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tum integrable models and hidden symmetries

The Quantum Integrability is a mimic of the classical Liouville's definition :
Definition

A quantum model with Hamiltonian H is said Integrable if we can find N
algebraic independent operators H; such that H and H; form an abelian
algebra. N is the number of degrees of freedom of H.

possible to calculate exactly
Quantum integrability quantities of physical interest

Hidden symmetry (HS) = non-abelian algebra
with {H, H;} as abelian subalgebra
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Different families of the quantum integrable models

» One-dimensional Spin chains (XXX, XXZ, XYZ , Hubbard model,
generalizations,...)

» Two-dimensional Quantum field theories (Conformal models, Chiral principal
models, affine Toda models, sigma models,...)

» Two-dimensional Statistical models (Ising, Chiral-Potts, 6-8 vertex, ...)
All these models are related by the R-matrix solution of the Yang Baxter

equation (Star-triangle equation, factorization equation), (Yang 1967, Baxter
1971-73) :

Rlz(u, U)R13 (U)RQg(U) = Rgg(’u)ng(u)ng(u, ’l)).
» One-dimensional Spin chains : l(u) = tro(Lo(u)) = tro(Roi(u) . .. Ron (u))
are generating functions of Halmitonian (Leningrad school 1979).

» Two-dimensional Quantum field theories : scattering amplitudes
S(u) < R(u) (Zamolodchikov and Zamolodchikov 1979).

» Two-dimensional Statistical models : Boltzmann weights are related to R(u)
(Baxter 1982).
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Quantum integrable models with boundary

For Quantum integrable models with boundary we ‘need one more object, the
K-matrix, solution of the Reflection equation (R, R, R are related to R and
depends of the type of boundary) (Cherednik 1984, Sklyanin 1988) :

Rlz(u, ’U)K1 (u)ng(u, U)Kz(’l}) = KQ(U)RlQ (u, U)Kl (U)Rlz(u, ’U).

» One dimensional Spin chains : K(u) encodes the boundary of the spin chain
and appears in the construction of the generating functions of the hamiltonian
(Sklyanin 1988).

» Two dimensional Quantum field theories : boundary scattering amplitudes
B(u) < K(u) (Cherednik 1984).

» Two dimensional Statistical models : boundary Boltzmann weights are
related to K (u).

= Solution of Yang Baxter equation and Reflection equation are central
for integrable models but both are nonlinear equations hard to solve
directly.
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Quantum affine Toda field theory

The Quantum affine Toda field theory on the line are defined by the Euclidean
action :

1 — A < 1
Aputr = = /dﬂcdt(8¢>3¢ + o ;nj e | = Zﬂwaj . ¢))
where ¢(z,t) is an n—component bosonic field, {a;} and n; are the simple

roots and the Kac labels of g, A is related with the mass scale and 3 is the
coupling constant.

Remark

» non-local conserved currents close on the algebra U,(g) which is the
symmetry algebra, (Bernard and Leclair 1991)

From this symmetry algebra we can compute the scattering matrix S up to a
scalar function from a linear equation. Unitarity and Crossing symmetry
constrain the scalar function.
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tum affine Toda field theories on the half-line

The Quantum affine Toda field theory on the half-line (soliton non-preserving)
are defined by the Euclidean action :

Ay - B
Abounda'ry — Sbulk|z<0 + % /dtjzgej exp ( — '11506]' . ¢(0, t))

b is related with the mass scale and {e;} are the boundary parameters or
operators.

Remark

» non local conserved currents are in B C Uy(9)
(Mezincescu and Nepomechie 1998, Delius and MacKay 2002).

