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CTW Schrodinger problem using two related approaches.
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Sl See : J.Math. Phys. 27, 2629 ( 1986)

Em m The Schrodinger partial wave eigenvalue problem
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gut“"i ) m Consider the one-dimensional partial wave Schrodinger eq. (1 ) on a finite
reen runction

interval [0, 5] and let ¢¢ and v, be two linearly independent solutions at a
cTw given eigenvalue \. They are then defined though
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e ( & )T_a = ( Ccosa sina ) where a € (0,0) (5)
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The Classical Titchmarsh-Weyl theory Il.

m The Titchmarch-Weyl m—function can be shown to be represented by a
circle with an center (', and a radius R} as

Co = —|[¢e, e](b)/[10e, i) (b),
Ry = 1/|tbe, %] ()
with [f, g](t) = f(1)g"(t) — f'(t)g(t)

m Let b — oo along a path with a positive small imaginary part 2¢ and then
let e — 0

= Ry — 0 (Limit point case) or Ry, — Roo > 0 (Limit circle case). (9)

Physics application are of limit point type.
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Figure 1: Naive picture of spectral function and spectral density.
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m It can be shown that m(FE) is an analytic function for which relates to

The Classical Titchmarsh-Weyl theory IV.

completeness : §(r — ') = +foo¢g(w,r)wg(w,r')dp(w)

w2

where : p(w1) — p(w2) = lim__, o+ 1 /Im( m(\ + 2€) )dA
7

Wi

= Spectral density : Zm( m(FE) ) == <@>
w=F

dw

m Using eq. (6 ) : xe(r) = ¢e(r) + e(r)m(E) we can write the
Titchmarsh-Weyl m—function as

mrTw (E)

_ W e, x¢]
W xe, e

m which implies that m7w (F) can be evaluated from the logarithmic

derivative x'/x.
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The Classical Titchmarsh-Weyl theory V.

We also need to define :

_f mT(); S > xS >0
m(A) = { m-(\): S(A) <0 as well as x(\) = { ) S < 0(12)
Appearing in
Xz (r) = ¢e(r) + e (rym™ (E) (13)
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Complex scaling - Brief reminder.

&(r)

where

r, 1 <To,

T+ f(ra 7“0,(9,,0),

r > To,

f(r,r0,0,p) = (€ = 1)(r —0) (1 — exp(—p(r —10)*)).

We define 1 = exp(20)

Imr

(14)

(15)

Figure 2: a) uniform complex scaling, b) sharp exterior scaling and c) smooth

exterior scaling.
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8““”? | m The ABC theory can be applied to the Titchamarsh-Weyl theory by starting
reen tunction .
CTW with )
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res2
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BW?2
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Outline m Use the resolvent formulation of the Green function

Green function

cTW too

crw dT(w
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Generalize spectral expansion of the Green function IlI.

m Extracting the imaginary part we find
Im( G (Nrr') ) = —e(r)e(r)Zm( m™ ) (22)
|
+o0 N
GS(\;r7') = lim dsw(w,r)w(w,r Jdp(w) (23)
e—0 A+ e —w
m with 6( \ )
w—Aj
rw <0
dz(w) _ zf: < e(Ag)[e(As) > (24)
w

;Im( mT(w) ); w>0

m Letting the resolvent operator work on eq. (23 ) one can show that the
spectral densities (24) and (10) are the same.

m The Green function above is thus uniquely defined by mrw

Nils Elander & Sergei Rakitianski. —12 / 31
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gut“"i ; m A Cauchy analytic function f(z) is said to be of Nevanlinna type if it maps

cTW the upper ( lower) complex half plane onto itself.
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The Nevanlinna repr. of m(FE) and its extention Il.

= Above we defined m™(\) and m ™~ (\) to have analytic continuation onto
higher Riemann Sheets. It can be shown that for real A the differ only by
the signs of their imaginary parts

Im(m* (X)) = (m"(\) —m™ ())/2e = Tmg( m(\) ) (27)

thereby defining Zmg( m(\) ).

= m* () =1/ = ZRGSA

Aj

(O], [ Zmg(m (o) 1vG s
w— A

: (28)
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The Nevanlinna repr. of m(FE) and its extention Ill.

m We thus find

w
E -10

Figure 3: Left figure :

(29)

ABS[Img m"]
()]

- L 1 -

10 20 30

ABSE

Pole string for m™(\),\ = 2E. The ray n °R"
displays the integration contour for the Nevanlinna representation.
figure The generalized spectral density is vanishingly small along the weakly
drawn line. Outside, along the thick solid line the generalized spectral density
is that of a free particle. The broken line shows the transition region.
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Two-Channel scattering problem I.

