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Part 1

QCD as a field theory between quark and gluon
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QCD Lagrangian : classical level

QCD : gauge theory based on the group SU(3)

1 . .
Locp(z) = —7 Fu(0)F" (@) +v;(z) (D —m) ¢i(2)
with
DZ = " 52']' +1g (Tc)ij AH
FS, = 0,A%—0,A%+gf* A A

Matter field v;(xz) — quarks; i : colorindex i =1,---,3
Gauge field A%(x) — gluons; a : colorindexi=1,---8
T¢ — 3x3 matrices : generators of the SU(3) group

[Ta, Tb] - Z-fa,bc TC
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Gauge transformation : classical level

/

v;i(x) — Uij j(z)

with U = exp(—:T* %),
0% . parameters which may depend on z
0 <1, U ~1—¢T1T*0°

) 1
a a abc nb Ac a
A=A, + ] HAM—QQLH
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QCD Lagrangian : quantum level

Locp(x) = —i Eo (x)FR () + ¥j(x) (i — m) ¥i(x)

1
~ ¢ AL @) + 0t (Dl

with
ng = Mo +ig (F°),, A

Whatever the method we used for quantization (canonical,
functional integral), we have to eleminate the freedom of the

gauge : covariant (Lorentz) gauge 9, A% (z) =0
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QCD Lagrangian : quantum level

Laon(z) = —1 EL@)EL (@) +05(x) (iDy; — m) 6i(x)
~ ¢ OuAL@)? + 0. (Dl )
with
DY = Mg +ig (FC),, A°M.

Using Lorentz gauge, the S matrix elements do not verify the
gauge invariance because internal gluons propagate non

physical polarisation states — extra particles ghost n(xz) whose
role Is to restore gauge invariance
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Feynman rules |

Quark propagator:

_ . i 6%
A y—m+iX
Gluon propagator:

. . 0% (., (1—¢) pp”
’N\QQ%QQQJ " Prixr\? pr+il
Ghost propagator:

Z'é‘a,b
a---#-- D
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Feynman rules Il

Vertex gluon-gluon-gluon (all momentum are incoming)

b, 5
q

—g f**¢ [9%7 (p — q)"
+9%7 (g —r)*
+g7 (r — p)”]

C, v
r

a, o

P

Vertex gluon-gluon-gluon-gluon

a, o b, 38
_,L'g2 feac febd (gaﬁg'yts -
_,L'g2 fead febc (gaﬁ 976 .
—'ig2 feab fecd (gavgﬁé .
C, d, o

Vertex quark-quark-gluon

a,

=g (T 4"

Vertex ghost-ghost-gluon

a,
g>°gf7) (QQ_
g*7 gho) B Cc gfregH
gaégﬁfy) // q

b
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Renormalisation |

Kk
a, o b, 5
g g
k-
Do [ d% ¥ (k= 4)
Pi(a) = / o " [7“ (k2 + i) (k= q)% + i)

A e
/d‘% — N/o dk k — oo
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Renormalisation I

What does that mean ?

We are getting a contribution from intermediate states involving
g g pairs but the energy of these intermediate states is arbitrarily
high! We have no idea what the interaction of gluons with
arbitrarily high momentum quarks is, this contribution is silly.

We made the assumption, at the very beginning, that the ¢ — ¢
Interaction is point-like. But we cannot test at such high energies
that the interaction ¢ — g is like that

QCD - p.10/5



Renormalisation Il

What can we do ?
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Renormalisation Il

What can we do ?

Firstly, give a meaning to the expression of P,Sly)(q) by
regularising the integral.

- cut-off fOA dk f(k) = F(A) — breaks some symetries of the
Lagragian

- dimensional regularisation d*k — d"k or k3 dk — k"1 dk —
F(e)withn =4 — 2e¢
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Renormalisation Il

What can we do ?

Firstly, give a meaning to the expression of P,Sly)(q) by
regularising the integral.

