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Introduction

QFT applications of Mellin-Barnes representation

Mellin-Barnes (MB) representation may be of use for at least three domains
in QFT:

@ Perturbative contributions: Feynman diagrams with several scales,
etc. (and related quantities).
1% lecture (19" Nov.) and 3" lecture (15" Dec.).

@ Non-perturbative contributions: Exponentially suppressed terms.
2" lecture (13" Dec.).

@ Reconstruction of non-analytic functions from partial information in
several limits: Form factors, Green functions...
2" lecture (13" Dec.).
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Introduction

bative contributions

S. Friot, D. Geynat and E. de Rafael, Phys. Lett. B 628, 73 (2005)
J.-Ph. Aguilar, D. Geynat and E. de Rafael, Phys. Rev. D 77, 093010 (2008)
S. Friot and D. Greynat, arXiv:1107.0328 - accepted in J. Math. Phys.

From the scaling property of Mellin transform
M f(@)] (s) = a M [f(x)] (s)
one can easily separate the physical information (masses, momenta,...) from

the topology of a given diagram. It appears as a very powerful tool:

@ in any kind of Feynman diagrams in the Standard Model and beyond
Ex.: 4 and 5 loops corrections to the muon g — 2 in QED.

@ in other theories (e.g. for Wilson loops in N' = 4 SYM).
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Introduction QFT and MB: Feynman diagrams
QFT an

What is the MB Representation?

A typical integral: V. Del Duca, C. Duhr and V. A Smirnov, JHEP 1005 (2010)
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(appears in the evaluation of the 2-loop hexagon Wilson loop in ' = 4 SYM)
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Introduction

Evaluation steps

@ Solve the e singularity.

© Choose a good kinematics to reduce the number of parameters X; to
only three combinations of them.

@ Close contours when achievable (Barnes’ lemma).

© Evaluate the twofold (and threefold) unreducible (master) Mellin-Barnes
integrals depending on the combinations of parameters.
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Introduction QFT and MB: Feynman diagrams

Evaluation steps:

@ Solve the e singularity.

© Choose a good kinematics to reduce the number of parameters X; to
only three combinations of them.

© Close contours when achievable (Barnes’ lemma).

€ @ Evaluate the twofold (and threefold) unreducible (master) Mellin-Barnes R
integrals depending on the combinations of parameters.
Main purpose of this talk
AN /

S. Friot and D. Greynat, arXiv:1107.0328 - accepted in J. Math. Phys.
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Introduction QFT and MB: Feynman diagrams
QFT and MB: Non-perturbative expansions
QFT and MB: Non-analytic functions

[0 Non-perturbative contributions:
Hyperasymptotic expansions and exponentially suppressed terms

S. Friot and D. Greynat, SIGVA 6 (2010) 079

In QFT, one deals with divergent (supposed asymptotic) series. How to
extract non-perturbative informations from perturbative expansions?

|

Example of a "functional” integral for ¢* theory in 0 dimension
For A € Cand ReX > 0

1 too 4 1 35 385
— d a0t a2 2 2233 opt
Vo . G St T8 e T3t TON)

SYEONEE

Using the inverse factorial expansion and the Borel resummation, one builds
the hyperasymptotic expansion of Z(0)

Z(0) =

-

D. Greynat MDMB



Introduction QFT and M nman diagrams
QFT and MB: Non-perturbative expansions

QFT and MB: Non-analytic functions

e Numerical analysis: A =1/3

| [ [200 [ & | S [ S | S |
| Mathematica | [ 0.96556048L. | | | | |
0.96555187
+0.001410990

0.965562911 0.9696 | -0.0040
0.965560477 1.0573 | -0.0917 | 0.0000061
3 | 0.965560486 -27.696 | 28.662 | -0.0001292 | 9 x 1077

Pertur. expa.