We can compute the boundary scattering matrix K up to a scalar function
from linear equation. Unitarity and Crossing symmetry constraint the scalar
function.
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Different presentation of the Quantum algebra U, ()

Ding and Frenkel (1993)

RLL algebra Current algebra

Leningrad School (1979,1989) Drinfel'd (1988)
Reshetikhin and U, (@\) Jing (1998)
Semenov-Tian-Shansky (1990) Beck (1994)

g-Serre-Chevalley algebra
Drinfel'd (1986) Jimbo (1986)
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g-Serre-Chevalley presentation

Let {a;;} be the extended Cartan matrix of the an affine Lie algebra g and
integers d; are such that d;a;; is symmetric. Uq(9g) is an associative algebra

over C with unit 1 generated by the elements {xli, qiiTI}, i €0...n subject
to the relations (Drinfeld 1986, Jimbo 1986) :

+ 2 ;Fii 24 -2 D4
g ¢ ° =1, 4° 9 =4, ¢;,° ,
Ry PR L qhz_q__hi
q;’ ; 7, ° =gq 255;: [xi»xg]:(sijz 5,
4 — q;
l—a;; 1
>y | ] e et ety o
r=0 qi
: : b [b]4! b_g—b
— d; — — _ — 49 -9
with % =q", [ r ]q - [T]q![bir]q!v [b}q! = [b}Q[b 1]q [Hq and [b]q = qqqufl 5
S +h +he 4l

» Hopf structure : A(zF) =2F®q;, 2 +¢,2 @25, Alg, 2)=gq, 2 ®q, 2.
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RLL presentation

Uq(9) is a quasi-triangular Hopf algebra, i.e. there is an R-matrix such that
(intertwiner equation) :

Riz(u/v)(my @ o) A(z) = (70 ® mp) 0 0 A(x)Ri2(u/v), x € Uy(q)

with o(a ® b) = b ® a. For m, ® 7, an irreducible representation, R is unique
and is a solution of the Yang-Baxter Equation :

R12(U/U)R13 (U)R23(’U) = R23 (U)R13(U)R12 (u/v)

The algebra Uy (g) can be formulate with generators
L(u) = 34 200 Eile(.;L)u*" subject to the relations

(Leningrad school 80'ies) :
ng(u/v)Ll(u)Lg(U) = Lg(v)Ll(u)Rlz(u/v),

» Hopf structure : A(L(u)) = L(u)®L(u)
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Applications of different presentations

» g-Serre Chevalley presentation : construction of the R-matrices from the
intertwiner equation (Jimbo 1986), study of the finite dimensional
representations (Chary Presley 1991),...

» RLL presentation : for ¢ = 0 construction of the abelian algebra

l(u) = tr(L(u)) with [I(u),l(v)] = 0, diagonalisation of I(u) using the algebraic
Bethe ansatz method, calculation of correlation functions (for g = sla Lyon
group's 1998),...

» Current presentation : Infinite dimensional representation (Frenkel and Jing
1988), Vertex operators and Correlation functions of infinite XXZ spin chains

(Jimbo and all 1992), Scalar products of the eigenvectors of the Uq(;\l3) spin
chains (Belliard, Ragoucy and Pakuliak 2010),...
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Reflection algebras

There are two families of reflection algebras, B4(g) and B;(g), generated by
the generators K(u) and K*(u), respectively, subject to the relations
(Cherednik 1984, Sklyanin 1988) :

Riz(u/v)K1i(u)Ro1(uv)Ko(v) = Ka(v)Riz(uv)Ki(u)Rai(u/v)

Ru2(u/v)KT (u)Ri5(1/uv)C5(v) = K5 (v) Rih(1/uv) KT (w) Riz(u/v)

These algebras are two subalgebras of U, (9) :

K(u) = Lw)K (uw)L(u™ """, K*(u) = L(u)K*(u)L(u )"
» Coideal structure, 6 : B{" () — U,(3) ® BY” (7).
§(K(w)) = L(w)K(u)L(u™") 7, 6(K* (u)) = L(w)K" (u) L(u™)".

Remark :

» Automorphisms : p1(L(w)) = L(u™) ™" and pa(L(u)) = ( )t

» If the matrix R satisfy the crossing symetry Ri2(u) = MQR H(u™ )Mg
with M? =T then K*(u) = K(uy/a)M.