- cut-off fOA dk f(k) = F(A) — breaks some symetries of the
Lagragian

- dimensional regularisation d*k — d"k or k3 dk — k"1 dk —
F(e)withn =4 — 2e¢

Secondly, change the normalisation of the fields and the vertices
(and the masses) of the Lagrangian (they are free .....) in such a
way that the regulator dependence is absorbed by this
normalisation

QCD - p.11/5!



Example
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Example Il

1 19 € 11 €
(1) g9 = N5abK 2 v NN 7
P 2% (q) ; (€) [q g (—12 +—18> q" q <_6 +—18)]
1 _
pfby)ggg(q) — 0
P = Ng KR [Po (S+S) gt -2+ 5)
. € 12 18 6 18/
1 4 4e 4 4de)]
(1) qq — I TL5% K 2 v [ 2 _ —a*at [ 2 —
P “(a) - T 6°" K (€) [q g (3 9> q" q (3 9>

The ghost are necessary to have the transversality
q" q”P,Sly)(q) = 0 as expected because the gluon is a massless

spin 1 particle

QCD - p.13/5!



Example Il

arbitrarily normalisation for A*(z) : Z3
new term in the Lagrangian

1 a a a
- (25" — 1) 6% (9, AL — 8, AL) (9, AL — 9, Ab)

k
a1t QQAXQQQs b.v —i (2 = 1) 8 (k2 g — k%7

«

P — P i) -5 (4 — )

In the M S scheme:

(zV —1) = 22 ( 1 +ln(47r)—7> <N§—TF%>

41 \ eyp 3 3

QCD - p.14/5!



Renormalisation IV

This procedure works at all orders in o for QCD

Z3 : A(z) Zi¥ : ¢(z)Y(z) A(x)




Renormalisation IV

This procedure works at all orders in o, for QCD

Zy « Ax) 2 (@) i) Alx)

Zy : b(a) 71 Alx)A) Ala)

Zs () 21 Alx)n(z)n(z)
Zi : Alx) A(z) A(z) A(x)

Is the renormalisation procedure unique?
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Renormalisation IV

This procedure works at all orders in o, for QCD

Z3 : Alx) Zy : ¢(z) () Alz)
Zy : Y(x) Zy : A(z) A(z) A(x)
Zs : n(z) Z1 : A(z)n(z)n(z)
Zy : A(z) A(z) A(z) A(z)

Is the renormalisation procedure unique?
of course not, we can absorb with the regulator dependence
some finite terms. They define the renormalisation scheme
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Renormalisation IV

This procedure works at all orders in o, for QCD

Z3 : A(x) Zf v(z) Y(z) A(x)

2% 71 2 Alz) A(z) A(x)

Zz : n(z) Zl A(x)n(z) n(z)
A(x) A(z) A(z) A(x)

Is the renormalisation procedure unique?
of course not, we can absorb with the regulator dependence
some finite terms. They define the renormalisation scheme

A new energy scale 1 has now appeared.

g — gu2"? with [§] =0 and [u] =1

QCD - p.15/5!



Renormalisation V

Whatever the way we proceed, after the steps regularisation and
renormalisation, a energy scale appear in the Lagrangian
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Renormalisation V

Whatever the way we proceed, after the steps regularisation and
renormalisation, a energy scale appear in the Lagrangian

The physical observables (S matrix elements) must not depend
on the choice of this scale 1 or on the renormalisation scheme.
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Renormalisation V

Whatever the way we proceed, after the steps regularisation and
renormalisation, a energy scale appear in the Lagrangian

The physical observables (S matrix elements) must not depend
on the choice of this scale 1 or on the renormalisation scheme.

They obey to differential equations (renomalisation group
equation). Fulfilling these equations amounts to the same thing
than introducing an effective coupling constant

QCD - p.16/5!



Running coupling constant |

This effective coupling constant obeys to the following equation:

das(t) - _ 2/, 2 _ 9
o = B(as(t)) with ¢ =1In(p*/pg) and as =
and
11N —2Np

Blas(t)) = —bas(t)? (1 + 8 as(t) +---) with b=

127
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Running coupling constant |

This effective coupling constant obeys to the following equation:

das(t) - _ 2/, 2 _ 9
o = B(as(t)) with ¢ =1In(p*/pg) and as =
and
11N —2Np

Blas(t)) = —bas(t)? (1 + 8 as(t) +---) with b=

127

Solving this equation (keeping the first term for 3 function):

- /«;) % = (a:(t) - %1(0))

QCD - p.17/5!



