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1. An interplay between Chiral Perturbation Theory (χPT) and Lattice QCD

Chiral Perturbation Theory and Lattice : investigate QCD low-energy dynamics

⇒ use χPT to extrapolate lattice data (pion mass on lattice :
∼

M2
π≥ 200MeV)

◮ Order parameters of Spontaneous Chiral Symmetry Breaking (Nf : massless flavours) :

F2(Nf ) = limNf
F2
π Σ(Nf ) = limNf

−〈0 |q̄q| 0〉

→ linked to the Leading Order of chiral series

• In scalar sector : Σ(2) = Σ(3) + msi limmu,d→0
∫

d4x 〈0| (uu)(ss) |0〉 + O(m2
s)

• If Σ(2) ≈ Σ(3), no impact of strange quark sea pairs ss , Zweig rule applies
◮ If Σ(2) >> Σ(3), large impact of ss sea pairs, violation of Zweig rule → problems with strange quarks

when one moves from Nf = 2 to Nf = 3 ?... (see for example Descotes, Fuchs, Girlanda, Stern )

Usually, for an observable Ô :

Ô = Leading Order (LO) + Next-To-Leading-Order (NLO) + Higher Orders, with LO >> NLO

• Scattering processes : no difficulties fitting SU(2)
observables → K ℓ4 experiments (E865, NA48 )

→ but problems (?) with SU(3) (Büttiker, Descotes,
Moussallam)

• Lattice simulations : fit data to χPT expansions
→ 2+1 dynamical quarks :
trouble with SU(3) at NLO

→ MILC, PACS/CS, RBC/UKQCD

◮ if significant vacuum fluctuations of ss sea pairs → induce weak convergence

→ LO >> NLO does not necessarily hold.
◮ rather : LO + NLO >> higher orders (remainders) , expect a numerical competition between LO and

NLO terms

2. Reordering chiral series : Resummed Chiral Perturbation Theory

Resummed Chiral Perturbation Theory : allows a re-ordering of chiral series in the case of a
numerical competition between LO and NLO (Descotes, Fuchs, Girlanda, Stern)

1. Assume a subset of observables, (correlators) with good global convergence
(LO + NLO >> remainders)

2. Take their chiral expansion in terms of the χPT lagrangian parameters (B0, F0, m, ms, Li)

• keep the analytical structure : poles, cuts...
• keep track of higher orders (NNLO, etc...) : act as (small) remainders for the chiral series

3. three fundamental parameters :

X (3) =
2mΣ(3)

F2
πM2

π
, Z (3) =

F2
0

F2
π
, r = ms/m (F2

0 ≡ F2(3) Σ(3) ≡ B0F2
0 )

→ express observables in terms of those fundamental parameters

4. by making no specific hypothesis upon the relative size of LO and NLO, the resummed framework
allow the possibility for a numerical competition LO + NLO >> highers orders , as well as a
saturation by LO (never trade LO terms for physical quantities : 2mBo ≁ M2

π ).

3. Decay constants and masses

1. Correlators 〈AµAν〉 and
〈

∂µAµ∂νAν
〉

2. Ô = OLO + ONLO + remainders (with Y (3) = 2mB0
M2
π

=
X (3)
Z (3) )

3. F2
π = F2

πZ (3) + M2
πY (3)

[

8(r + 2)Lr
4 + 8Lr

5
]

− 1
32π2M2

πY (3)
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 + F2
πeπ

F2
πM2

π = F2
πM2

πX (3) + M4
πY (3)2
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+ F2

πM2
πdπ

◮ same for kaon : F2
K and F2

K M2
K

◮

◦

M2
p holds for LO masses :

◦

M2
π= M2

πY (3),
◦

M2
K= r+1

2 M2
πY (3),

◦

M2
η=

2r+1
3 M2

πY (3)

4. FP and MP are known observables, invert expressions :

⇒ Lr
4,5,6,8 = f [Y (3),Z (3), r , remainders;Fπ,FK ,Mπ,MK ]

4. Pion electromagnetic and K ℓ3 form factors

1. F2
πFπ

V (t) : 〈AµjσAν〉

FK Fπf+,0(t) :
〈

AνVµAσ
〉

ℓ+

ν

π−(p′)K 0(p)

2.
〈

π+(p′) |Jµ|π+(p)
〉

= (p + p′)µFπ
V (t)

〈

π−(p′) |sγµu|K 0(p)
〉

= f+(t)
[

(p′ + p)µ −
M2

K − M2
π

t
(p′ − p)µ

]

+ f0(t)
M2

K − M2
π

t
(p′ − p)µ

→ t = (p′ − p)2 is the momentum transfer

3. F2
πFπ

V (t) = F2
πZ (3) + M2

πY (3)[8(r + 2)Lr
4 + 8Lr

5]−
1

32π2
M2
πY (3)

[
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+ t
[

2Lr
9 −

1

32π2
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3
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M2
π
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+

1
6

ln

◦

M2
K

µ2
+

1
6

)]

+
1
6
(t − 4M2

πY (3))J̄ππ(t) +
1

12
(t − 2(r + 1)M2

πY (3))J̄KK (t) +R

FK Fπf+(t) =
F2
π + F2

K
2

+
3
2
[tMr

Kπ(t) + tMr
Kη(t)− LKπ(t)− LKη(t)] + 2tLr

9 + FπFK d+ + te+

◮ 1-loop integrals MPQ(t), LPQ(t), J̄PP(t) : cuts at physical masses (
◦

M2
P→ M2

P )

