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Tomography : an inverse problem (1)

•Tomography: retrieve a 3D information x
from a finite set of projections yθ (radiography
principle), acquired on a detector, positioned
around the object.

x ? ←→
{
y1, y2, . . . , yθ, . . .

}

•Model of the data: yθ = Rθ · x + e
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In X-ray tomography, the physical principle of data acquisition is based on the Beer-Lambert law
of absorption ⇒ we reconstruct an “image” of the absorption coefficients of the object.
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Tomography : an inverse problem (2)

•We resolve the following inverse problem:

This problem is → ill-posed ill-conditioned
due to ↓

yθ
finite and often few number
of projections

-

Rθ -

approximated numerical
model ⇒ an accurate
model will be very impor-
tant
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Data criterion

•A convex criterion compares the true data yθ to pseudo data ỹθ · · ·

Data residuals: 
Weighted least squares (linear and convex)
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Data modelization (1)

•· · · obtained from the reprojection of the current estimate x, using a
numerical model Rθ.

Data residuals: 
Weighted least squares (linear and convex)

1. Accurate and fast numerical projector
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Data modelization (2)

Object representation

f(x) =
∑
k∈Zn

xkβ
d
k (x) =

∑
k∈Zn

xkβ
d (x− xk)

x = (xk)T , with xk =
∑
k′

xk′β
d
k′ (xk)

Numerical projector

yθ = Rθ · x , with yθ = (yθ
q)T

y
θ
q =

∑
k∈Ωθ

q

Rθ
qk · xk =

∑
k∈Ωθ

q

Rθ
q

(
β

d
k

)
·xk
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Data modelization (3)

•Standard modelizations use staircase voxels ⇒ coarse representation of the continuity.
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Figure: Representation (in blue) of the sinus function on [−π, π] from 10 regularly spaced staircase basis
functions.

•Example of Distance Driven (DeMan & Basu, 2004) ⇒ projection of a cross section of a
staircase voxel, approximated by a rectangular footprint on the detector plane.
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Data modelization (4)

•A better way : modelizing with B-splines

Better modelization of continuity.

Compact support keeps sparsity of the projection matrix Rθ ⇒ fast calculation.

“Quasi-sphericity” ⇒ almost isotropic projection.
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Figure: Representation (in red) of the sinus function on [−π, π] from 10 regularly spaced B-splines of degree 3.

•Approximations are made to calculate the projection of such functions on the detector.
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Data modelization (5)

•Approximation errors of the projection of a basis function βd
k .
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Regularization (1)

•A regularization term, based on a prior knowledge of the object,
compensates for the ill-posedness of the problem, the lack of data, and controls
the noise amplification in the solution.

Data residuals: 
Weighted least squares (linear and convex)

1. Accurate and fast numerical projector

2. Regularization term
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Regularization (2)

•The regularization term may have different purposes:

Pure smoothness of the solution: e.g. a quadratic penalty of the gradient.

fprior(x) = ||∇x||2L2 =
∑
k∈Zn

((
∂xk

∂x

)2

+

(
∂xk

∂y

)2
)

Relaxed smoothness to get a solution preserving high contrasts: e.g. L2− L1
smoothness penalizes quadratically small contrasts and linearly higher ones.

fprior(x) =
|∇x|
ε
− log

(
1 +
|∇x|
ε

)
where ε is a chosen threshold.

Get piecewise constant functions: e.g. minimizing the total variation (L1 norm
of the gradient) (Rudin et al, 1992) is very suitable (but non linear).

fprior(x) = ||∇x||L1 = |∇x| =
∑
k∈Zn

√(
∂xk

∂x

)2

+

(
∂xk

∂y

)2

⇒ this type of regularization suits very well to X-ray tomography.
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Regularization (3)

•The “dose” of regularization has to be controled. A compromise has to be
found with data accordance.

Data residuals: 
Weighted least squares (linear and convex)

1. Accurate and fast numerical projector

2. Regularization term
tuning parameter
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Dealing with the noise (1)

•Another way to address the noise precisely is to weight the data residuals
with its inverse covariance matrix W (particularly if the noise is
non-stationary): a noise model is needed.

Data residuals: 
Weighted least squares (linear and convex)

1. Accurate and fast numerical projector

2. Regularization term

3. The weighting matrix: inverse of the noise covariance 
(the noise model can depend function of the data itself)

=>                                                                                  

tuning parameter
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Dealing with the noise (2)

Tomography data = photon counting ⇒ Poisson statistics (non uniform).

Data precorrections (e.g. diffusion) make measurement statistics not Poisson
anymore (Fessler, 1994) ⇒ we consider a non stationary Gaussian noise.

W =



1
σ2

1
1
σ2

2

. . .
1
σ2
q

. . .
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The optimization algorithm (1)

•The minimization of the global criterion is performed by a convex
optimization algorithm.

Data residuals: 
Weighted least squares (linear and convex)

1. Accurate and fast numerical projector

2. Regularization term

3. The weighting matrix: inverse of the noise covariance 
(the noise model can depend function of the data itself)

=>                                                                                  

tuning parameter
4. Optimizer
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The optimization algorithm (2)

•Optimisation based on the
Newton’s method⇒ minimization based on the second order Taylor expansion of the cost function f .

f (x+ p) = f (x) + pT∇f (x) +
1

2
pT ·∇2f (x) · p+ o(p2) p is the descent direction

∇f (x + p) = 0⇔ p ≈ −
∇f (x)

∇2f (x)
= −H−1 · ∇f (x) H = ∇2f (x) is the Hessian of f in x.

•Iterative reconstruction scheme:

xn+1 = xn − H−1 · ∇f (x)

•Quasi-Newton algorithm: L-BFGS (Nocedal, 1980) ⇒ approximation Bn of the Hessian H
(re-calculated at each iteration).

xn+1 = xn − B−1
n · ∇f (x)

•Convex linear optimizer ⇒ total variation regularization has to be relaxed:

fprior(x) =
∑
k∈Zn

√(
∂xk

∂x

)2

+

(
∂xk

∂y

)2

+ ε2
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2D static reconstructions (1)

60 simulated projections on a 2π range.
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2D static reconstructions (2)
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(a) Noiseless data: varying hyperparameter
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2D static reconstructions (3)
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2D static reconstructions (4)
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Application to dynamic X-ray tomography (1)

•The acquired object is not static over time anymore, but animated by a periodic motion.

ntnt-10

0 ndata-1

nt-10 nt-10 nt-10 0 1 ...

One projection

acquisition progress

period of motion
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Application to dynamic X-ray tomography (3)

601 simulated projections on a 2π range, during 120 seconds.

“Static” reconstruction using the whole projections.
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Application to dynamic X-ray tomography (3)

601 simulated projections on a 2π range, during 120 seconds.

Reconstruction of 25 temporal frames ⇒ 24 “static” projections per frame.

Spatio-temporal regularization used to take the temporal continuity into account.

using Distance Driven model using B-spline model
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