Running coupling constant Il

b>0if Np <16 — das(t)/dt <0.So as(t) \,whent
assymptotic freedom
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Running coupling constant Il

b>0if Np <16 — das(t)/dt <0. S0 ag(t) \,whent ~
assymptotic freedom

n G In QED, b < 0 screening effect : an
+ electric charge is screened by the
virtual £ charge in the vacuum

QCD - p.18/5!



Running coupling constant Il

b>0if Np <16 — das(t)/dt <0. S0 ag(t) \,whent ~
assymptotic freedom

+ +

A -
A G In QED, b < 0 screening effect : an
Y o b electric charge is screened by the
N - virtual &= charge in the vacuum

9 _ 9
In QCD, b > 0 anti-screening ef- ’ .
fect : an color charge is screened ’ D e A
by the virtual ¢ ¢ but anti-screened . q
by the g in the vacuum i . °

QCD - p.18/5!



Running coupling constant Il

we define a parameter A such that:

A : a scale which separate perturbative and non perturbative
regime (A depends on the renormalisation scale)

QCD - p.19/5



Running coupling constant IV

10°
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Part 2

Applications for proton-proton collider
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Parton model |

How to relate partonic cross section to hadronic cross section?
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Parton model |

How to relate partonic cross section to hadronic cross section?
The parton model (Feynman)

QCD - p.22/5!



Parton model |

How to relate partonic cross section to hadronic cross section?
The parton model (Feynman)

Proton : granular structure
the granules (partons) are:

- hard point like
- almost free (but nevertheless confined)

partons = quarks and gluons

QCD - p.22/5!



Parton model |

How to relate partonic cross section to hadronic cross section?
The parton model (Feynman)

Proton : granular structure
the granules (partons) are:

- hard point like
- almost free (but nevertheless confined)
partons = quarks and gluons

When a sufficiently high momentum transfer reaction takes
place, the projectile, be it a lepton or a parton inside a hadron,
sees the target as made up of almost free constituents and is
scattered by a single, free, effectively massless constituent.

QCD - p.22/5!



Parton model Il

opp_X = Z / dxy dxy FF (x4, M2)FP(:13 M?) 65x (u?, M?)
1,j=4,0,9

e =g L) 5 (o) Baar

dIn(M?)
g 2 _ (0) as(M?) (1)
P (z,as(M?)) = P (x) + o P (x) +
. o, as(M?) ()

Partonic densities F*'(x, M?) : number of parton i inside the
proton P carrying a fraction of momentum z of its parent proton
at the scale M*?

QCD - p.23/5!



PDF |

The evolution equation is a matricial equation:
d [ FP@t) | _ ot / dy [ Pid (W) Pig' () \ [ Fl (/)
L) 2m Jo ¥\ Pid(y) Pag(v) | \ FJ(a/y.t)

which can be written as

d () B 2 a2
= V()= 5 —TeV() t = 1In (M*/Mg)
B EFy (z,t)
with H <F9P(5’3’t)>
r — (Pq(g)(y) Pq(g)(y)>
Pag () Pyg (y)

QCD - p.24/5!



PDF I

Pi)(y) = Or [(fj;J;Jrgﬂl—y)]

PO () = ]\;F y2+(;_y>2

PO = Cr [”“y_ y)2]

PG = 2N [+ Y by 400 -0 5

with Cr = 4/3 and

[ T [ a1

1—x)y

/0 dz f(z)6(1—z) = f(1)




PDF Il

expanding in «, the solution:

V(it) = V(0)+ 2:(0) tI' @ V(0)

7

>
+ (%(0))2 2 FF@F—wa] QV(0)+ -

27T 2

N
B e

QCD - p.26/5!



PDF IV

How to extract the non perturbative part F' (z, Mg) ?
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PDF IV

How to extract the non perturbative part £ (x, MZ) ?

