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In this presentation we use some material from the article:

Nuclear Hamiltonians: The Question of their Spectral
Predictive Power and the Associated Inverse Problem

FOCUS Special Issue: Open problems in nuclear structure theory
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.. as well as some material from the articles:

2. Nuclear Mean Field Hamiltonians and Factors Limiting
their Predictive Power: Formalism

JD, K. Rybak, B. Szpak, M-G, Porquet, H. Molique & B. Fornal
Int. J. Mod. Phys. E 19 (2010) 652

3. Nuclear Mean Field Hamiltonians and Factors Limiting
their Predictive Power: lllustrations

B. Szpak, JD, K. Rybak, M-G, Porquet, H. Molique & B. Fornal
Int. J. Mod. Phys. E 19 (2010) 665
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About the Bottom Line

Suppose we let 100 theorists...
... to develop 100 models of, say, the neutron drip line:

Then: there will be 100 predictions (we are individualists)
and, eventually, one of them will, perhaps, be ...
in agreement with an a posteriori experimental information.
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About the Bottom Line

Suppose we let 100 theorists...
... to develop 100 models of, say, the neutron drip line:

Then: there will be 100 predictions (we are individualists)
and, eventually, one of them will, perhaps, be ...
in agreement with an a posteriori experimental information.

QUESTION: Should we congratulate the happy one?
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About the Bottom Line

Suppose we let 100 theorists...
... to develop 100 models of, say, the neutron drip line:

Then: there will be 100 predictions (we are individualists)
and, eventually, one of them will, perhaps, be ...
in agreement with an a posteriori experimental information.

QUESTION: Should we congratulate the happy one?

ANSWER: Yes, we always do when one of our friends
winns a bigger amount of money in a poker game...
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This presentation is about:

to arrive at close-lying results
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New Strategies in Constructing Theories:
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where by definition H'™"® contains complete information

e Complete - both: already known and yet undiscovered
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The New Strategies in Constructing Theories

e What we usually wis h to do is to learn the full truth

where by definition H'™"® contains complete information

e Complete - both: already known and yet undiscovered

Conclusion 1: The solutions {e,, 1), } remain ‘asymptotic’
rather fictitious, ideal, and to an extent unknown objects
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The New Strategies in Constructing Theories

e What we usually wis h to do is to learn the full truth

where by definition H'™"® contains complete information

e Complete - both: already known and yet undiscovered

Conclusion 1: The solutions {e,, 1), } remain ‘asymptotic’
rather fictitious, ideal, and to an extent unknown objects

Conclusion 2: The desired truth remains unknown to us
— lack of knowledge — ignorance imposed#) by nature

#)... and thus well excused - because not resulting from our lazyness
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The New Strategies in Constructing Theories

e Humans do not know any efficient cure against deliberate
lazyness, but they did invent a cure against forced ignorance
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e Solution: In cases of doubt we ‘parametrize our ignorance’

e ... more precisely: estimate by all available means which
answer will be more- and which less-likely ‘the right solution’:

Find relative probability of what we think the right answer is!
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1. Our ignorance is usually reprezented by a random variable X
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e Humans do not know any efficient cure against deliberate
lazyness, but they did invent a cure against forced ignorance

e Solution: In cases of doubt we ‘parametrize our ignorance’

e ... more precisely: estimate by all available means which
answer will be more- and which less-likely ‘the right solution’:

Find relative probability of what we think the right answer is!

In Applied Mathematics:

1. Our ignorance is usually reprezented by a random variable X

2. Mathematically, variable X is reprezented by a probability
distribution Px = Px(x), x called ‘realization’ of the variable X
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The New Strategies in Constructing Theories

e Humans do not know any efficient cure against deliberate
lazyness, but they did invent a cure against forced ignorance

e Solution: In cases of doubt we ‘parametrize our ignorance’

e ... more precisely: estimate by all available means which
answer will be more- and which less-likely ‘the right solution’:

Find relative probability of what we think the right answer is!

In Applied Mathematics:

1. Our ignorance is usually reprezented by a random variable X

2. Mathematically, variable X is reprezented by a probability
distribution Px = Px(x), x called ‘realization’ of the variable X

Conclusion: We need to introduce probabilities of ignorance!
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Comments: Mathematical Sense of Uncertainties

e Theories are incomplete whereas experiments plagued with errors:

Theo. — | e, = el™e(p) + dec™ | & |

__ ~true err
n=€En"®+ 08" | — Exp.

e, and &, are random variables — distributions P (e,) and P (e,)
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Theo. — | e, = e[™e(p) + dec™" | & | &, = elie + 58" | — Exp.

e, and &, are random variables — distributions P (e,) and P (e,)

e Errors propagate to the theory predictions through parameter fits

o 2
X2(p) ~ 3w, [ (5 + Geg™) — (efre + deg™) ] — 75; —0
Experiment Theory
so that the parameters p = {p1,p2,... pr} are random variables

and as such are characterised by the probability distributions
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o 2
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so that the parameters p = {p1,p2,... pr} are random variables

and as such are characterised by the probability distributions
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Comments: Mathematical Sense of Uncertainties

e Theories are incomplete whereas experiments plagued with errors:

Theo. — | e, = e[™e(p) + dec™" | & | &, = elie + 58" | — Exp.

e, and &, are random variables — distributions P (e,) and P (e,)

e Errors propagate to the theory predictions through parameter fits

o 2
X2(p) ~ 3w, [ (5 + Geg™) — (efre + deg™) ] — 75; —0
Experiment Theory
so that the parameters p = {p1,p2,... pr} are random variables

and as such are characterised by the probability distributions

P(p) = {P™(e) * P**(e)}

e Conclusion: All the predictions have the probability distributions!
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The New Strategies in Constructing Theories

Observe a Paradox:

It is NOT that we need to do something extra:

Our theories already
Contain Information about Uncertainties

It will be sufficient to start NOT ignoring it!!!
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New Strategy in Terms of Theories and Predictions

The last conclusions pave the way
to conceptual strategy of what we call a

" Theory of Constructing Nuclear Theories”
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New Strategy in Terms of Theories and Predictions

The last conclusions pave the way
to conceptual strategy of what we call a

" Theory of Constructing Nuclear Theories”

Given theory 7 of a phenomenon P generating
observables Fy, 7>, ... F:

These observables are characterized not only
by the eigenvalues {F; : f;, Fp : fp, ... Fp:f,}

but also by their probability distributions:

Py = Pi(f1), P2 = Py(f2), ... 2= Pl(fp)
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An Example of Theory
Predictions

[Uncertainty Distributions]
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Inverse Problem and Predictive Power: 132Sn

Neutron levels around N=82

Level States in 133Sn

e shift 1(3) | shift 2(P) g B. E.
vf7)o 0.0000 0.2 0.6(4) 0.6(4) | -1.9(4)
l/p3/2 (08537) = - - -
vhy s 1.5609 0.1 0.6(5) 2.2(5) | -0.3(5)
l/p1/2 (16557) - - - -
Level States in 131Sn

e shift 1() | shift 2(P) g B. E.
vdz ) 0.0000 0.25 0.6(4) 0.6(4) | -7.9(4)
vhii/z 0.0651 0.3 0.6(3) 0.7(3) | -8.0(3)
vsip | 0.3317 0.25 0.6(4) | 0.9(4) | -8.2(4)
vds;, | 1.6545 - 0.6(4) | 2.3(4) | -9.6(4)
vgr, | 24341 = 0.6(4) | 3.0(4) | -10.3(4)

(3) Shifts in energy from level fragmentation measured in neighbouring nuclei.
(b) The values obtained through analogy by extrapolating from the data on 2%8 Pb.
The numbers in parentheses give errors in the last digit.
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Inverse Problem and Predictive Power: 132Sn

T T T T
g
]
é 1.0 F
£0.8 F 2f7/
At
'?0.6 3
;,_;; 0.4 s N
202K &
ook NN\

X : : ; T

6 5 4 3 K

133Sn Neutron Energy [MeV]

Results of the extrapolation from the 2%®Pb to the 32Sn nucleus for the neutrons,
bars, cf. preceding table. Monte-Carlo simulation with N=20000 Gaussian-distributed
parameter sets, based on 208 pp results; noise width o=0.1MeV. With each of the so
obtained N=20 000 sets of parameters the results for the neutrons in 1325n nucleus have

been obtained. Observe ‘pathologies’: 1g7,, and 2d3; cf. following figures.
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Predictive Power: What We Say, What We Mean

What Does It Mean: Having Predictive Power?
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What Does It Mean: Having Predictive Power?

e Any result of any modelling of any phenomenon before the right
experiments are performed can be called “a theoretical prediction”
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What Does It Mean: Having Predictive Power?

e Any result of any modelling of any phenomenon before the right
experiments are performed can be called “a theoretical prediction”

e ... thus performing any model calculation can be called predicting!

e But if any calculation is a prediction, any theory can predict always
and therefore it has always a predictive power ‘no-matter-what’ ...
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Predictive Power: What We Say, What We Mean

What Does It Mean: Having Predictive Power?

e Any result of any modelling of any phenomenon before the right
experiments are performed can be called “a theoretical prediction”

e ... thus performing any model calculation can be called predicting!

e But if any calculation is a prediction, any theory can predict always
and therefore it has always a predictive power ‘no-matter-what’ ...

e As a consequence, the very term “predictive power” applies always
i.e. means no special property. In our context it will be fair to say:
This term is void of sense - more precisely: does not tell us anything
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Predictive Power: What We Say, What We Mean