[

N

Hyp. expa.
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Introduction QFT anc
QFT and -pertu ons
QFT and MB: Non-analytic functions

0 Form factors and Green functions reconstruction

D. Geynat and S. Peris, Phys.Rev. D82 (2010) 034030
D. Geynat, P. Masjuan and S. Peris, hep-ph 1104. 3425, accepted in Phys.Rev. D

Reconstruct non-analytic functions from only fragmented information: form
factors, Green functions, etc.

@)~ S B (p.k) 3 log(~42) | 'M2 H(Z)Zglzk:AT“(p,k) (1-2Plog'(1-2)

z——00
p.k ’
OPE| - .| Threshold

—%’WVWM* Rez

IT analytic for |z < 1:
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Introduction

Previous reconstructions

One can use Padé approximants, but only if the imaginary part is strictly
positive, otherwise there is no alternative.

New reconstruction method

o It is an analytic reconstruction of the function.
o It is systematic and convergent order by order.
o It is a controlled approximation.

o All is based on a mathematical theorem (Converse
Mapping Theorem).

ot
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Introduction

A perfect application example: Heavy-Quark Correlators

The vacuum vector-vector polarization I1(g?) (in the massive case) is

(0000 — ) () = =1 [d'xe™ (O[T 1,(% 1.(0)]0) ,

It may be decomposed as

() = TO(P) + (2) TP+ (2)" 1@(@) +(2)" 1) +0(ad)

Us Us

1
1z7rv1mr1‘»”(]—ﬁ]

Y
|
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Application to Feynman diagrams
One-dimensional case Definitions
Onefold MB

A new Mellin-Barnes method to evaluate Feynman diagrams and other
guantities

J.-Ph. Aguilar, D. Geynat and E. de Rafael, Phys. Rev. D 77, 093010 (2008)
S. Friot and D. Greynat, arXiv:1107.0328 - accepted in J. Math. Phys.

o Systematic method to extract several convergent series
from Mellin-Barnes integrals.

e Evaluation of their convergence domains before calculation.

@ Analytic continuation appears.
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Diagram J
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Application to Feynman diagrams
One-dimensional case Definitions

Onefold MB

The Mellin transform of a function f and its inverse transform are defined as
7+|ood
Mf(x /dxxs %) o f(x) = / 2|S xS MIf ()](9)
y—ico

If and only if

v=Res€la,f] written (o, f) Fundamental strip
It corresponds to the behaviours

_ —a _ —B
f(x) o o(x %) & f(x) e O ")
ot
. T'(v —9s)(s)
(14 x) — ) (0, Rev)
In(1+ x) — rA-sr(1+s (—1,0)
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Application to Feynman diagrams
One-dimensional case Definitions
Onefold MB

Onefold Mellin-Barnes integrals

Let us consider a one (complex) scale x integral, it can be written as

m m
Hr(ai5+bj) :Z ch
1(x) = ds xs =2 =1
2 n m
y+IR H I'(cs+ dk) = Z |cx]
k=1 1:1

,,,,,,,,,,,,, \ k§\ o IfA>0

| N ‘ 9 left closing: convergent series for any value of x

| N | @ right closing: divergent asymptotic expansion

| \ . eIfA<O

1 ng\\ Reis o left closing: divergent asymptotic expansion.

| \\ 3 @ right closing: convergent series for any value of x
§ :§ . elfA=0

\\ | left and right closing give two convergent series
3 % and if o« > 0, they are the analytic continuation

of the other
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: an example

Multidimensional cases

Generalization in the case of twofold Mellin-Barnes integrals

Zhdanov and Tsi kh, Siberian Mathematical Journal 39 (1998)

m

[[T(aza+bz+e)
1(xy) = da dz y 2 22
2im 2w p
~+iR2 H F(Ckzl + deZ + fk)
k=1

Sl — Dk G

ij:1 b — ZE:l dk

® A # (0,0) and there is no j so that (g, b) o< A
Absolute convergence of the (double) series in the whole double
complex plane (except at the origins)