Fits to different type of cross section : DIS (e~ + P — e~ + X)),

Drell-Yann (P + P(P) — | + 1+ X), W/Z, jets, ...
http://hep.pa.msu.edu/cteg/public/cteq6.html

1.4_|u||||| L T T T ] 1.4_|u|||||

T 14 e

I
: ubar at 4 = 100GeV |
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i IHW
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o
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4
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T
o
o
T

10°10*10° 0102 056 1 .2 3 .4.5.67.801

10°10*10° 0102 056 1 .2 3 .4.5.67.801 10°10* 10° 0102 06 4 2 .3 4.5.6.7.881

X X X
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PDF IV

How to extract the non perturbative part £ (x, MZ) ?

Fits to different type of cross section : DIS (e~
Drell-Yann (P + P(P) — | + 1+ X), W/Z, jets, ...
http://hep.pa.msu.edu/cteg/public/cteq6.html

Ratio to CTEQ6.6

Data base:x Cteq, MRS, ....
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o
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®
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o
»
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T AT
boly o 1y | |
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http://projects.hepforge.org/lhapdf
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PDF V

— Q=10 GeV

x,Q)

—— Q=100 GeV

P
Fg

—— Q = 1000 GeV
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PDF V

< 105§
o = — Q=10 GeV
& wp o
103%—
102%—
10‘1;—
X
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PDF V

10+

IIIIIIII| IIIIIIﬂ] IIIIIIII| IIIIIIII| IIIIIIII| IIIIIIﬂ] [ Ilﬂ] [T IIIIIIW

10-2 | | IIIIII| | | IIIIII| | | IIIIII| | | | L1
10 10° 1072 10

I
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Z production

Inclusive reaction:

PP —-7+X

The typical hard scale is M,
The pdf are evolved at the

scale M = M,

QCD - p.29/5!



Z production Il

Order o, corrections : one-loop diagrams to ¢g — Z (order o2
but interference term)

tree diagrams for the reaction qq — Zg

1000/ -
Yy + Y
+—"\\WW -

QCD - p.30/5!



Infra red problem

P1

P2

divergence when k£ — 0 : soft divergence (long distance) every
time a gluon is exchanged

different from the UV divergence (short distance)

cancel with another soft divergence coming from the integration
the real emission over the phase space of the extra-gluon.

QCD - p.31/5



Z production Il

P2

P3

colinear singularity :
2 - 2 __ 2 2
q° = (p1 —pa)° = m* —2p1.py

QCD - p.32/5!



Colinear singularity |

6 o |T1 + To|? o< 1/(pl.p4 p2.p4)

E2 — 2
pl.pd = FEEy (1 - m cos(9)>
E
1 m?

Inthe CM 51 + po =0

p1 = (£,0,0,p)

p2 = (£,0,0, —p)

with E2 — 52 = m?

pa = (B4, pra, B4 cos(0))

pl.pd ~ FEFE4(1— A cos(h))
EE4 (14 A cos(6))

2

p2.p4

Phase space measure | gngj; — EydE4sdcos(0) do

/_1 dcos() - Alcos(H) - —% (In(1 — A) — In(1 + A))

QCD - p.33/5!



Colinear singularity Il

we get : (£ ~ M)

2
" <W> PO O4qq—2Z
Z

which can be written as:

In () P ©oggz| + | () P ©ougz

/ \

Fi(x) — Ff(x, M) hard process

with My ~ 1 GeV

QCD - p.34/5!



Z Production IV

tree diagrams for the reaction gg — Zq
QOO
A + > ‘§
— VW \

No soft divergence, but colinear one:

In (v) PO %ozl + |In (%—2) PO ® 0yoz

/ \

FP(x) — FY(z, M3) hard process

QCD - p.35/5!



Factorisation

\
|
|

o o — — — — — — —

All scales > M,

All scales < M,

—— e — — —— —— — — — —— e — —— — — — — —

— e e e e e o e e o — — — — — —
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Soft logarithms

For example:

1) Mz ~+S x1, 29~ 1
agln(l —x1) ~ 1
in evolution equation, change o, (M?) in a,((1 — y) M?)

