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Electrical Impedance Tomography (EIT) is the inverse problem of
determining the electrical conductivity in the interior of an object,
(2, given simultaneous measurements of direct electric currents
and voltages on the boundary of the object.

e
/ V,, measured
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EIT applications:

s medicine
s detection of pulmonary embol
s monitoring of heart functional blood flow
s breast cancer detection
s geophysics
s locating underground mineral deposits
s detection of leaks in underground storage tanks
s monitoring flows of injected fluids into the earth

s nondestructive testing

s detection of corrosion and of small defects in metals:
cracks or voids
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Let 2 C R™, n = 2,3 be a bounded domain and o be an isotropic
conductivity distribution (0 < ¢ < 0 < ).

If an electric current j = aaq’ c H™ %(89) Is applied then the
induced electric potential ® ¢ H'(Q) satisfies:

V- -]loe(x)VO(x)| =0, xe

Definition. The ICP is to find o(x), x € €2, given the NtD map
(A)" T — HY?6Q)
j = Plaa,

where 7 = {j(x) € H~2(09Q) : [, j(x)dx = 0}.
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Unigueness of solutions

s the linearized problem
A.P. Calderdn. On an inverse boundary value problem. Seminar on Numerical
Analysis and its Applications to Continuum Physics. Soc. Brasileira de
Mathematica, Rio de Janeiro, (1980).

s inn > 3 dimensions for y € W3/2:°(Q)
L. Paivarinta, A. Panchenko and G. Uhimann. Complex geometric optics solutions

for Lipschitz conductivities. Rev. Mat. Iberoamericana 19, (2003).

s intwo dimensions o € L*>(2)

K. Astala and L. Paivarinta. Calderdn’s inverse conductivity problem in the plane.
Ann. Math. 163, (2006).
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Reconstruction methods:

s back-projection methods
s Iterative methods

s factorization approaches
s Integral equation methods
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Reconstruction methods:

s back-projection methods
s Iterative methods

s factorization approaches
s Integral equation methods

Research collaborators: Prof. S. Ciulli and Prof. P. C. Sabatier (Université Montpellier 11),
Prof. M. K. Pidcock (Oxford Brookes University), Prof. P. Maass (University of Bremen),
Prof. K. Schilcher and Prof. H. Spiesberger (University of Mainz), Dr. T. Johansson
(University of Birmingham)
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Assume ) C R"?, n = 2, 3, an open bounded Lipshitz
domain with boundary 9Q and o € C%1(Q).

The inverse problem to solve is the following: find o(x),
x € (), satisfying

V- [o(x)VO(x)]=0, xe€Q, &ecHY(D),

d(x), x €0,
j(x) = o(x) 8(1(;5?), x € 010,

o(x), x & 0.
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INTEGRAL EQUATION FORMULATION

V. ]lo(x)Ve(x)] =0, xe€

Q2 : o, P, g—(iia(x), x € )
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INTEGRAL EQUATION FORMULATION

V- lo(x)Ve(x)] =0, xe

o) : o, O, g—iéa(x), x € ()

Vo(x) - V&(x)+o0(x)AP(x) =0
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INTEGRAL EQUATION FORMULATION

V- lo(x)Ve(x)] =0, xe

0P
o) : o, O, %éa(x), x € ()
A (x) = — Y7 Gp(x)

o(x)
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INTEGRAL EQUATION FORMULATION

V- lo(x)Ve(x)] =0, xe

o) : o, O, g—iéa(x), x € ()

AdP(x) = —-Vo(x) - VO(x)

o(x) =Ino(x)
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INTEGRAL EQUATION FORMULATION

V- lo(x)Ve(x)] =0, xe

o) : o, O, g—iéa(x), x € ()
Ad(x) = —Y (x)

o(x)=1Ino(x), Y(x)=Vo(x) VP(x)
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INTEGRAL EQUATION FORMULATION

V- lo(x)Ve(x)] =0, xe

o) : o, O, g—iéa(x), x € ()
Ad(x) = —Y (x)

o(x)=1Ino(x), Y(x)=Vo(x) VP(x)

Ad(x) = —Y(x)

o
o : o, O, g—n=>c~7(x), x € ()
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Let H : Q2 x 2 — R satisfy the Helmholtz equation

AyH(x,y) + A H(x,y) =0, x,ye, A>0

Let F be the set of functions f : 2 — R which satisfy the Helmholtz
equation
Ayfly) +Af(y) =0, yeQ, A>0

Let Go(x,y) be the free space Green’s function

AyGo(x,y) +AGo(x,y) = —d(x—y), x,yeQ

Green’s second identity

Ov ou
/Q(UAU — vAu) = /aQ (u(?—n — v%>
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INTEGRAL EQUATION FORMULATION
0= ((x) - / dy H(x,y)(Y(y) — A®(y))

Q

()= [y (25 tx3) — Hexy) 25 0)

o0f2
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INTEGRAL EQUATION FORMULATION
0= ((x) - / dy H(x,y)(Y(y) — A®(y))

Q

()= [y (25 tx3) — Hexy) 25 0)

o0f2

B(x) = Colx) — / dy Go(x, y)(Y () — A(y))

Q

o) = [y (Gox3) 752 - 05 T x. )

of2
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INTEGRAL EQUATION FORMULATION
0= ((x) - / dy H(x,y)X(y)