@ A = (0,0): degenerate case
® A # (0,0) and there exists j so that (g, bj): degenerate case

A =

A = (0,0) several convergent (double) series expansions coexist and they
are analytic continuations of each other.
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: an example

Multidimensional cases

Geometrical way to find the double series representations for A = (0, 0)

A simple example: (where c = —2% and d = —2)
R(uy, b) = @ 92 am 02 oD ()12 () T (22)
’ 2ir 2wt 7
c+iRd+iR
Re zy
A
24
n -
I'(z) ~ (=1 i _a 2 > Re z
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: an example

Multidimensional cases

Geometrical way to find the double series representations for A = (0, 0)

A simple example: (where c = —2% and d = —2)
dzz d
R(Up, Up) = S A % VW2 T2 (-2) T (z2) T2 (-2) T () T (zs + 22 + 1)
c+iRd+iR
Re zy

| A
]

n k -

I'(2)  ~ (1) i T 2 3 > Re z
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: an example

Multidimensional cases

Geometrical way to find the double series representations for A = (0, 0)

A simple example: (where c = —2% and d = —2)
_ dz; dz 2 2 172 2
R(ug, up) = oix N oy e ()T (@) " (-2) T (@) (z+2+1)
c+iRd+iR
Re zy
\\ Jﬁ
\ A 2
n ]
I'(z) ~ () i 4 ) % > Re 2

\
%
\
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Multidimensional cases

A simple example: (where c = —2% and d = —2)
_ dZ1 de 7 7 T2 2
R(uz, Up) = % A % I (—za) 'za) I (—2) T ()l (z+z+1)
c+iRd+iR
Re zy
\\ JE
\ A 2
n N AR
I'(z) ~ (=9 i _4 42\‘ s > Re z

Ny
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Systematic way to find all convergent (complete or partial) double series
representations of R(uy, )

)

AN

Two kinds of singularities may appear in a given region (cone)

J.-Ph. Aguilar, D. Geynat and E. de Rafael, Phys. Rev. D 77, 093010 (2008)

@ Only vertical and horizontal lines intersect each other: Cauchy singularity

@ intersection with at least one oblique divisor: Transformation law
singularity

Where do each series in u; and u, converge ?




Multidimensional cases . e
Higher dimensii

A quick look at Horn series

Horn series

f(xy) = > amaxX"y"is a Horn series if the two functions

n,m

. a@mpin . P(mn) . amnp1 . Q(m,n)
f(m7 n) - am’n - R(m, n) ) g(m7 n) - am’n - S(m, n) )

are purely rational, then P, Q, R and S are polynomial of degree p, g, r and s.
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F(mn) = Tim f(ypm,nn) G(mn) ="Tim g(nmnn).

n——+oo n—-+oo
Conditions Domain of convergence
p>rorg>s X =0and|y| =0

p<randq<s (X, Iy) € R

p<randg=s |x|eR+and|y|<W{1)‘

p=randq<s | |X < gigyandlyl € Ry

p=randq=s (x|, ly) e DncC

= {(.) | 0< < and 0 < 15547 |
IF(1,0) IG(0, 1)

and
C= {(|x|,|y|) | 0< |x and 0< |y| < 80}

with 9C is the parametric curve given by the equation

_ 1
X = W

C: (X, Iy) —

_ 1
M = gmm



old
Horn series

Multidimensional cases

Until am,n is aratio of I" functions, the series are Horn type.

Unfortunately, one often has to compute derivatives of I" functions, then amn
contains %" functions and the series is not Horn type anymore.