2) piz ~ 0, Mz < /S

QCD - p.37/5



Compute |

q(p1) 1 (ps)
q(p2) 1t (pa)
1 d3p: d*p.
dA _ 2 454 . o 3 4 M 2
& T (27m)* 6%(p1 + p2 — p3 — Pa) a2k, (zﬁ)gz&l 1|
kH kv 1
My = ie*Q; v i = (1
1 i€ Qf Ui, (P2) Yu i1, (P1) (g (1-¢) k2+M) K2 i

X Ul (p3) Yv Uiy (p4)

with k = p1 + po = p3 + ps

QCD - p.38/5



Compute Il

The term k* kY does not contribute

1

2 Uy, (P3) Y vy (P4)

M; =ue Qf V; l2(p2)7u ( ll(pl)

We have to compute:

2 2 2 2
L =P 3D 33 P,

colorli=1lo=11l3=11l4=1

L 64Q2
Mi|* = 4N2£4$‘$‘$‘$‘$‘[”2p2 )y P uly (p1)

colorli=11la=113=114=1

f f
X < jzz(pz) o’ b fll(p1)> ﬂfg(p?,)ﬂévﬂ(m)(ﬂ?g (p3) v ° 0?4(194)) ]

QCD - p.39/5!



Compute Il

the indices «, 3, v and § are the spinorial indices.

.'.
(?77;,l2 (P2) Yo Wi 14 (Pl)) = 4,1, (P1) Yo i1, (P2)

4 M2 2
€ Q /
f _ rr
M| = T > > lzlg(pz) cPul, ()l (p) e > ve, (p2)
color l;=1,j=1..4

5 8 '
Xul (m)’ﬂ ’014(294)7)14 (P4) " “73 (p3)]

2
Zu?,l(p)a?,l(p) — AteBg,,

Af(p) = (£p+m)
Z’Uzl jl(p = —A_aﬁ&'j

QCD - p.40/5!



Compute IV

We get:
. et ch
|]\41|2 - 4 N2 k4NTT Po Y pPryw|Tr 153 Y Py ’Yu]
If A1,A-,...A,, are 4-vectors:
Tr| A, Ay A3 Ay = 4 (Al.AQ Az . Ag + A1. Ay As. A3 — Aq1. A3 Ag.A4)
Tr Al A2 AQn = A1.ATTr A3A4 A2n — A1 A3 Tr A2A4 AQn]
+-+ A1 Ao Tr | A Ay - - Ao

QCD - p.41/5:



Compute V

With these formula, we can compute the trace over v matrices and get:

4 M2
TP = 2

N 1A {p2 -P3 P1-P4 + P2-P4 P1 -pg}

We want to look the 1 —, We will compute the differential cross section:

Es dé 1 4 1 d* P 2
_ 24§ — pa — M
o= 11 (2m)* 6% (p1 + p2 — p3 — pa) 223 (27T)32E4| 1]
d3ji4 4
= [ d*ps ot (p?
/2E4 / P4 07 (p3)
Es3do 1 1 with
o = S 07 (p3)| My |?
d°p3 4p1.p2 2(2m) § = (p1+p2)?
D) 2 ~D 29 A
_ I staybqa) (BT t = (p1—p3)”
N & 52 . 2
@ = (p2—p3)

QCD - p.42/5



Compute VI

At the hadronic level:

d3p3

P1

D2

P3
P4

Z / dx1 dxo

i=u,d,s,c,.

E3 do

A

P 2\ P 2 q; @i —ptp—
X {ljbi(atl,]kf ) lﬂqi(akg,]V{ ) (13ji3
FEs do- +
P 2 2 q:;9;— K
—%Pb ( , M )P1 ( , M ) d3p3

(1,0,0,1)

— 29— (1,0,0,—1)

w%wl%

= p¢ (cosh(y3), @, sinh(ys))
= p¢ (cosh(ya), —a,sinh(ya))

QCD - p.43/5!