What Does It Mean: Having Predictive Power?

e Any result of any modelling of any phenomenon before the right
experiments are performed can be called “a theoretical prediction”

e ... thus performing any model calculation can be called predicting!

e But if any calculation is a prediction, any theory can predict always
and therefore it has always a predictive power ‘no-matter-what’ ...

e As a consequence, the very term “predictive power” applies always
i.e. means no special property. In our context it will be fair to say:
This term is void of sense - more precisely: does not tell us anything

e ...and one may try using similar, a slightly modified wording: What
carries certain interest is, possibly, theory’s good predictive power!
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Predictive Power: What We Say, What We Mean

What does it mean: Prediction is Good (or Satisfactory)?
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Predictive Power: What We Say, What We Mean

What does it mean: Prediction is Good (or Satisfactory)?

e Being good for someone may not be satisfactory for someone else
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Predictive Power: What We Say, What We Mean

What does it mean: Prediction is Good (or Satisfactory)?

e Being good for someone may not be satisfactory for someone else

e ... and it becomes clear that discussions of this type unavoidably
involve the elements of arbitrariness and of a subjective judgement
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What does it mean: Prediction is Good (or Satisfactory)?

e Being good for someone may not be satisfactory for someone else

e ... and it becomes clear that discussions of this type unavoidably
involve the elements of arbitrariness and of a subjective judgement

e Therefore directly related with the notion of “good predictions”
are, sine qua non, criteria of distinction between “good” and “poor”
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Predictive Power: What We Say, What We Mean

What does it mean: Prediction is Good (or Satisfactory)?

e Being good for someone may not be satisfactory for someone else

e ... and it becomes clear that discussions of this type unavoidably
involve the elements of arbitrariness and of a subjective judgement

e Therefore directly related with the notion of “good predictions”
are, sine qua non, criteria of distinction between “good” and “poor”

e It is not possible to talk about Predictive Power [whatever it
means*)] without specifying criteria of choice at the same time:

The notion of Predictive Power is relative and/or subjective?)
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Predictive Power: What We Say, What We Mean

What does it mean: Prediction is Good (or Satisfactory)?

e Being good for someone may not be satisfactory for someone else

e ... and it becomes clear that discussions of this type unavoidably
involve the elements of arbitrariness and of a subjective judgement

e Therefore directly related with the notion of “good predictions”
are, sine qua non, criteria of distinction between “good” and “poor”

e It is not possible to talk about Predictive Power [whatever it
means*)] without specifying criteria of choice at the same time:

The notion of Predictive Power is relative and/or subjective?)

*) This notion is still to be defined for you here ...

#)So is the very notion of probability (12 ‘official’ definitions and 16 interpretations)
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Even the So-Called Experimental
Single-Particle Levels...
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Even the So-Called Experimental
Single-Particle Levels...

... Are Hardly Experimental Anymore ...
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‘Experimental’ Single -Particle Levels
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‘Experimental’ Single -Particle Levels

e From Audi et al., Nucl. Phys. A729 (2003) 345, we find that:

Neutron separation from °1Zr: S, = 7194.5 keV
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‘Experimental’ Single -Particle Levels

e From Audi et al., Nucl. Phys. A729 (2003) 345, we find that:
Neutron separation from °1Zr: S, = 7194.5 keV

e An example: the data for vds, states (3/2%):

E; = 2042 keV with S; =0.78
E; = 2871 keV  with S§; =0.08
E3 = 3083 keV with S; =0.16
Ey = 3290 keV  with S =0.22
E; = 3681 keV with §; =0.16

(E) = (o B x S)/(X8i) | »——— (E)=2592 keV

Eg ), = —Sn+ (E) = (—7194.5 + 2592) keV = —4602.5 keV/
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‘Experimental’ Single -Particle Levels

1. Many energy levels need to be measured in order to extract one,
average energy, interpreted as an experimental single particle energy
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‘Experimental’ Single -Particle Levels

1. Many energy levels need to be measured in order to extract one,
average energy, interpreted as an experimental single particle energy

2. To obtain reliable results, attention should be payed to measuring
all the j7™ states that contribute significantly to the weighted average
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‘Experimental’ Single -Particle Levels

1. Many energy levels need to be measured in order to extract one,
average energy, interpreted as an experimental single particle energy

2. To obtain reliable results, attention should be payed to measuring
all the j7™ states that contribute significantly to the weighted average

3. Vibration-coupling contributions need to be measured and one
should aim at subtracting them (or alternatively: include in theory)!
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average energy, interpreted as an experimental single particle energy

2. To obtain reliable results, attention should be payed to measuring
all the j7™ states that contribute significantly to the weighted average

3. Vibration-coupling contributions need to be measured and one
should aim at subtracting them (or alternatively: include in theory)!

4. Levels depend, among others, on the spectroscopic factors, de-
fined in the presence of simplifying assumptions in reaction theory;
the latter may facilitate the self-control through the sum rule tests
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‘Experimental’ Single -Particle Levels

1. Many energy levels need to be measured in order to extract one,
average energy, interpreted as an experimental single particle energy

2. To obtain reliable results, attention should be payed to measuring
all the j7™ states that contribute significantly to the weighted average

3. Vibration-coupling contributions need to be measured and one
should aim at subtracting them (or alternatively: include in theory)!

4. Levels depend, among others, on the spectroscopic factors, de-
fined in the presence of simplifying assumptions in reaction theory;
the latter may facilitate the self-control through the sum rule tests

5. Paradoxally, the so-called experimental single-particle levels are
highly complicated, model-dependent objects - this leads to errors!
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Since the Experimental Single-Particle Levels
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Since the Experimental Single-Particle Levels

Are Hardly Really Experimental
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Since the Experimental Single-Particle Levels

Are Hardly Really Experimental

it follows that their errors are
much, much larger

than the instrumental ~ 1 keV
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Single-Particle Levels - Noise-Simulation Example

e Consider a single particle spectrum {e2} < HypS = e2 ¢ obtained
with the ‘optimal’ set of parameters {p}, as in the preceding Table;

e Define the " pseudo-experimental” levels {e;*} = {e2}. Applying
the minimisation procedure will now reproduce those {e2} exactly;

e Chose one level, say e° € {e}, and arbitrarily modify its position:
el — e, = (e —e) with, say e € [-2,+2] MeV;
then refit the y2-test — all other levels will move to new positions

e Collect these new positions: they are functions e, = e,(e,), below
referred to as ‘error response functions’ — see illustrations
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Single-Particle Levels - Noise-Simulation Example

e Consider a single particle spectrum {e2} < HypS = e2 ¢ obtained
with the ‘optimal’ set of parameters {p}, as in the preceding Table;

e Define the " pseudo-experimental” levels {e;*} = {e2}. Applying
the minimisation procedure will now reproduce those {e2} exactly;

e Chose one level, say e2 € {e2}, and arbitrarily modify its position:
ec — e, = (e2 — e) with, say e € [-2,+2] MeV;
then refit the y2-test — all other levels will move to new positions

e Collect these new positions: they are functions e, = e,(e,), below
referred to as ‘error response functions’ — see illustrations
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Example: Error Response Functions to 2gy/»-Orbital
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To determine precisely the parameters through fitting the energies of 3p3 />, 2f7,,
etc. the right position of 2gg,, must be analyzed particularly carefully (associated

spectroscopic factors precise, particle vibration subtracted, pairing effect subtracted)
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Alternative Representation for 2gg,-Orbital
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Attention: The figure may look similar but it contains a totally opposite information:
All the curves represent the 2gg />-level - this is how the fitting will modify 2gg /5 if we

vary the indicated levels
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Single-Particle Levels - Monte-Carlo Simulations

e Consider a single particle spectrum {e2} < HypS = e2 ¢ obtained
with the ‘optimal’ set of parameters {p}, as in the preceding tests;

e For a given level e.g. ij3/5, define a Gaussian distribution with
o2-width corresponding to the information we have about this level;

e Vary the energy of the ij3/>-level and repeat the X2 minimisation:
€la/n — €13/2 = (e5a/, — €) with, say e € [-30, +30] MeV;
13/2 13/2 13/2 » Say ) ;

after that — all other levels will move to the new positions: e, — €.

e Define the new coupling-probability Py (ey;) as equal Pi3/>(e13/2);
They are functions of e,ﬂ.(elg/z), and they can be interpreted as the
relative-coupling probability distributions
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Single-Particle Levels - Monte-Carlo Simulations

e Consider a single particle spectrum {e2} < HypS = e2 ¢ obtained
with the ‘optimal’ set of parameters {p}, as in the preceding tests;

e For a given level e.g. ij3/5, define a Gaussian distribution with
o2-width corresponding to the information we have about this level;

e Vary the energy of the ij3/>-level and repeat the X2 minimisation:
€la/n — €13/2 = (e5a/, — €) with, say e € [-30, +30] MeV;
13/2 13/2 13/2 ) 2 3 ,

after that — all other levels will move to the new positions: e, — €.

e Define the new coupling-probability Py (e;.) as equal Py3/2(e13/2);
They are functions of e,i.(el3/2), and they can be interpreted as the
relative-coupling probability distributions
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Single-Particle Levels - Monte-Carlo Simulations

e Consider a single particle spectrum {e2} < HypS = e2 ¢ obtained
with the ‘optimal’ set of parameters {p}, as in the preceding tests;

e For a given level e.g. ij3/5, define a Gaussian distribution with
o2-width corresponding to the information we have about this level;

e Vary the energy of the ij3/>-level and repeat the X2 minimisation:
o — o A -
€3/, — €13/2 = (€73, — €) with, say e € [-30,+30] MeV;

after that — all other levels will move to the new positions: e, — e/.

e Define the new coupling-probability P (e/) as equal Py3/5(e13/2);
They are functions of e[i(e13/2), and they can be interpreted as the
relative-coupling probability distributions
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Relative -Coupling Probability Distributions for 1i;3/,
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208pp, Relative Change of Experimental Energy [MeV]

We vary the energy of e;3/,-level in the spirit of the Monte-Carlo simulations using

its test-energy [along the horizontal axis] distributed according to o2-normal density.
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Relative -Coupling Probability Distributions for 1i;3/,

Probability Distribution 3p1/2
[arbitrary units]

208ph

We vary the energy of e;3/,-level in the spirit of the Monte-Carlo simulations using

its test-energy [along the horizontal axis] distributed according to o2-normal density.