= Other presentations of the reflection algebras ?
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Other presentations of the reflection algebras

» In the case of finite Lie algebra g, reflection algebras appear in the study of
quantum symmetric spaces Noumi and Sugitani (1995) :

- K : deformation of AIII = SU(n + p)/(SU(n) x SU(p)).

- K* : deformation of AT = SU(n)/SO(n) or AII = SU(2n)/Sp(2n).

» For the case infinite Lie algebra g, the generator of the symmetry algebra of
the quantum Toda field theory on the half-line are given by :

;)2 — h;/2 Ry
Aizci(achi / +z; ¢; / ) + wig;".

Remark :

» The operator A; belong to a subalgebra of U,(g) invariant by the
automorphism : n(zf) = zF, n(hi) = —hi, n(q) =g (e n(A;) = A;).
» Coideal structure : A(A;) = cl-(grzjqihi/2 + x;qhim) ®1+q" ® A

7

= On which algebra these generator close ?
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Definition (Baseilhac and Belliard 2010)

Let {ai;} be the extended Cartan matrix of the an affine Lie algebra g. The
generalized g—Onsager algebra O4(9) is an associative algebra with unit 1,
elements A; and scalars pfj € C with 4,5 € {0,1,...,n},
ke{0,1,..,[-%]—1}"and L € {0,1,...,—ai; — 1 — 2k} (k and [ are
positive integer). The defining relations are (the v/ are known) :

1—a;;
> (=" [ 1 _raij } ATHTTA AT =
r=0 95
[-20]-1 —2k—a;;—1
S Y CUMEATTTTAAL
k=0 =0

» Coideal structure, § : Oq(g) — Uy (9) ® Oq(9).
— h;i/2

8(A) = ci(af a? + 27 g ) @1+ ¢l ® A

with relations between the ¢; and the p;;.

1. [a] means the nearest higher integer of a with [1/2]=1.
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Some direct applications

» Admissible integrable scalar conditions €; for quantum affine Toda field
theories on the half-line are given by the one dimensional representation £
of the g-Onsgager algebra. In the classical limit ¢ — 1 we recover the
known results (Corrigan and col. 1994-1995).

» Construction of the scalar K-matrices from intertwiner relations :
K™ (u) (7ru ®E)od(A;) = (’ﬁ'u—l ®€) 0d(A;) K™ (u)

for a$ and d (Delius and MacKay 2002-2003).

» Admissible integrable algebraic "dynamical” conditions for quantum affine
Toda field theories on the half-line :
€; = W; = 9¥(A;) with ¢ an homomorphism of g-Onsager algebras
(Bazhanov, Hibberd and Khoroshkin 2002, Baseilhac and Koizumi 2003).

» Construction of Dynamical K-matrices from intertwiner relations
K*(w) (mu ® %) 0 5(A:) = (7,1 ® ) 0 6(A:) K* (u)

case a§2> and a(gl) (Belliard and Fomin, in preparation)

Samuel BELLIARD, INFN, Bologna Quantum integrable models with boundaries and g-Onsager algebras.
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Example : the case of O (ar(, )

» related physical models : Bullough-Dodd, Mikhailov-Zhiber-Shabat or
Izergin-Korepin models.

The algebra (’)q(agz)) is given by the relations :

[Ao, [Ao, A1}q4]q_4 - pA1 = 0,
[Ay1, [A1, [A1, [A1, [A1, Ao)ya],—4]42]4—2, Ao]
7[A1,ﬁ(A1 A1 Ag —w AL Ag A1 + Ag Ay Al) +ﬁA0} =0,
_(a=14+¢ " +2¢° +4+2¢7 +¢7")
7 q4 +3+q74 :

With the coaction :

d(A1)
d(Ao)

a(zf g™/ + a7 qh1/2)®1+q}”®A17
co(zd ™ + 25> @1+ ¢*" @ Ao
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Dynamical K-matrix

» A finite dimensional subalgebra is given by the Zhedanov or Askey-Willson
algebra (Zhedanov 1992) :

[Wh [W17W0]q4]q_4 = /'LWO + C? [Wo, [Wo,Wl]q4}q—4 = /jwl

The map ©(A;) — W; defines an algebra homomorphism (with p, p and g
function of g, and f).