Compute VII

/d331 5t (w122 S — 1 V' Spt exp(—y3) — w2 V.S pr exp(ys)) f(w1) =

1 s < x2 pt exp(ys) >
x2S — VS pt exp(—y3) z2 V'S — pt exp(—y3)

Es dUPP_>N+M— 2 a exp(—ys3) Z / dazg
dgﬁ?) N Spt \/§ i

i=u,d,s,c,. 2main

X [F£(w1,M2)F£(x2,M2)+F£(x1,M2)F£(:c2,M2)]
~ 2D r2
uc +1t

o ( 52 )

pt exp(—y3)

V'S — pt exp(ys)

with :

L2min —

QCD — p.44/5:



Jets |

Jet : bunch of hadrons flying in the same direction depositing it
energy Iin localised place

Jet definition
- What is the criterion for a hadron/parton to belong to a jet

- How to build the jet kinematics from the hadron/parton
Kinematics

QCD - p.45/5!



Jet |l

At partonic level parton = jet

partonic reactions:

q; + qk
q; + qk
qi + q;

q; + q;

q; + g

g+g

l

l

jet + X
jet + X
jet + X

jet + X

jet + X

jet + X

qi T+ 49k — qi T gk
¢ t+qk — qi + gk
qi + i — Qi + ¢
( G+ @~ G+
g +q — qx +qr (XNp — 1)

I\

| & T 49 —g+g
% +9 —q +9
g+9—q+q (XNp)

g+g9g—g—+g

QCD - p.46/5!



Jet Il

et [nb/GeV]

do/d P_.

B
o
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Jet Il

et [nb/GeV]

do/d P_.

_IIII|W| IIII|W| IIII|W| IIIIIﬂY| IIIIIﬂY| IIIIIﬂY| IIIIIﬂY| IIIIIﬂY| L

—0aq
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200
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300
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400

600 700
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Scale dependence

08 | n° production p; = 50 GeV
0.7 | VS = 1800 GeV |

0.3 S ]

0.2

0.1 o N
0.09 F L .
0.08 A
0.07 F .

0.06 [ b

0105 | | | | | | | ‘ | |
0.3 0.4 0.5 0.6 0.70.80.9 1 2 I 4
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Jet IV

A jet algorithm must be :

soft emission should not change
jets

collinear splitting should not
change jets

®* Infrared and collinear safe
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Jet IV

A jet algorithm must be :

soft emission should not change
jets

collinear splitting should not
change jets

®* Infrared and collinear safe

* identically defined at parton and hadron level (so that
perturbative calculations can be compared to experiments)
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Jet IV

A jet algorithm must be :
soft emission should not change

| _ jets
{
infrared and collinear safe collinear splitting should not
change jets

* |dentically defined at parton and hadron level (so that
perturbative calculations can be compared to experiments)

® not too sensitive to hadronisation, underlying event, pile-up
(because we are not very good at modeling non-perturbative stuff)
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Jet IV

A jet algorithm must be :
soft emission should not change

| _ jets
{
infrared and collinear safe collinear splitting should not
change jets

* |dentically defined at parton and hadron level (so that
perturbative calculations can be compared to experiments)

® not too sensitive to hadronisation, underlying event, pile-up
(because we are not very good at modeling non-perturbative stuff)

* realistically applicable at detector level (e.g. not too slow)
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K algorithm

* calculate the distances between the particles :

. Ayz +¢2?.
dij = min(pg;, ptj) —fz—
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K algorithm

* calculate the distances between the particles :

i AyZ.+¢7.
dij = min(pg;, ptj) —fz—

* Calculate the beam distances : d;z = py;

QCD - p.50/5!



K algorithm

* calculate the distances between the particles :

) Ay?. 4+o2.
dij = min(pg;, ptj) —fz—

* Calculate the beam distances : d;p = ps;

* Combine particles with smallest distance or, if d;p IS
smallest, call it a jet
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K algorithm

* calculate the distances between the particles :

) Ay?. 4+o2.
dij = min(pg;, ptj) —fz—

* Calculate the beam distances : d;p = ps;

* Combine particles with smallest distance or, if d;p IS
smallest, call it a jet

* Find again smallest distance and repeat procedure until no
particles are left

QCD - p.50/5!
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