Jerzy DUDEK, University of Strasbourg, France
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Relative -Coupling Probability Distributions for 1i;3/,
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We vary the energy of e;3/,-level in the spirit of the Monte-Carlo simulations using

its test-energy [along the horizontal axis] distributed according to o2-normal density.
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Relative -Coupling Probability Distributions for 1i;3/,
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We vary the energy of e;3/,-level in the spirit of the Monte-Carlo simulations using

its test-energy [along the horizontal axis] distributed according to o2-normal density.
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Relative -Coupling Probability Distributions for 1i;3/,
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We vary the energy of e;3/,-level in the spirit of the Monte-Carlo simulations using

its test-energy [along the horizontal axis] distributed according to o2-normal density.
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Relative -Coupling Probability Distributions for 1i;3/,
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We vary the energy of e;3/,-level in the spirit of the Monte-Carlo simulations using

its test-energy [along the horizontal axis] distributed according to o2-normal density.
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Conclusions from Discussed Simulations

e Observe rather precise indications as to ‘which levels influence
which’ what allows to discuss the experimental strategies precisely

® The low-£ orbitals (such as 3pj /3, 3p3/2) have relatively small
impact on the error-response functions ...

® ... while some pairs of orbitals couple very strongly
® The highest-£ orbitals do not necessarily couple the strongest way

e ... all that in a particular case presented; analysis of this type may
require a case-by-case mode of operating...
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Inverse Problem of Applied Mathematics
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Theory Predictions - Their Statistical Significance

Consider a mean-field Hamiltonian: RMF, HF, Phenomenological ...

Hme = Hme (7, P, 8 {p}); {p} — parameters

involved than the physical problems under study!

Jerzy DUDEK, University of Strasbourg, France Predictive Power of Nuclear Theories - Links with Experiment



Theory Predictions - Their Statistical Significance

Consider a mean-field Hamiltonian: RMF, HF, Phenomenological ...

Hme = Hme (7, P, 8 {p}); {p} — parameters

After laborious constructions of H,,r, we often get terribly exhausted
and forget that: Parameter determination is a noble, mathematically
sophisticated procedure based on the statistical theories often more
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Theory Predictions - Their Statistical Significance

Consider a mean-field Hamiltonian: RMF, HF, Phenomenological ...

Hur = Hur (7,5, 8 {p});  {p} — parameters

After laborious constructions of H,,r, we often get terribly exhausted
and forget that: Parameter determination is a noble, mathematically
sophisticated procedure based on the statistical theories often more

"Unfortunately, many practitioners of parameter estimation never proceed

beyond determining the numerical values of the parameter fit. They deem
a fit acceptable if a graph of data and model oo ks good'. This
approach is known as chi-by-the-eye. Luckily, its practitioners get what
they deserve” [i.e. - what is meant is: “they” get a ‘statistical nonsense’|
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Applied Mathematics: Inference & Inverse Problems

e Starting from a limited experimental data set {e};”} we wish

to obtain the information about all of the single particle levels
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Applied Mathematics: Inference & Inverse Problems

e Starting from a limited experimental data set {e®*P} we wish
to obtain the information about all of the single particle levels

e In Applied Mathematics this is called the ‘Inference Problem’
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Applied Mathematics: Inference & Inverse Problems

e Starting from a limited experimental data set {e®*P} we wish

to obtain the information about all of the single particle levels

e In Applied Mathematics this is called the ‘Inference Problem’

e The goal of underlying mathematical theories is to provide
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Applied Mathematics: Inference & Inverse Problems

e Starting from a limited experimental data set {e};”} we wish
to obtain the information about all of the single particle levels

e In Applied Mathematics this is called the ‘Inference Problem’

e The goal of underlying mathematical theories is to provide
statistically sound, meaningful (i.e. stable) predictions: Thus
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Simple Mathematics of the Nonlinear Inverse Problem

Jerzy DUDEK, University of Strasbourg, France
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Simple Mathematics of the Nonlinear Inverse Problem

e Consider an example of a spherical mean-field Hamiltonian:

Hf = Huut (7, B, 8 {p}); {P} — parameters
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Simple Mathematics of the Nonlinear Inverse Problem

e Consider an example of a spherical mean-field Hamiltonian:

Hf = Huut (7, B, 8 {p}); {P} — parameters

e In looking for ‘an as adequate approach as possible in a search for
coupling constants’ we need some guidelines. Our choice:

The mean-field Hamiltonian should first of all describe optimally
the mean field degrees of freedom

{Soua eu} in Hmfﬁou(ra {P}) = eu(p) QOV(I’, {P})
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Simple Mathematics of the Nonlinear Inverse Problem

e Consider an example of a spherical mean-field Hamiltonian:

Hf = Huut (7, B, 8 {p}); {P} — parameters

e In looking for ‘an as adequate approach as possible in a search for
coupling constants’ we need some guidelines. Our choice:

The mean-field Hamiltonian should first of all describe optimally
the mean field degrees of freedom

{Soua eu} in Hmfﬁou(ra {P}) = eu(p) QOV(I’, {P})

e In an Appendix we explain at length why not the nuclear masses...
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Introduction: y2-Problem and Its Linearisation
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Introduction: y?-Problem and Its Linearisation

e Parameter adjustement usually corresponds to a minimisation of:

o 2
X2(P) = s L Wi [e7® — e (p)]? — G5 =0, k=1...n

where: m - number of data points; n - number of model parameters
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Introduction: y?-Problem and Its Linearisation

e Parameter adjustement usually corresponds to a minimisation of:

m X 0
(P) = ks I Wi [e2 — et (p)? — 92X =0, k=1...n

where: m - number of data points; n - number of model parameters

e Introduce linearisation procedure [after simplification ef h(p) — e

&i(p) ~ €j(po) +Z(8p>
b= Wi (G|, and b= /W1~ g(po)]

X2(P) = s Yoy [ i di - (pi — po,i)—bj]2

P, Po,i)
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x2-Problem Using Applied-Mathematics' Jargon
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x2-Problem Using Applied-Mathematics' Jargon

e One may easily show that within a linearized representation

20 — () -(p-p)=JTe - ALy
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x2-Problem Using Applied-Mathematics' Jargon

e One may easily show that within a linearized representation

2=0 — ()-(p-p)=JTe ~ AZLJTY

e In Applied Mathematics we usually change wording and notation:

{p} < ‘causes’ and {e} < ‘effects’ — A-p =-e

From the measured effects represented by ‘e’ we extract information

about the causes ‘p’ by inverting the matrix A — p=A~1.e
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x2-Problem Using Applied-Mathematics' Jargon

e One may easily show that within a linearized representation

2=0 — ()-(p-p)=JTe ~ AZLJTY

e In Applied Mathematics we usually change wording and notation:

{p} < ‘causes’ and {e} < ‘effects’ — A-p =-e

From the measured effects represented by ‘e’ we extract information
about the causes ‘p’ by inverting the matrix A — p=A~1.e

e "An unusual” feature: J «» m X n rectangular matrix (m # n).