Q

()= [ dy (a5 tx3) — Hxy) P9 0)

o0f2

®(x) = (o(x) — / dy Go(x,y) X (y)

Q

o) = [y (Gox3) 752 - 05 T x. )
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INTEGRAL EQUATION FORMULATION

s Solve the linear problem [dy H(x,y)X(y) = ((x)
Q
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INTEGRAL EQUATION FORMULATION

s Solve the linear problem AX =(
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INTEGRAL EQUATION FORMULATION

s Solve the linear problem AX =(

A LQ(Q) — L2(Q)
X — g{dy H(x,y)X(y).
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INTEGRAL EQUATION FORMULATION

s Solve the linear problem AX =(

A LQ(Q) — Lz(ﬂ)
X — g{dy H(x,y)X(y).

X(x)=Y(x)— AP(x),
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INTEGRAL EQUATION FORMULATION

s Solve the linear problem AX =(

A LQ(Q) — Lz(ﬂ)
X — g{dy H(x,y)X(y).
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s Solve the linear problem AX =
A:L*(Q) —  L%Q)
X —  [dy H(x,y)X(y).
Q

s O(x) = (o(x) —gdy Go(x,y)X(y), x €
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s Solve the linear problem AX =
A:L*(Q) —  L%Q)
X —  [dy H(x,y)X(y).
Q

s O(x) = Go(x) —g{dy Go(x,y)X(y), x €2
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s Solve the linear problem AX =

A LQ(Q) — LQ(Q)
X — g{dy H(x,y)X(y).

s ®(x) = (o(x) —g{dy Go(x,y)X(y), x€Q

s Compute 7(x) =Ino(x), x € (2, by solving

~

Vo(x)- V& =—-Y(x), subjectto o(x), x € 012.

—p.12/22



OXFORD

BROOKES

UNIVERSITY

OUTLINE

s EIT and the inverse conductivity problem
s Integral equation formulation

s A Tikhonov regularization method

s A mollifier method

s Numerical examples

s Conclusions and future work

—p.13/22



OXFORD

BROOKES

UNIVERSITY

A TIKHONOV REGULARIZATION METHOD
AX = ¢

A LA(Q) —  L%(Q)
X — S{dy H(x,y)X(y).
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A TIKHONOV REGULARIZATION METHOD
AX = ¢

A LA(Q) —  L%(Q)
X — S{dy H(x,y)X(y).

|¢(x) — AX,eq(x) | L2 — min subject to || X, (x) — Ximoa(X)||;2 <6
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A TIKHONOV REGULARIZATION METHOD
AX = ¢

A LA(Q) —  L%(Q)
X — S{dy H(x,y)X(y).

||C(X) o AXTGQ(X) ||%2 T Y (HX?“eg(X) — Xmod(X)Hiz - 52) — min

V - p.14/22
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AX =¢
A LQ(Q) — LZ(Q)
X — S{dy H(x,y)X(y).
) = AX ey (3¥) 122 + 11 (11Xreg (%) = Xnoa(®)[32 = 82) — min
1 1

Xyeg(x) :Xmod(X)+; Q/ dy H (x, y)C(Y)—; Q/ dy Ha(X, ) Xreg(y)

where Ha(x,y) = |, dz H(x,z)H(z,y).
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A MOLLIFIER METHOD
AX =¢

A LA(Q) —  L%(Q)
X — S{dy H(x,y)X(y).
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AX = ¢

A LA(Q) —  L%(Q)
X — g{dy H(x,y)X(y).

Advantages of mollifier methods:

s Locally adapted resolution can be easily incorporated.
s Solve an operator equation for every reconstruction point x.

s All the pointwise reconstruction vectors can be
precomputed.

s The choice of the function H can be optimized.
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AX =

[ &y Xv)eFy) = XE), as 3 - 0
Q

- 1 1 c B(y,
67(3’»3’) = ' { Y ¥,7)

|1B(y,7)] 0 : otherwise

Bly,v)=1{y: Iy =yl <~}

X'Y(S;) =< G’Y(S’/a )7X >L2(Q) 3
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AX =

[ &y Xv)eFy) = XE), as 3 - 0
Q

ey (y,y) = B(y,v)| | 0 : otherwise

Bly,v)=1{y: Iy =yl <~}

1 _{1 . Y€ B{.7)

~

X’Y(Sf/) =< G’Y(S’/a )7X >L2(Q) 3

where ¢, € R(A*) C F.
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AX =

Theorem. The mollified approximation to the solution X of the above
equation at y is given by

X’Y(y) = < /é/’Y(/y/v ')7 X >L2(Q)

::/(%%ﬁ@ﬂ@—%@ﬁ%%@ﬁX.

o0f2
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NUMERICAL EXAMPLES
Example. The conductivity distribution consists of two off-centered high
conductivity regions and a low conductivity region within a constant
background We reconstructed conductivity for data with 2% random errors,
regularization parameter v = 0.1 and A = 1.

(a) The exact conductivity distribution. (b) The reconstructed conductivity
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Integral Equation formulation for reconstructing
occ Ch(Q)

The kernel of the Fredholm integral equation of the
first kind satisfies the Helmholtz equation

The approaches are not geometrically constrained

The algorithms are quite stable with respect to the
noise level in the data
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