
e G'd=> " dN

(Gm|d) = Zd/ dvz(m|§n:dihi)m
1=1

=1
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e A random function is a set of random variables m(r) depending on the
position r within a domain V C R?. The random function is Gaussian
if for any integer n and any positions ry, rs,..., r,, the joint pdf of the
variables m(ry),m(rs),...,m(r,) is Gaussian.

e the covariance function C(r,r’) is the covariance of m(r) and m(r’)
when r and r’ vary within V.

e A covariance function is symmetric with respect to (r,r’), and is
characterized by the fact it is a positive definite function :

Vn € N, VY(ri,rg,...,1r,) € V", Y(v1,0g,...,0,) € R" Z C(r;,rj)viv; >0

1,7=1

e if C is a covariance function, C(r,r")f(r)f(r’) is also a covariance
function, as well as the restriction of C to any subdomain of V

e we can only considered correlation function ranging in (-1,1) over R4
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C(r,r') = o(r)o(r) o(r —1'), ¢(0) =1

¢] <1, ¢ € LY(R?) even and continuous

e Covariance Function : {

e C: VfeL*RY), f— C(f)(r) = [gad(r—1)f(r') dV(r') € L*(R?)
is bounded in L?(R¢)

e ¢ definite positive <= C > 0

VFELARY (Cflfe= [ ol =1 @) Vi) V() 2 0

e ¢ definite positive <= F(¢) > 0 (Bochner, Khintchine)
C(f)=dxf, (Cflfz = (@ flf)re = F(@)F(HF(f) = F(@)F(f)F
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C(r,r') = ¢(:=X) & : correlation length
e dimension d =1
o(r) =e ", o(k) o P
o(r) = (L+1[re ", o(k) < g7z

B(r) = 2T Ko(r), o) o< s
b(r) = (cos(r/V/2) + sin(|r|/V2)e "IV, (k) ox 2
p(r)=e", (k) oc me H/1
6(r) = g, k) X g

od>1: ¢(r)=TIL, ¢ilr)
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¢ . correlation length

o d<3: ¢(r) =1(||r]q) : ¥ continuous, even, r?yp € L'(R), F(¢)(k)
decreasing for k > 0

e d =00 (for any d): ¢(r) = [, exp(—sr?)u( ds) where p is a finite

positive measure (Schoenberg, 1938)

e Can be generalized to ||(r]|* = (Zr]r)
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e formula of the finite dimensional case generalize into :
Mpost — Mprior = G*(Ca + GG®) ™ (dops — GMMprior)
where G*(= C,,G*) denotes the adjoint of G : R(C%Z) — D
and R(C}f) is a RKHS when endowed with (C;1/2.|C;11/2.)
e it yields :

n

Boa(F) (1) = o(6) Y01 [ 0l(x = 1)/ o ()

i=1 v

)

where (v;)i—1,, verifies: Y MYv; =

with : MY = CY + / o (r)h'(r) ¢((

V xV

MNR 2012



(mpost - mprior ) (I‘)

with : R(r,r') = o(r) Y s'(r)hi(r)

=1

R(r,r’) centred near r = r’, with few negative lobes. Thinking of it as
density :

Jy R r—r|2 dv’ 2

e averaging index : I(r) = [, R(r,r’) dV' =o(r) Y1 s'(r) [, b'(r') dV’

low index = poor mference
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o : reference physical length

e Cg: physical covariance operator {
Ophys(T)

How to specify C,,, 7

data influence

N\
7 Y

o 1: (Myost — Mypior)(T) = fvg(r)gb((r _VI-’)/g) a(r’z {Z V; hi(r’)} dv’

=1

regularization

© 2: Cp(f)(r) ~ &0%(r)f(r)

§—0

—> put o(r) = w(r, &) opnys(r) with :

(r) [y ¢((r = 1) /) w(r’) AV’ = & [ra o(r) AV

w = 1 for £ ~ &y in order to recover o = oppys
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(1) = w(r) Ophys(7)
e implicit equation : w(r) = & [p. ¢(r) AV/ [, o((r — ') /&) w(r’) AV’

02(1') -~ fg|V| fRd ¢(r) dV 2

(r) exept at boundaries

" oy O((r — ) /€) AV v “rhws

: &) : &
o (I') ~ Uph s(r)7 o (I') ~ Ophys(r) Qb(r) dV
Y §—00 |V| Rd

£=0 \ &
where : |[V|= [, dV

e Aside the a priori physical standard deviation, we make constant the
variances of parameter averaged over V, whatever £ is
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How to choose & 7 L-curve (left) and averaging index (right, b) !

@)

=100 km

Along dip (km;

h=5km

0.16 0.18 0.2 022 024 B S 8
Maximum slip (m) Along strike (km)

Radiguet et al., Geophys. J. Int. 2011, see Vergely et al. AEA. 2010 for an example in astrophysics
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d' = fSi n(r) ds(r) ¢=1,...,n =107

(1) = By (1) = 00) - 05 [ 66 =)/ o2

where (v;);=1,, verifies:
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Damping versus Smoothing
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Damping versus Smoothing Comparison to true model
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chi : gjustement des donnees
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Damping versus Smoothing d=1
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Stochastic Approach provides efficient tools to regularize
under-constrained tomographic problems

Thank You