Jerzy DUDEK, University of Strasbourg, France Predictive Power of Nuclear Theories - Links with Experiment



A Powerful Tool: Singular-Value Decomposition
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A Powerful Tool: Singular-Value Decomposition

e The problems with instabilities (i.e. ill-conditioning) can be easily
illustrated using the so-called Singular-Value Decomposition of A:

A=U-D-VT with U € R"Xm \ ¢ R"Xn D g RMXn

where diagonal matrix has a form D = diag{di, do, ... Ol

decreasing order
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A Powerful Tool: Singular-Value Decomposition

e The problems with instabilities (i.e. ill-conditioning) can be easily
illustrated using the so-called Singular-Value Decomposition of A:

A=U-D-VT with U € R"Xm \ ¢ R"Xn D g RMXn

where diagonal matrix has a form D = diag{di, do, ... Ol

decreasing order

e Formally (but also in practice), the solution ‘e’ is expressed as

e=ATp; AT=Vv.DT.UT

where

DT=diag{i,£, dip;o,o, ... 0}
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[[I-Conditioned Problems: Qualitative lllustration
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[[I-Conditioned Problems: Qualitative lllustration

e An academic 2 x 2 problem: A has eigenvalues: dj and dp ~ %dl

Jerzy DUDEK, University of Strasbourg, France

=] = = E E
Predictive Power of Nuclear Theories - Links with Experiment

20



[[I-Conditioned Problems: Qualitative lllustration

e - space

e An academic 2 x 2 problem: A has eigenvalues: dj and dp ~ %dl
e Introduce errorless data (e,) and uncertain (noisy) data: e; & e
)

data points
/W\th noise
e /

p — space
Ap=e 2 ol
_ pw’\\e;
°
° .
|
| =
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[[I-Conditioned Problems: Qualitative lllustration

e An academic 2 x 2 problem: A has eigenvalues: dj and dp ~ %dl
e Introduce errorless data (e,) and uncertain (noisy) data: e; & e

e — space p — space
p) Ao p)
<
°
.\ errorless p=A le N
data ey 1 — AN 1

Left: Red circle represents points equally distant from ‘noisless’ data e,.
Right: Purple oval represents the image of the circle through p=A—'e. One
may show that instability is directly dependent on the condition number

cond (A) = Z—i

- the bigger the condition number the more ‘ill-conditioned’ the problem
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Fitting, Implied Errors and Confidence Intervals
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Fitting, Implied Errors and Confidence Intervals

e Let us come back to the underlying x? minimum condition:

2
S = (TP —po) =JTe
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Fitting, Implied Errors and Confidence Intervals

e Let us come back to the underlying x? minimum condition:

2
S = (TP —po) =JTe

e Using the Singular-Value Decomposition written down explicitly

Jic = 3j—1 U;pd, Vi, one shows that (JTJ)~1 =v L VT
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Fitting, Implied Errors and Confidence Intervals

e Let us come back to the underlying x? minimum condition:

2
S = (TP —po) =JTe

e Using the Singular-Value Decomposition written down explicitly
Jic = 3j—1 U;pd, Vi, one shows that (JTJ)~1 =v L VT

e Independently one derives the expression for the correlation matrix

((pi — (Pi)) - (P — (P))) = X2(P) 12 )5 pnn (3T I); "
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Fitting, Implied Errors and Confidence Intervals

e Let us come back to the underlying x? minimum condition:

2
S = (TP —po) =JTe

e Using the Singular-Value Decomposition written down explicitly
Jic = 3j—1 U;pd, Vi, one shows that (JTJ)~1 =v L VT

e Independently one derives the expression for the correlation matrix

((pi — (Pi)) - (P — (P))) = X2(P) 12 )5 pnn (3T I); "

e If one or more dy — 0 then (JTJ)~! tends to infinity and
generally, the confidence intervals of a | | parameters diverge
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About Undesired Parameteric Correlations
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Begin with a Well Known: V, vs. r, Are Correlated

constant parameter: AOCENT=0.69
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Parametric Correlations and Their Consequences

constant parameter: AOSORB=0.52

Behaviour of the x Functlon
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We will gradually increase the energy of the six-level
window to approach the nucleon binding region and
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Limited Experimental Input: How Little is Sufficient?

constant parameter: AOSORB=0.52

Behaviour of the x Function
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208
82 Pb Experimental Neutron Energy Levels: 1p3/2 1d3/2 251/2 115/2 2p1/2 1g0/2 Window Size: Eyiy=-37.676 MeV Eyppu=22.09 MeV.
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Limited Experimental Input: How Little is Sufficient?

constant parameter: AOSORB=0.52

Behaviour of the x Function x[MeV]
L B o e e L 2.0

=
IS

18 3
16 :
14 i
125
1.0
0.8
0.6
0.4

0.2

FSPPRN ot S e TR 0.0

10 15 20 25 30 35 40
Spin-orbit Depth ParameterV,,

208
82 E'D (B ot B Lol 102 513 7 5072 1493 058 Voo S B 170V T2

I = =
o o o

Spin-orbit Radius Parameterr,
o
o

erzy DUDEK, University of Strasbourg, France Predictive Power of Nuclear Theories - Links with Experiment



Limited Experimental Input: How Little is Sufficient?

o = = =
) =) o IS

Spin-orbit Radius Parameterr,
o
o

constant parameter: AOSORB=0.52

Behaviour of the x Function

R, -
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208ph
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Spin-orbit Depth ParameterV,,

Experimental Neutron Energy Levels: 251/2 115/2 2p1/2 1g9/2 2d5/2 Ih11/2 Window Size: Eyyjy=-30.7 MeV Eys=

15,916 MeV
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Limited Experimental Input: How Little is Sufficient?

constant parameter: AOSORB=0.52

Behaviour of the x Function

S 0.0
10 15 20 25 30 35 40
Spin-orbit Depth ParameterV,,

208
82 Pb Experimental Neutron Energy Levels: 2p1/2 1g9/2 2452 1h11/2 31/2 1113/2 Window Size: Boiy=-23.424 MeV E,pp=-9.308 MV
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Limited Experimental Input: How Little is Sufficient?

constant parameter: AOSORB=0.52

Behaviour of the x Function
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208
82 Pb Experimental Neutron Energy Levels: 1g9/2 245/2 1h11/2 3s1/2 1113/2 2152 Window Size: Ep=22.09 MeV Epp=8.461 MeV
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Limited Experimental Input: How Little is Sufficient?

constant parameter: AOSORB=0.52

Behaviour of the x Function x[MeV]
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Limited Experimental Input: How Little is Sufficient?

constant parameter: AOSORB=0.52

Behaviour of the x Function x[MeV]
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Limited Experimental Input: How Little is Sufficient?

constant parameter: AOSORB=0.52

Behaviour of the x Function x[MeV]
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What Can We Conclude from This Set of Tests?

e First of all, the fitted spin-orbit strength may vary widely
from one doubly-magic nucleus to another - there exists a

considerable softness in x2 dependence on A
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What Can We Conclude from This Set of Tests?

e First of all, the fitted spin-orbit strength may vary widely
from one doubly-magic nucleus to another - there exists a
considerable softness in x2 dependence on A

e Secondly - there are correlations between the parameters:
two relatively distant sets of parameters may be, what we call
spectroscopically equivalent (‘iso-spectroscopic’)

e Clearly: The ‘spectroscopic predictive power’ is in danger !1!
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A Kind of Summary and a Historical Analogy

If the confidence intervals diverge we loose unique answers,
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A Kind of Summary and a Historical Analogy

If the confidence intervals diverge we loose unique answers,
but on the other hand we are confident of our errors

A similar problem has been encountered,
according to Umberto Eco, about 1327 (71l nome della rosa”)

”So you don’t have unique answers to your questions?”
” Adson, if | had, | would teach theology in Paris”

”Do they always have a right answer in Paris?”

"Never”, said William,
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A Kind of Summary and a Historical Analogy

If the confidence intervals diverge we loose unique answers,
but on the other hand we are confident of our errors

A similar problem has been encountered,
according to Umberto Eco, about 1327 (71l nome della rosa”)

”So you don’t have unique answers to your questions?”
” Adson, if | had, | would teach theology in Paris”

”Do they always have a right answer in Paris?”

”Never”, said William,
”but there they are quite confident of their errors”.
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Hamiltonians contain inter-dependent parameters
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Hamiltonians contain inter-dependent parameters
This implies that the Inverse Problem is ill-posed
This implies that the theory has no predictive power

e The problem is serious as illustrated below using an exactly
soluble modelling
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Predictive Power in Terms of Soluble Models

e A central issue about predictive power of any given theory
is the determination of its Hamiltonian (read: its parameters)

e This implies: Solving the Inverse Problem (not x-by-the eye)

e The problems (seemingly not known in sub-atomic physics):
Hamiltonians contain inter-dependent parameters
This implies that the Inverse Problem is ill-posed
This implies that the theory has no predictive power
e The problem is serious as illustrated below using an exactly
soluble modelling but the presence on the market of over 130

non-equivalent parametrizations of the Skyrme-HF Hamilto-
nian is a strong signal!
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Predictive Power in Terms of Soluble Models

e A central issue about predictive power of any given theory
is the determination of its Hamiltonian (read: its parameters)

e This implies: Solving the Inverse Problem (not x-by-the eye)

e The problems (seemingly not known in sub-atomic physics):
Hamiltonians contain inter-dependent parameters
This implies that the Inverse Problem is ill-posed
This implies that the theory has no predictive power
e The problem is serious as illustrated below using an exactly
soluble modelling but the presence on the market of over 130

non-equivalent parametrizations of the Skyrme-HF Hamilto-
nian is a strong signal! - And one has to stop the non-sense!!