Improvement

We proved that the 4™ do not change the domain of convergence of
the corresponding Horn series

S. Friot and D. Geynat, arXiv:1107.0328 - accepted in J. Math. Phys.
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Twofold MB: an example

Transformation

Multidimensional cases R
Higher dimension

Evaluation steps

\ Jua| 1]

L \' L L L L
oo 0.5 1.0 1.5 20 5 30
Jus]

@ Enumerate the different types of singularities (m,n > 0 are integers)
e(Rez;,Rez) = (1+m,1+n) e (Rez,Rez) = (14+m,0)
e (Rez;,Rez) = (0,1+ m) ¢ (Rez1,Rez) = (0,0)
@ Perform a c.o.v. to bring the singularity to the origin.
@ Evaluate the associated domain of convergence.
D. Greynat MDMB




Multidimensional cases . e
Higher dimensii

Evaluation of the associated domain of convergence

The poles are at (Rez1,Re z) = (1+ m, 1+ n), R(u1, uz) = Res [hlglzg?)]
where:

h(z1, ) =
u21+1+muzz+l+n I (142)%T (1—2)?T (1 +14+m)T(142,) 2T (1—2,) °T (204140 (21 4+ 20+ 3+ m+n)
T (z34+m+2)2T (zp4+n+2)2

We proved that we just have to consider h(0, 0),

h(o’ O) _ ui+m u1+n amn with amn = r (1 + m) r (1 + ﬂ) r (3 +m+ ﬂ)

I'?(m+2)1?2(n+2)
One has the degenerate case
~ (1+m)(2+m+n)? 1 m
Hm,n) = (2+m)2(3+m+n) - F(mn)  m+n
. (24+m+n)y? 1 n
g(m, n) = (1+n)(3+m+n) - G(mn)  n+m

that lead to the domain of convergence (the yellow domain)
lug| + |uz| < 1
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Twofold MB: an example
Horn S]
Tran: tion

Multidimensional cases ~ B
Higher dimension

Evaluation of the contribution

Now one can evaluate the contribution directly by application of the Cauchy

formula:
h(zi, z) ] 1 "2 h(z, 2)
Res{ ’ dzy Adz| = ’
—Dim—1)! B
7z (n=D(m-1! o7 *0Z ©00)
Then,
hi(z1, 2 0’ (z1, )

R(uy, Up) ] Z Z Res { } Z Z TG

el  m=0 n=0 m=0 n=0 (0,0)

= UM (34 m+n) 5
_mz—og Fm+3 (n+3) m+1 Hm 4+ Haimin + Inug

2
X {— m - Hn+H2+m+n+|nU2]

2
+ CZ - Hg-&-)m-‘—n}

where Hy = 3",  and H® (m) = -, 4 are the harmonic numbers and
their generallzatlons
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In an other region: Transformation law singularities

+ 00 05 Lo 15 20 25 30

@ Enumerate the different types of singularities (m, n > 0 are integers)
¢(Rez;,Rez) =(-1—-m —-1—-n)
¢(Rez,Rez) = (0,—1—m)
¢(Rez;,Rez) =(1+m —-2—-m-—n)

@ Perform a c.o.v. to bring the singularity to the origin.

@ Evaluate the associated domain of convergence.

@ Apply the Transformation law and the Cauchy formula.



Multidimensional cases

If we consider the contributions from (Rez;, Rez) = (=1 —m, —1— n), one has
ho(z1, 22)
R(uz, up = Res {7’
( )‘TVPQ nz(n + 2)
where
ho(z1, 22) =
7 —1—m z—1—-n T2(14m—2z)T(1+2)T(1—2z)T2(14+n—2)T(142)T(1—2)L (1+2+2)T (1—2 —2)
ul u2 I'(24+m—27)I'(24+n—2)L(2+m+n—z —2)

-

It is impossible to apply the Cauchy theorem to this form.