» For this case, the two family of reflection algebra are equivalent (crossing
symmetrie). We consider the intertwiner relation :

K (u) (mu ® ) 0 6(A;) = (m—1 ® 1) 0 5(A:) K (u).

If K%(u) existe and the space is irreducible then K%(u) is unique (up to a
scalar function) and is a solution of the reflection equation :

Riz(u/v)Ki (u) Riz(uv) K3 (v) = K5 (v) Ria(wv) K (u) Ria (u/v).
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A solution of the intertwiner relation is given by :
K(u) = KO (u) + K@ (u)

with
MmCQ) 0 h(u, C)
KW (u) = 0 ha(u, C, Q) 0 :
h(“v C) 0 h3(u7 07 Q)
and
K®(u) =
O459“""12+m"‘/0 q_%[Wlw"Vo]q—z;Jrq%aqu B Wo, Wil 4, W1l 4
5 *ﬁWO q%[Wo,W1Jq4+47%au_1 Wy

B

z _7 7
a2 Wy, Wol 4 +4q —afg-wi+ 1w
o Wl Bu LT Bgre— 1) 0

q 2 [Wo, Wil -4 +a2auw;

B [Wq, Wy, W,
B W1, [W1, Wol 4l 4

Onsager algebras.
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Dynamical boundary amplitudes

The Dynamical boundary amplitudes of the Dynamical boundary Toda field
theory af) with imaginary coupling is given by :

B(u) = k(u)K%(u)

with satisfy the axiom of :
» Unitarity :

B(u)B(u™') = B(u ")B(u) =1
» Crossing symmetrie :
tro (Slz(UQ)Mletl(—q_Gu_l)MlPlg) = Bi(u)

It fixes B(u) up to CDD factor b(u) such that b(u)b(u~") =1 and
b(u) = b(—q %u™1).
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The results and work in progress

» The symmetry algebra of the affine Toda field theories on the half-line with
non preserving boundary conditions has been obtained and allowed to classify
admissible boundary condition (scalar, dynamic) : O4(g). (Baseilhac and
Belliard 2010)

» For the case O, (agl)) a systematic derivation of the integrable hierarchy has
been obtained. (Baseilhac and Belliard 2010)

» For the case Oq (af)) and Oq(aél)) the dynamical K-matrices are obtained
(Belliard and Fomin 2011).

» Dynamical amplitudes for quantum Toda fields theories related to Oq(agz))
and Oq(aém), weak strong duality ? (Belliard, in preparation).

» Same result could be obtain for the Principal Chiral model : Y*(a1) (Belliard
and Crampé, in preparation).
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Some open problems and direction of research

» Finite dimensional representation theory of O4(g) ?

-Case Oq(sAlg) : Tridiagonal pairs (Terwilliger and Ito 2008, Baseilhac
2006)

-Case Oq(s/,\ln) : evaluation to the Gavrilik and Klimyk algebra = Og4(sl»)
and use the this representation theory (Gavrilik and lorgov 1997)

= application to the diagonalisation of finite spin chains (Baseilhac and
Kozumi (2007) for XXZ spin chain), Orthogonal polynomials,...

» Infinite dimensional representation theory of O4(g), Vertex operators.
-Case Oq(sl2) : Baseilhac and Belliard (2011)

= application to semi-infinite spin chains (Jimbo and all), construction of
boundary Q Baxter operator,...

» "qg-Serre-Chevalley” formulation for J*(g), case other families of reflection
equations, clarify the link with affine symmetric spaces,...
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