Jerzy DUDEK, University of Strasbourg, France Predictive Power of Nuclear Theories - Links with Experiment



Predictive Power in Terms of Soluble Models

e A mathematical model with a Hamiltonian will be replaced
by an equivalent one [same mechanisms]: Fitting a function
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e The issue: Find parameters a, b, c and d in the formula

exp(x) = a-x+ b+ c-sinh(x) + d - cosh(x)
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Experiment: y; = exp(x1), ...Yn = exp(xn)
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Predictive Power in Terms of Soluble Models

e A mathematical model with a Hamiltonian will be replaced
by an equivalent one [same mechanisms]: Fitting a function

e The issue: Find parameters a, b, c and d in the formula

exp(x) = a-x+ b+ c-sinh(x) + d - cosh(x)

e Introduce ‘experiment’ by selecting the points x1, X2, ... Xu:

Experiment: y; = exp(x1), ...Yn = exp(xn)

e One may think: Naive people! The exact solution is known:

e What useful could we learn from such a ‘naive’ formulation?
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Predictive Power in Terms of Soluble Models

e First of all we will need to model the experimental conditions
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e Therefore we introduce Gaussian experim. error distributions
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e First of all we will need to model the experimental conditions

e Therefore we introduce Gaussian experim. error distributions

Yi = ¥i + Oyii  Oyi ~ 5= exp[—(yi — ¥i)?/207]

e We generate a big number N (say N ~ 40 000) of n-tuplets

{y1---ynt1; {y1---ynt2i --o {y1---¥aln
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e We generate a big number N (say N ~ 40 000) of n-tuplets
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Predictive Power in Terms of Soluble Models

e First of all we will need to model the experimental conditions

e Therefore we introduce Gaussian experim. error distributions

Yi = ¥i + Oyii  Oyi ~ 5= exp[—(yi — ¥i)?/207]

e We generate a big number N (say N ~ 40 000) of n-tuplets

{y1---ynt1; {y1---ynt2i --o {y1---¥aln

e We launch the minimisation — N quadruplets of {a, b, c,d}

e We construct histograms of occurrence of each parameter;
After normalisation — probability distributions of a, b, c & d
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Predictive Power in Terms of Soluble Models

amplftudefist]
m Entries 40001
12 Mean 03182
1600
. RS 155
o Underflow 0
" Overflow 0
. Integral g4
600
40
b

Probability Distribution of the a-parameter of the ‘theory’

Jerzy DUDEK, University of Strasbourg, France Predictive Power of Nuclear Theories - Links with Experiment



Predictive Power in Terms of Soluble Models
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Predictive Power in Terms of Soluble Models
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Predictive Power in Terms of Soluble Models
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Predictive Power in Terms of Soluble Models
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Observe different behaviour of the positive and negative parities
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Predictive Power in Terms of Soluble Models

e Extraneous Predictive Power <+ Extrapolations by theory:

exp(5) =7
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What Are the First Conclusions ?

e We are learning that a theory can give not only the result
but also its probability distribution - but in this particular case:
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What Are the First Conclusions ?

e We are learning that a theory can give not only the result
but also its probability distribution - but in this particular case:

- The ‘theory’ is great! (down to an absurd!) a failure!!!
- It will obviously have nearly no predictive power [why?]

e Observe that uncertainty distributions are extremely broad!

e More precisely: With the parameter values of the order of
10° the distribution widths are of the order of 103 (3 orders)
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What Are the First Conclusions ?

e We are learning that a theory can give not only the result
but also its probability distribution - but in this particular case:

- The ‘theory’ is great! (down to an absurd!) a failure!!!
- It will obviously have nearly no predictive power [why?]

e Observe that uncertainty distributions are extremely broad!

e More precisely: With the parameter values of the order of
10° the distribution widths are of the order of 103 (3 orders)

What is the fundamental origin of the ‘theory’ failure?
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The Inverse Problem Related to the Theory

e Our ‘theory’ is dangerously near the parametric correlations

a=0,b=0,c=1,d=1 — a=f(b) and c = g(d)
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The Inverse Problem Related to the Theory

e Our ‘theory’ is dangerously near the parametric correlations

a=0,b=0,c=1,d=1 — a=f(b) and c = g(d)

e Let us come back to the underlying x? minimum condition:

2
G — T —po) =1"b

Jerzy DUDEK, University of Strasbourg, France Predictive Power of Nuclear Theories - Links with Experiment



The Inverse Problem Related to the Theory

e Our ‘theory’ is dangerously near the parametric correlations

a=0,b=0,c=1,d=1 — a=f(b) and c = g(d)

e Let us come back to the underlying x? minimum condition:

2
T — TP —po) =1"b

e Using Singular-Value Decomposition written down explicitly

Jik = p_1 U, d, Vzk implies that | (JTJ)~! = Vdi2 VT
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The Inverse Problem Related to the Theory

e Our ‘theory’ is dangerously near the parametric correlations

a=0,b=0,c=1,d=1 — a=f(b) and c = g(d)

e Let us come back to the underlying x? minimum condition:

2
T — TP —po) =1"b

e Using Singular-Value Decomposition written down explicitly

Jik = p_1 U, d, Vzk implies that | (JTJ)~! = Vdi2 VT

e When there are correlations [p; = f(p;)] at least one d — 0

(P—po) =[(JIT)"1JT]b; p-parameters; b-data
~————

d—0 singularity
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Observations and Partial Conclusions

e Since d — 0: = the correlations between d and p disappear
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Observations and Partial Conclusions

e Since d — 0: = the correlations between d and p disappear
e Consequently - big variations of p may cause no effect on d
e Big modifications of parameters get mutually compensated

e As the result we obtain very broad parametric distributions

In other words : ‘Nothing Depends on Nothing’
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Observations and Partial Conclusions

e Since d — 0: = the correlations between d and p disappear
e Consequently - big variations of p may cause no effect on d
e Big modifications of parameters get mutually compensated

e As the result we obtain very broad parametric distributions

In other words : ‘Nothing Depends on Nothing’

At the end : Predictive Power Disappears
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Truncated Singular Value Decomposition (TSVD)

e Let us come back to the underlying x? minimum condition:

2
= (TP —po)=JTb
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Truncated Singular Value Decomposition (TSVD)

e Let us come back to the underlying x? minimum condition:

2
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e Using Singular-Value Decomposition written down explicitly

Jic =51 Uypd, V3, | implies that | (JT))"1=Vv-L- VT
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Truncated Singular Value Decomposition (TSVD)

e Let us come back to the underlying x? minimum condition:

2
S = (TP —po) =J"b

e Using Singular-Value Decomposition written down explicitly

Jic =51 Uypd, V3, | implies that | (JT))"1=Vv-L- VT

e But when singular values d — 0 = they do not contribute
on the left-hand side, and the effective size of J gets smaller!
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Truncated Singular Value Decomposition (TSVD)

e Let us come back to the underlying x? minimum condition:

2
S = (TP —po) =J"b

e Using Singular-Value Decomposition written down explicitly

Jic =51 Uypd, V3, | implies that | (JT))"1=Vv-L- VT

e But when singular values d — 0 = they do not contribute
on the left-hand side, and the effective size of J gets smaller!

e Paradoxically, the divergence through the zero (singular!)
values is a false conclusion since from the beginning they do
not contribute! Ignoring them is called ‘truncation’ (TSVD).
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Truncated Singular Value Decomposition (TSVD)

e Let us come back to the underlying x? minimum condition:

2
S = (TP —po) =J"b

e Using Singular-Value Decomposition written down explicitly

Jic =51 Uypd, V3, | implies that | (JT))"1=Vv-L- VT

e But when singular values d — 0 = they do not contribute
on the left-hand side, and the effective size of J gets smaller!

e Paradoxically, the divergence through the zero (singular!)
values is a false conclusion since from the beginning they do
not contribute! Ignoring them is called ‘truncation’ (TSVD).

e The real problem: How about small but # 0 singular values?
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Hidden Charms of the TSVD Method

e The central point of considerations: Singular Values d; — é
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Hidden Charms of the TSVD Method

e The central point of considerations: Singular Values d; — é

") '=v[D)’V"; D! = diag. {i 1, ... %}
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Hidden Charms of the TSVD Method

e The central point of considerations: Singular Values d; — é

") '=v[D)’V"; D! = diag. {i 1, ... i}

e We order the singular values (decreasing sequence): dy =~ 0
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Hidden Charms of the TSVD Method

e The central point of considerations: Singular Values d; — é

") '=v[D)’V"; D! = diag. {i 1, ... i}

e We order the singular values (decreasing sequence): dy =~ 0

e If dy = O strictly, it does not contribute to the sum in J;.
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Hidden Charms of the TSVD Method

e The central point of considerations: Singular Values d; — é

") '=v[D)’V"; D! = diag. {i 1, ... i}

e We order the singular values (decreasing sequence): dy =~ 0

e If dy = O strictly, it does not contribute to the sum in J;.

Jic =) U, d, Vg no term with dy =0
£=1
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Hidden Charms of the TSVD Method

e The central point of considerations: Singular Values d; — é

") '=v[D)’V"; D! = diag. {% 1, ... i}

e We order the singular values (decreasing sequence): dy =~ 0

e If dy = O strictly, it does not contribute to the sum in J;.