One needs the Transformation Law (Global Residue Theorem).
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Multidimensional cases

Higher dimension

The Transformation law (Global Residue Theorem)

The Transformation law applied to Mellin-Barnes integrals

_(h _(4
Lettake f = (fz) and g= (z;
where f1 is the product of a specific subset of {(z1 + a1z)™, ..., (zz + anz2)™,
7, 2} while f; is its complementary,

Iff~1(0,0) = g~*(0,0) = (0,0) and if it exists an analytic 2 x 2 matrix A such
that Af = gthen

h(z1, 2) det A
4z

h(z1, )

Res
I, (2 +82)" 7 2

dz; A\ dz

dz A dzZ] = Res {

A and g are not unique in general.
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old MB: an example

Horn S|
Transformation Law

Multidimensional cases

/ Rez Rezy

West 4 f
1 2
1
1 East

All singular lines which cross the dotted line on one of its side "contribute” to
f1, all others "contribute” to f,
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Multidimensional cases

R(Ul, Uz

|z n)

=R
)|TVF’92 u2(za + 2)

One can choose f = (z(z1 + 2),2)", g = (Z,2)" and

1 —Z1
A—
(22 1—2122—25)

whose determinantis det A = 1 — Z, one then finds

he(z1, )
22(z + 2)

hl(Zl7 Zz)

22z

dzi A dz — dz; A dz

dz; A d22] = Res { @
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example

Multidimensional cases

ohy(z,
R(Us, Uo) ey = ZZ 282211

m=0N=0

(0,0)

oo oo —ml nl
Fm+1Fn+1 1
Yy it D [l — Ho - Hmsn + I
m=0 n=0

m+1 +1)r'2+m+n) [m+1

Remark: with g = (Z,2)" and
A— L — 2 7
z l1-zn-2Z
(detA =2z — Z — 2) we get

h, (217 )
S 12(a +2)

hz(Zl7 22)
zZ2

dz Adz — dz1 A dz

dz A dzZ] = Res { @

—Md21/\d22
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Multidimensional cases

T
Higher dimension

Extension of the formalism to Mellin-Barnes integral of higher dimension
|(U1,U2,U3) = / d—Z

@) W W2 W% (—21) 1% (—2) I () I* (L + 2+ 22 + 2)

where vy = (-3, -3, —%)".

oo B
0o . ecConel:
p / Rez >0, Rez > 0and
v Rez >0
\ . @ Cone2:
3

Rez >0, Rez > 0and
Re(l+z+2+2z)<0
@ Cone 3:

Rez > 0, Rez > 0and

~ Re(l1+z+2+2)<0

) |/ @ Cone 4:

T Rez > 0, Rez > 0and
: S|/ Re(l+z+2+2) <0
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Horn ser

Multidimensional cases

Higher dimensi

In this case, on the cone 1 with the parametrisation (m, n, p) we get

co o0 o 212223)
_ZZZ 02,102,025

Cone 1 m=0 n=0 p=0

| (Ul, Uz, U3)

(0,0,0)

where

h(z1, 22, 25) = WM U2 TN U2 TP PA+z)PA-z) P@+2)P(1-2)
e i "2 = I2(zz+m+1) I2(z+n+1)
I2(1+2)T?(1—u)
I (zz+p+1)

Viw| + V2| + v/|us| < 1

M’(z+z+z+m+n+p+1).

converging on

| \

Numerical analysis

I (107 207 30)|Integral Representation
1(10, 20, 30)

~ 6.669804656
~ 6.669804658

|Cone 1, first 6 terms
v
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mation Law
Higher dimension

Multidimensional cases

CONCLUSIONS

@ The Mellin-Barnes representation is a very powerful tool to obtain
asymptotic expansions of "Feynman diagrams”-type integrals depending
on one or several scales.

@ Infinite convergent multiple series and therefore exact representations
may be easily obtained in the case of a large class of twofold
Mellin-Barnes integrals by the systematic and simple method we
presented.

@ We proved that one may obtain the domain of convergence of
associated double series without their full expression.

@ In general several series coexist as analytic continuations of each other.

@ With this approach it is not necessary to know a complete series
expansion to get another one related by analytic continuation.

@ Integrals of higher dimension are currently under study.
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