◮ Callan-Treiman theorem for FK Fπf0(t)
(

f0(M
2
K − M2

π) = FK/Fπ + remainders
)

4. invert Fπ
V → Lr

9 = f [Y (3), r , remainders;Fπ,Mπ,MK ,
〈

r2
〉π

V
]

invert FK Fπf+,0(t) = f [Y (3),Z (3), r , remainders;Fπ,FK ,Mπ,MK ,Mη,
〈

r2
〉π

V
]

5. Fit to lattice data

• fitting recent 2+1 lattice data within the Resummed framework :

PACS/CS→ Aoki and al. 2008 hep-lat. 0807.1661
◮ O(a)-improved Wilson quark action, one spacing,

one volume
◮ One-loop perturbative renormalization

◮ decay constants and masses :
F2
π , F2

K , F2
πM2

π , F2
K M2

K

RBC/UKQCD→ Boyle and al. 2008, hep-lat
0710.5136, Boyle and al. 2010, hep-lat 1004.0886
◮ Domain-wall fermions, 1 spacing, 1 (2) volume(s)
◮ Non-perturbative renormalization

◮ decay constants , masses and K ℓ3 form factors:
F2
π , F2

K , F2
πM2

π , F2
K M2

K , f+(t), f0(t)

◮ 2+1 dynamical flavours →
∼
m,

∼
m,

∼
ms, probe dependence on m and ms

◮ O →
∼
O , observables measured on the lattice

◮ for each set of lattice data, two ratios : p =
∼

ms /ms , q =
∼
m /

∼
ms

Inputs free parameters
∼

F2
π ,

∼

F2
K ,

∼

F2
π

∼

M2
π ,

∼

F2
K

∼

M2
K ,

∼
FK

∼
Fπ

∼
f +,0 (t) Y(3), Z(3), r, FK/Fπ, p , remainders

→ standard minimization of χ2
Only statistical errors available for both collaborations. Systematics not included

6. Results

PACS/CS : Fit outcome

Y(3) 0.90 ± 0.22
Z(3) 0.66 ± 0.09
X(3) 0.59 ± 0.21

r 26.5 ± 2.3
FK/Fπ 1.237 ± 0.025
∼

ms /ms 1.24 ± 0.08
Observable OLO + ONLO + remainders

F2
π 0.66 + 0.22 + 0.12

F2
K 0.44 + 0.48 + 0.08

F2
πM2

π 0.60 + 0.30 + 0.10
F2

K M2
K 0.42 + 0.50 + 0.08

FπFK f+(0) none
χ2/d.o.f. 0.9/3

PACS/CS :
Derived quantities (LEC’s at µ = Mρ )

L4.103 −0.1 ± 0.2
L5.103 1.8 ± 0.4
L6.103 0.1 ± 0.4
L8.103 0.8 ± 0.7
L9.103 none

ms(MeV) 70 ± 4
m(MeV) 2.6 ± 0.3
F0(MeV) 74.8 ± 4.9
B0(GeV) 3.34 ± 1.18

Y(2) 1.04 ± 0.02
Z(2) 0.87 ± 0.02
X(2) 0.90 ± 0.01
f+(0) 1.004 ± 0.149

RBC/UKQCD : Fit outcome

Y(3) 0.43 ± 0.30
Z(3) 0.46 ± 0.04
X(3) 0.20 ± 0.14

r 23.2 ± 1.5
FK/Fπ 1.148 ± 0.015
∼

ms /ms 1.15∗ (fixed)
Observable OLO + ONLO + remainders

F2
π 0.45 + 0.69 - 0.14

F2
K 0.34 + 0.76 - 0.10

F2
πM2

π 0.20 + 0.95 - 0.15
F2

K M2
K 0.14 + 0.97 - 0.11

FπFK f+(0) 0.40 + 0.75 - 0.15
χ2/d.o.f. 4.4/8

RBC/UKQCD :
Derived quantities (LEC’s at µ = Mρ )

L4.103 2.4 ± 2.0
L5.103 1.8 ± 1.6
L6.103 4.7 ± 7.1
L8.103 4.4 ± 7.1
L9.103 4.4 ± 2.8

ms(MeV) 107
m (MeV) 4.6 ± 0.3
F0(MeV) 62.2 ± 2.5
B0(GeV) 0.92 ± 0.67

Y(2) 1.00 ± 0.03
Z(2) 0.90 ± 0.02
X(2) 0.90 ± 0.02
f+(0) 0.985 ± 0.008

◮ Inputs : subset of data (light masses, small momentum transfer t) . Effects steming from lattice spacing
have not been taken into account.

◮ χ2/d.o.f good for both data sets ( 6= collaborations who used the LO >> NLO assumption)

◮ LO : saturation for Nf = 2, but no saturation for Nf = 3 (Σ(2) >> Σ(3))
◮ L4 and L6 do not follow the Zweig rule supression , as usually advocated in χPT.

◮ F0 significantly lower than Fπ (in agreement with Bijnens, Iemos )

◮ higher values for FK/Fπ and p =
∼

ms
ms

than obtained by collaborations

◮ f+(0) as an outcome of the fit, higher central value than Boyle and al. : f+(0) = 0.960
(

+5
−6

)

◮ in Standard Model : FK/Fπ = 1.192 ± 0.006, f+(0) = 0.959 ± 0.005 (Flavianet Kaon Working Group )
→ slightly different values in our fit, but still compatible

◮ same analysis for topological susceptibility : work in progress