Jic =) U, d, Vg no term with dy =0
£=1

e There is no divergence in the solution for the parameters

(P—po) = [(JIT)"1JT]b; Problem is well posed
—_——

NO singularity
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Hidden Charms... But What if d # 0, Yet Small?

e This is the heart of the problem: di >d, > — ...dy — 0

-1 _ —172 \T. -1 — g 1 1 1
UT)1=v[D1’VT; D :dlag.{a, 5,...ﬁ}
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Hidden Charms... But What if d # 0, Yet Small?

e This is the heart of the problem: di >d, > — ...dy — 0

-1 _ —172 \T. -1 — g 1 1 1
UT)1=v[D1’VT; D :dlag.{a, 5,...ﬁ}

e If we remove small but non-zero values, we introduce errors!
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Hidden Charms... But What if d # 0, Yet Small?

e This is the heart of the problem: di >d, > — ...dy — 0

-1 _ —172 \T. -1 — g 1 1 1
UT)1=v[D1’VT; D :dlag.{a, 5,...ﬁ}

e If we remove small but non-zero values, we introduce errors!

e But if we do not remove - we have ‘an almost’ divergence!
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Hidden Charms... But What if d # 0, Yet Small?

e This is the heart of the problem: di >d, > — ...dy — 0

-1 _ —172 \T. -1 — g 1 1 1
UT)1=v[D1’VT; D :dlag.{a, 5,...ﬁ}

e If we remove small but non-zero values, we introduce errors!

e But if we do not remove - we have ‘an almost’ divergence!

e We arrive at conflicting factors and thus a problem to solve
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Hidden Charms... But What if d # 0, Yet Small?

e This is the heart of the problem: di >d, > — ...dy — 0

-1 _ —172 \T. -1 — g 1 1 1
UT)1=v[D1’VT; D :dlag.{a, 5,...ﬁ}

e If we remove small but non-zero values, we introduce errors!

e But if we do not remove - we have ‘an almost’ divergence!

e We arrive at conflicting factors and thus a problem to solve

e Before we start looking for a compromise — an illustration
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Effect of Truncating Non-Zero Singular Values

e TSVD: = efficiently counteracts the problem of instability

: -
[ tsvp=o1 | amplitudeHisto
F Entries 20001
250 —
C Mean 89.15
200f— RMS 10.7
C Underflow 0
150—
- Overflow 0
100[— Integral 2e+04
50—
USRS S S S ST (S S S U NS S PUSR TN (NS S ST SR NS S S N S S
-RB000 15000  -10000 -5000 5000 10000 15000 20000

Blue: no TSVD truncation, Green = cut off = 0.01, Red = cut off 0.1
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Sampling: Increasing the Number of Experimental Points

e Divergence depend on the 'Hamiltonian’ and on data points

Etude de l'influence du hombre de points
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501

3

406

3

300

3

20

3

106

3

T[T [T T[T T[T 7T

o L !
60 80 100 120 140 160 180 200 220 240

Increasing the no. of data points increases the constraint on the model
and as a consequence - stabilises the final solution
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The Following Messages

Jerzy DUDEK, University of Strasbourg, France Predictive Power of Nuclear Theories - Links with Experiment



The Following Messages
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The Following Messages
are intended
for Mature Audiences
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About Contemporary Skyrme-Type Functionals
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About Contemporary Skyrme-Type Functionals

e In their comprehensive study Carlsson, Dobaczewski and
Kortelainen introduce nuclear density functionals up to the
sixth order (the standard Skyrme is of the second order)
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About Contemporary Skyrme-Type Functionals

e In their comprehensive study Carlsson, Dobaczewski and
Kortelainen introduce nuclear density functionals up to the
sixth order (the standard Skyrme is of the second order)

e Their total energy density reads

/ I ILIVIJI / / ILI IJI
H(F) = Z le nLvJ,Q Tml nLvJ,Q (",
mlll /LI IJI
mI,nLvJ,Q

m’l,n/L'v' )/ .
where le’nLVJ,Q are coupling constants
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About Contemporary Skyrme-Type Functionals

e In their comprehensive study Carlsson, Dobaczewski and
Kortelainen introduce nuclear density functionals up to the
sixth order (the standard Skyrme is of the second order)

e Their total energy density reads

/ I ILIVIJI / / ILI IJI
H(F) = Z le nLvJ,Q Tml nLvJ,Q (),
mlll /LI IJI

mI,nLvJ,Q

m’l,n/L'v' )/ .
where le’nLVJ,Q are coupling constants

e It is instructive to think about the extentions of the EDF
based approaches in terms of increasing number of coupling
constants and the preceding illustrations...
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About Contemporary Skyrme-Type Functionals

Numbers of terms of different orders in the EDF up to N3LO. Num-
bers of terms depending on the time-even and time-odd densities are
given separately. The last two columns give numbers of terms when
the Galilean or gauge invariance is assumed, respectively. To take
into account both isospin channels, the numbers of terms should be
multiplied by a factor of two.

Order T-even T-odd Total Galilean Gauge

0 1 1 2 2 2

2 8 10 18 12 12

4 53 61 114 45 29

6 250 274 524 129 54
N3LO 2x312 2x346 2x658 2x188  2x97
624 692 1316 376 194

For comments about Skyrme HF gauge invariance cf. e.g.
J. Dobaczewski and J. Dudek, PRC 52 (1995) 1827
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A Realistic Toy Model - Noise-Simulation Example

e Let us calculate {e,}-levels for a given W-S parameter set, here:

Woods-Saxon parameters for the neutrons in *®® Pb reproduce the experimental
levels with the r.m.s. deviation of 0.164 MeV and maximum error of 0.353 MeV.

© =) © SO SO
‘ V§ rs as A re a ‘

-39.520 | 1.371 | 0.694 | 26.133 | 1.255 0.500‘
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A Realistic Toy Model - Noise-Simulation Example

e Let us calculate {e,}-levels for a given W-S parameter set, here:

Woods-Saxon parameters for the neutrons in *®® Pb reproduce the experimental

levels with the r.m.s. deviation of 0.164 MeV and maximum error of 0.353 MeV.

© =) © SO SO
‘ V§ rs as A re a ‘

-39.520 | 1.371 | 0.694 | 26.133 | 1.255 0.500‘

e We can treat {e,} ‘as experimental’; by trying to reproduce them
through fitting we know an exact solution!
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A Realistic Toy Model - Noise-Simulation Example

e Let us calculate {e,}-levels for a given W-S parameter set, here:

Woods-Saxon parameters for the neutrons in *®® Pb reproduce the experimental

levels with the r.m.s. deviation of 0.164 MeV and maximum error of 0.353 MeV.
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e We can treat {e,} ‘as experimental’; by trying to reproduce them
through fitting we know an exact solution!

e Extra advantage: we may introduce the notion of ‘noise’, usually
a random variable distributed according to a certain probability fct.
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A Realistic Toy Model - Noise-Simulation Example

e Let us calculate {e,}-levels for a given W-S parameter set, here:

Woods-Saxon parameters for the neutrons in *®® Pb reproduce the experimental

levels with the r.m.s. deviation of 0.164 MeV and maximum error of 0.353 MeV.

© =) © SO SO
‘ V§ rs as A re a ‘

-39.520 | 1.371 | 0.694 | 26.133 | 1.255 0.500‘

e We can treat {e,} ‘as experimental’; by trying to reproduce them
through fitting we know an exact solution!

e Extra advantage: we may introduce the notion of ‘noise’, usually
a random variable distributed according to a certain probability fct.

e We will obtain the response of all the levels to a ‘linear noise’ -
vary a level position within a window and refit the H-parameters {p}
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‘Chi-by-the-eye' Results May Look Attractive...

e We fit the single-particle experimental levels in °O using Woods-
Saxon potential (six parameters for protons and neutrons each)

Z=8 N= 8 neutrons S?=0.03 Ryps=2.59 Z=8 N= 8 protons S%=0.00 R,s=2.56
2 theor exper 0 theor exper 2
1432 ———— 1432 2 6 pd
0 3 0 10302 ———— 1432 3
25112 25112 : s
2 . : 2 2 25112 25112 2
T, T,
-4 1d5/2 —————————1d512 3 o 145 ———— e 3
6 2 2 g
&l 8 z 3
2. W 2 W
= > > K]
810 2 5 2
S b 5 8 b
12 P2 — o1 & 1p1/2 ——————————1p12 &
o -10 w
14 : :
n 12 n
-16 = =
2 -14 3
g 3 1p3/2 ——————————1p312 2
B 1p3/2 —=—————————1p3/2 “‘g -16 = & “‘D
20 > 18 >
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‘Chi-by-the-eye' Results May Look Attractive...

e We fit the single-particle experimental levels in °O using Woods-
Saxon potential (six parameters for protons and neutrons each)

Z=8 N= 8 neutrons S?=0.03 Ryps=2.59 Z=8 N= 8 protons S%=0.00 R,s=2.56

2 theor exper 2 theor exper 2
1da2——o PP e 2 6 pd
0 3 0 10302 ———— 1432 3
25112 25112 : s

s s
2 2 2 25112 25112 2
s s
-4 1d5/2 ————————————1d5/2 2 0 145 ———— e 2
2 2 g
s ° P s 3
() L ) -
2. W 2 W
= > > K]
g g g 2
S b 5 8 b
12 P2 — o1 & 1p1/2 ——————————1p12 &
o -10 w
14 : :
n 12 n
-16 = =
2 -14 3
3 1p3/2 ——————————1p312 2
1 1p3/2 — 1312 i 16 g . 0
= ® - ®

e This result may look surprising: the quality of the fit is such that
graphical illustrations are insufficient to show it !l
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‘Chi-by-the-eye' Results May Look Attractive...

e We fit the single-particle experimental levels in °O using Woods-
Saxon potential (six parameters for protons and neutrons each)

Z=8 N= 8 neutrons S?=0.03 Ryps=2.59 Z=8 N= 8 protons S%=0.00 R,s=2.56
2 theor exper 0 theor exper 2
1432 ———— 1432 2 6 pd
0 3 0 10302 ———— 1432 3
25112 25112 : s
2 . . 2 2 25112 25112 2
T, \ / T,
-4 1d5/2 —————————1d512 3 o 145 ———— e 3
6 2 2 8
&l 8 z 3
s W S 4 W
> & = =
g g g 2
S b 5 8 b
12 P2 — o1 & 1p1/2 ——————————1p12 &
o -10 w
14 : :
n 12 n
-16 = =
2 -14 3
g 3 1p3/2 ——————————1p312 2
1 1p3/2 — 1312 i -16 g . 0
20 = < =

e This result may look surprising: the quality of the fit is such that
graphical illustrations are insufficient to show it !l

e On the other hand: If we trust the model - we may hope that also
the remaining levels are close to the experimental results to come
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Unprecedented Precision of the Fits: 107! keV!

— The standard Woods-Saxon Hamiltonian has been used:

No. E..ic Eep Level Err.(th-exp)
1. -15300 -15.300 1ps/» -0.0001
2. -9.000  -9.000 1p;/» -0.0001
3. -0.600  -0.600 1ds/» 0.0000
4, -0.100  -0.100  2sy,; 0.0000
5. 4.400 4400 1d;) 0.0001
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— Couple of questions may come to one’s mind...:
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— Couple of questions may come to one’s mind...:

Is this property limited to one single nucleus?
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Unprecedented Precision of the Fits: 107! keV!

— The standard Woods-Saxon Hamiltonian has been used:

No. E..ic Eep Level Err.(th-exp)
1. -15300 -15.300 1ps/» -0.0001
2. -9.000  -9.000 1p;/» -0.0001
3. -0.600  -0.600 1ds/» 0.0000
4, -0.100  -0.100  2sy,; 0.0000
5. 4.400 4400 1d;) 0.0001

— Couple of questions may come to one’s mind...:

Is this property limited to one single nucleus? Not at all!

Can a simple phenomenology achieve the precision of hundreds
of electronvolts in nearly all doubly-magic nuclei?
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Unprecedented Precision of the Fits: 107! keV!

— The standard Woods-Saxon Hamiltonian has been used:

No. E..ic Eep Level Err.(th-exp)
1. -15300 -15.300 1ps/» -0.0001
2. -9.000  -9.000 1p;/» -0.0001
3. -0.600  -0.600 1ds/» 0.0000
4, -0.100  -0.100  2sy,; 0.0000
5. 4.400 4400 1d;) 0.0001

— Couple of questions may come to one’s mind...:

Is this property limited to one single nucleus? Not at all!

Can a simple phenomenology achieve the precision of hundreds
of electronvolts in nearly all doubly-magic nuclei? Is it trivial?
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Unprecedented Precision of the Fits: 107! keV!

— The standard Woods-Saxon Hamiltonian has been used:

No. E..ic Eep Level Err.(th-exp)
1. -15300 -15.300 1ps/» -0.0001
2. -9.000  -9.000 1p;/» -0.0001
3. -0.600  -0.600 1ds/» 0.0000
4, -0.100  -0.100  2sy,; 0.0000
5. 4.400 4400 1d;) 0.0001

— Couple of questions may come to one’s mind...:

Is this property limited to one single nucleus? Not at all!

Can a simple phenomenology achieve the precision of hundreds
of electronvolts in nearly all doubly-magic nuclei? Is it trivial?

What is the mathematical /physical significance of the result?
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Unprecedented Precision ... Known as ‘Overfitting’
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Unprecedented Precision ... Known as ‘Overfitting’
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e We introduce the Gaussian noise into the experimental-level input,
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Unprecedented Precision ... Known as ‘Overfitting’
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e We introduce the Gaussian noise into the experimental-level input,
repeat the x2-fit
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Unprecedented Precision ... Known as ‘Overfitting’
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e We introduce the Gaussian noise into the experimental-level input,
repeat the x2-fit - and plot the histograms in function of 2.
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Unprecedented Precision ... Known as ‘Overfitting’
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e We introduce the Gaussian noise into the experimental-level input,
repeat the x2-fit - and plot the histograms in function of 2.

e Under the mathematical conditions discussed there are N = oo®

exact fits possible. Is it totally trivial?
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‘Overfitting’ - What Does It Imply?
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‘Overfitting’ - What Does It Imply?

e Even if there are too few data points and too many parameters -
one generally cannot obtain y? = 0 solutions always: 2 conclusions
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one generally cannot obtain y? = 0 solutions always: 2 conclusions

a. The physics modeling is not totally wrong, but also
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‘Overfitting’ - What Does It Imply?

e Even if there are too few data points and too many parameters -
one generally cannot obtain y? = 0 solutions always: 2 conclusions

a. The physics modeling is not totally wrong, but also
b. The number of data points is too weak to constrain the model.
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‘Overfitting’ - What Does It Imply?

e Even if there are too few data points and too many parameters -
one generally cannot obtain y? = 0 solutions always: 2 conclusions

a. The physics modeling is not totally wrong, but also
b. The number of data points is too weak to constrain the model.

e We have two ways out of the overfitting problem:

A. We modify the model decreasing the number of parameters, or:
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‘Overfitting’ - What Does It Imply?

e Even if there are too few data points and too many parameters -
one generally cannot obtain y? = 0 solutions always: 2 conclusions

a. The physics modeling is not totally wrong, but also
b. The number of data points is too weak to constrain the model.

e We have two ways out of the overfitting problem:

A. We modify the model decreasing the number of parameters, or:
B. We increase the number of data points (if we can...)
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‘Overfitting’ - What Does It Imply?

e Even if there are too few data points and too many parameters -
one generally cannot obtain y? = 0 solutions always: 2 conclusions

a. The physics modeling is not totally wrong, but also
b. The number of data points is too weak to constrain the model.

e We have two ways out of the overfitting problem:

A. We modify the model decreasing the number of parameters, or:
B. We increase the number of data points (if we can...)

e We have already used out all the experimental data: as theorists
we can only modify the model...
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‘Overfitting’ - What Does It Imply?

e Even if there are too few data points and too many parameters -
one generally cannot obtain y? = 0 solutions always: 2 conclusions

a. The physics modeling is not totally wrong, but also
b. The number of data points is too weak to constrain the model.

e We have two ways out of the overfitting problem:

A. We modify the model decreasing the number of parameters, or:
B. We increase the number of data points (if we can...)

e We have already used out all the experimental data: as theorists
we can only modify the model...

e We improve the model by reducing the number of parameters
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Nuclear Hamiltonians: Sampling vs. Microscopic
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Decrease Parametric Freedom: ‘Be More Microscopic'’

e We suggest to replace a too neat W-S spin-orbit parametrisation
by using the density gradient

’
Vi?s ~ li { A } — V2~ id—p
rdr [ 1+ exp[(r — Ro)/ao]

e The nucleonic density can be seen as describing the interaction
source: in systems with short range interactions, on the average,
the higher the density (gradient) - the more chance to S-O interact.

e Similarly, in the relativistic approach
1d
Via ~ ——I[S(r) — V(r)]
r dr

with S and V expressed by the densities of (source) mesons.
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Decrease Parametric Freedom: ‘Be More Microscopic'’

e We suggest to replace a too neat W-S spin-orbit parametrisation
by using the density gradient

’
Vi?s ~ 11 { A } — V2~ id—p
rdr [ 1+ exp[(r — Ro)/ao]

e The nucleonic density can be seen as describing the interaction
source: in systems with short range interactions, on the average,
the higher the density (gradient) - the more chance to S-O interact.

e Similarly, in the relativistic approach
1d

Via ~ = —I[S(r) — V(r)]
r dr

rel

with S and V expressed by the densities of (source) mesons.
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A New Toy-Model, Half-Microscopic Hamiltonian

e Consider a given nucleus with the density p and a series of neigh-
bouring nuclei with extra occupied orbitals j; < p;, jo < pj,, etc.
We expect that the density-dependent spin-orbit potentials

~ dp  dp; dpj,

vSO
dr’ dr’ dr

account much better for these extra orbitals than just a flat WS
potential introduced long ago for numerical simplicity

e Therefore we will test the following Hartree-Fock like hypothesis

50 _ Axx dpx Ary dpy so _ Aux dpr Avw dpy
Vﬁirdr—"_rdr and Vl/irdr—’—Tdr

with the central WS potentials

VT v
o and Ve = v

(CRp— o
Ve = Treel—Rp)/a7 T = Trewlr—RD/a]
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A New Toy-Model, Half-Microscopic Hamiltonian

e Consider a given nucleus with the density p and a series of neigh-
bouring nuclei with extra occupied orbitals j; < p;, jo < pj,, etc.
We expect that the density-dependent spin-orbit potentials

dp
dr’

dpj,
dr’

dpj,
dr

VSO ~N)

account much better for these extra orbitals than just a flat WS
potential introduced long ago for numerical simplicity

e Therefore we will test the following Hartree-Fock like hypothesis

0 _ Axx dox | Amy dpy 0 _ Aun dpx | Avw dov
V7T7rdr+rdr and VV*rdr—i_rdr
with the central WS potentials
c _ Ve c _ |74
Ve = esliarpyal | @M | Vi = TesreRoya
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A New Toy-Model, Half-Microscopic Hamiltonian

e We will try to test two strategies: First of all, the central Woods-
Saxon potentials seem to be very robust when ‘moving’ from one
corner of the Periodic Table to another - as independent tests show

e On the other hand we will modify the HF idea of self-consistency
from the usual variational context to the spectroscopic context:

H(p)Yn =entpn — p= Z’l,b*’¢ — H(p)n =enthn ...
We will iterate to obtain the self-consistency that in this context we
call ‘auto-reproduction’ - it is not a result of energy minimisation!

e In other words: If at it" iteration the spectrum is {e! } and
at i + 15t — {ei*1}, we stop iterating when

letl —el| <e Vn
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A New Toy-Model, Half-Microscopic Hamiltonian

e We will try to test two strategies: First of all, the central Woods-
Saxon potentials seem to be very robust when ‘moving’ from one
corner of the Periodic Table to another - as independent tests show

e On the other hand we will modify the HF idea of self-consistency
from the usual variational context to the spectroscopic context:

H(ﬂ)d’n =entn — p= Z¢*¢ — H(P)¢n =entn...
We will iterate to obtain the self-consistency that in this context we
call ‘auto-reproduction’ - it is not a result of energy minimisation!

e In other words: If at it" iteration the spectrum is {e! } and
at i + 1%t — {ei+!}, we stop iterating when

letl —el| <€ Vn
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Self-consistent Formulation: Minimum Coupling

e For the first tests we apply what we call a minimum coupling
hypothesis

Arn = Ay = Aur = A d=f A

e We adjust parameters of the central potential together with ||

e In other words: We will reduce the number of spin-orbit
parameters from 6 (3 per particle kind: X, r° and a*°) to one!
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Self-consistent Formulation: Minimum Coupling

e For the first tests we apply what we call a minimum coupling
hypothesis

Arn = Ay = Aur = A g A

e We adjust parameters of the central potential together with |\

e In other words: We will reduce the number of spin-orbit
parameters from 6 (3 per particle kind: A, r° and a*°) to one!
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Comparing with Experimental Results: Example 20

Single particle proton and neutron states in 1°0

7=8 N= 8 protons S?=7.38 Ryy¢=2.54 7=8 N= 8 neutrons S%=5.95 R, =257
8 theor exper 4 theor exper
6 2
1d3/2
1082 R — -
4 1d3/2 0
2 2512 \_/_/251/2 i 2 2s1/2 25112 o
P h
0 1ds/2— = —1d5/2 < “ 1d5/2— — <
% 2 2 % -6 @
S S
7 7
2 4 3 2 8 3
> s >
2 6 = 210 5
2 b 2 7
o -8 © w -12 —_— =
112 =z 1p1/2 1p1/2 5
-10 N 14 &
o 3
3 3
12 ‘L -16 i
14 = o =
= & 1p3/2
1p3/2 — 1p3/2 1p3/2
16 -20
18 -22

These results corresponds to just one \-parameter fit instead of 6.
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Single particle proton and neutron states in 1°0

7=8 N= 8 protons S?=7.38 Ryy¢=2.54 7=8 N= 8 neutrons S%=5.95 R, =257
8 theor exper 4 theor exper
6 2
1d3/2
1082 R — -
4 1d3/2 0
2 2512 \_/_/251/2 i 2 2s1/2 25112 o
P h
0 1ds/2— = —1d5/2 < “ 1d5/2— — <
S 2 2 S 6 e
] 3 ] S
7 7
2 4 3 2 8 3
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-10 N 14 &
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3 3
12 ‘L -16 i
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1p3/2 — 1p3/2 1p3/2
16 -20
18 -22

These results corresponds to just one \-parameter fit instead of 6.

Recall: spin-orbit strength parameter A = A\, = Aur = Ay = A
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Comparing with Experimental Results: Example 20

Single particle proton and neutron states in 1°0

7=8 N= 8 protons S?=7.38 Ryy¢=2.54 7=8 N= 8 neutrons S%=5.95 R, =257
8 theor exper 4 theor exper
6 2
1d3/2
1082 R — -
4 1d3/2 0
2 2512 \_/_/251/2 i 2 2s1/2 25112 o
P h
0 1ds/2— = —1d5/2 < “ 1d5/2— — <
S 2 2 S 6 e
] 3 ] S
7 7
2 4 3 2 8 3
> s > N
2 6 - 210 -
2 b 2 7
o -8 © w -12 —_— =
112 =z 1p1/2 1p1/2 5
-10 N 14 &
o 3
3 3
12 ‘L -16 i
14 = o =
= & 1p3/2
1p3/2 — 1p3/2 1p3/2
16 -20
18 -22

These results corresponds to just one \-parameter fit instead of 6.

Recall: spin-orbit strength parameter A = A\, = Aur = Ay = A
The maximum error ~ 200 keV
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Comparing with Experimental Results: Example 4°Ca

Similarly the single particle proton and neutron states in 4°Ca

2
Z=20 N=20 protons S°=0.91 R;s=3.31 Z=20 N=20 neutrons S°=1.18 Rims=3.22
4 2
theor exper theor exper
22— —————2p1P2 0
2 W afsP2
T 2 =
2p3/2 —2p3/2 & B
0 " 4 P2~ e 5
—— e < »<7
_ 11712 11712 c s = — o
> 2 ] > R
[ o o =3
T o 7
% & % & 1H7/2— —1f7/2 &
B 4 ] = S
5] g g 3
2 i c T
u = M p &
% =] 8
1d3/2 — 1d3/2 b o
Ly -14 1d3/2 ——————1d312 ki
[
i = -16 =
251/2 — 25112 2s1/2 251/2
10 -18
-20
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Comparing with Experimental Results: Example 4°Ca

Similarly the single particle proton and neutron states in 4°Ca

2
Z=20 N=20 protons S°=0.91 R;s=3.31 Z=20 N=20 neutrons S°=1.18 Rims=3.22
4 2
theor exper theor exper
2p12 P12 0
2 W afsP2
s S
2p3)2 ————— —2p3/2 & B
0 ) 4 P2~ e 5
—— e < »<7
_ 11712 11712 c s = — o
> 2 @ > 2
[ o o =3
T o 7
% & % & 1H7/2— —1f7/2 &
B 4 ] = S
5] g g 3
2 i c T
u = M p &
% =] 8
1d3/2 — 1d3/2 b o
Ly -14 1d3/2 ——————1d312 ki
[
i = -16 =
25172 25112 2s1/2 = 251/2
10 -18
-20

This result corresponds to just one (\) parameter fit instead of 6;
similar results hold for nuclei up to %% Pb.
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Comparing with Experimental Results: Example 4°Ca

Similarly the single particle proton and neutron states in 4°Ca

2
Z=20 N=20 protons S°=0.91 R;s=3.31 Z=20 N=20 neutrons S°=1.18 Rims=3.22
4 2
theor exper theor exper
2p12 P12 0
2 W afsP2
s S
2p3)2 ————— —2p3/2 & B
0 ) 4 P2~ e 5
—— e < »<7
_ 11712 11712 c s = — o
> 2 @ > 2
[ o o =3
T o 7
% & % & 1H7/2— —1f7/2 &
B 4 ] = S
5] g g 3
2 i c T
u = M p &
% =] 8
1d3/2 — 1d3/2 b o
Ly -14 1d3/2 ——————1d312 ki
[
i = -16 =
25172 25112 2s1/2 = 251/2
10 -18
-20

This result corresponds to just one (\) parameter fit instead of 6;
similar results hold for nuclei up to %% Pb.
We have V7, VY, rZ, r¥ and a] = a4 parameters. In the case of

208ph we have 13, + 11, data points.
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Removing the Overfit: Increase Physical Significance
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Removing the Overfit: Increase Physical Significance

1. One can fully appreciate the physics success realising that:
o We have replaced six adjustable parameters by a single one

o Flat-bottom W-S functions are replaced by nucleon densities
that carry more physical information through various j-orbitals

Jerzy DUDEK, University of Strasbourg, France Predictive Power of Nuclear Theories - Links with Experiment



Removing the Overfit: Increase Physical Significance

1. One can fully appreciate the physics success realising that:
o We have replaced six adjustable parameters by a single one

o Flat-bottom W-S functions are replaced by nucleon densities
that carry more physical information through various j-orbitals

2. This result implies that:
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1. One can fully appreciate the physics success realising that:
o We have replaced six adjustable parameters by a single one

o Flat-bottom W-S functions are replaced by nucleon densities
that carry more physical information through various j-orbitals

2. This result implies that:

o The new, simple and in a way natural notion of self-consistency
works in a powerful manner

Jerzy DUDEK, University of Strasbourg, France Predictive Power of Nuclear Theories - Links with Experiment



Removing the Overfit: Increase Physical Significance

1. One can fully appreciate the physics success realising that:
o We have replaced six adjustable parameters by a single one

o Flat-bottom W-S functions are replaced by nucleon densities
that carry more physical information through various j-orbitals

2. This result implies that:

> The new, simple and in a way natural notion of self-consistency
works in a powerful manner

o Most importantly, Fits show that the density fluctuations are
needed for the gradients in the realistic spin-orbit terms!
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Conclusions:

e We presented a few guide-lines followed in our project that

aims at quantifying the Question of Predictive Power of Nu-
clear Hamiltonians
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Conclusions:

e We presented a few guide-lines followed in our project that

aims at quantifying the Question of Predictive Power of Nu-
clear Hamiltonians

e The audience is warned not to be mislead by the simplicity
of the illustrations based on the toy model (here: spherical
Woods-Saxon) vs. generality and importance of the Inverse-
Problem Theory which applies to all realistic Hamiltonians

«O» «F>» «E» «=)» = DA
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Conclusions:

e We presented a few guide-lines followed in our project that

aims at quantifying the Question of Predictive Power of Nu-
clear Hamiltonians

e The audience is warned not to be mislead by the simplicity
of the illustrations based on the toy model (here: spherical
Woods-Saxon) vs. generality and importance of the Inverse-
Problem Theory which applies to all realistic Hamiltonians

e Needless to say - we aim at the microscopic level (theories),
in particular HF - but today we have presented some simple
semi-quantitative illustrations

«O» «F>» «E» «=)» = DA
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