Int. J. Quantum Chem. 109,414 ( 2009 ), J. Phys. B. 42,044011 (2009)

m Consider a scattering process that can be described as a two-channel
Schrodinger problem

2
(——é%g +‘th'+'§££#;j2-__k%> ¢1(r) + Ur22(r) = 0,
2
(——éég +—L@2-+'§££§;jl'_'kg) p2(r) + U2141(r) = 0, (30)

where £ is the angular momentum quantum number and

kn = \/2m(E — E,). (31)

FE,, denotes the channel threshold and m is the reduced mass of the studied
system.

s The scattering is described by the Scattering Operator S acting on the
incoming wave W;,, to give the outgoing wave W,

\Ifout — gqun (32)

Nils Elander & Sergei Rakitianski. —16 / 31
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Two-Channel scattering problem Il.

m For a central potentials U(r = U(r) we formulate the problem in terms of
an expectation value problem : the partial wave scattering matrix Sy ;;(E)
yielding the total cross section in terms of the partial wave scattering cross
sections

2

Se,ij(E) — 04
2’1,]67;

(33)

i(B) =3 o1y (B): o0s(E) = 4m(26+1)|

m The Mittag-Leffler (ML) expansion of the one channel partial wave
S-matrix is given by:

— ZR LR — Q

k—a Se (2)dz
L= 7{ (z—k)(z—a) (34)

Se(k) = Se(a) + ZRGS 1St (2Rr)] {k; T #}

C

Nils Elander & Sergei Rakitianski. —17 / 31
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Outline m To generalize the method described in to many channels, the contribution

Green function

cTW to the partial wave S-matrix from one single resonance is defined as the
Em residue term in the ML expansion:

CTW —1

cTW Res [S¢(Kr)] (K —-Kgr) .

ABC
TWres
G
o m For the two-channel case
spec

Neva

Neva o kl O
Neva K= [ 0 kz ] : (35)

2ch
2ch2

Kr is defined in the same way and is the momentum matrix at the

‘F‘:hi resonance energy. Here and below matrices are labeled with fat symbols.
ES

6ch2 The residues of the~ S-matrix can then be calculated and used to build the
7Ch12 reduced S-matrix, S/(K,Kgr) :

res2 ~

res3 SE(K, KR) = SE(K) — Res [SE(KR)] (K — KR)_l . (36)
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Mittag- Leffler expansion IV.

m The reduced partial cross section is then given by

Go,ij (B, ER) = 4m(

1)

Sﬁ,ij - 6ij

2’1,]67;

(37)

The difference between o, and g, can then be used to identify a possible

feature in the cross section.

Nils Elander & Sergei Rakitianski.
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gut“"i ; m The many-channel partial wave S-matrix can be expressed as
crw S, = 1 + 2iK/2F,K"/?, (38)
CTW
o where K is defined in (35) and Fy is the scattering amplitude (proportional
ABC to the T-matrix elements)
TWres
Gspec . oo R .
o F, - K / dr §o(Kr)U (r) @ (r) K. (39)
Neva 0
QN;Va Here jg(K’F) is a diagonal matrix of the Riccati-Bessel functions, U(r) -
e potential matrix and W,(r) is a physical solution of SE (30) which also
o satisfies the integral equation
6ch2 ~ 0 N
7ch? W,(r) = je(Kr) +/ dr’ G(r,v" YU(r")j(Kr"). (40)
resl 0
res2
res3 Each column in the matrix W,(r) is a solution to the Schrodinger eq. with
Em appropriate boundary conditions. The number of the column corresponds
BW3 to that of the incoming channel.
BW4
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Two-Channel Green function and the S-matrix.

m T he two-channel partial wave Green function is expressed in its

eigenfunctions. Then, by applying complex dilation to the Green function
and discretizing the contributions from the continuous spectrum, the
complex dilated two-channel partial Green function is obtained as a finite
sum over the eigenfunctions

Gl = g | ki) | [ofe), o6 ] @

R=1

Substituting (39)-(41) into eq. (38 ), the following expression for the
S-matrix is obtained

S, =1-—2iK /2 / dr jo(Kr)U(r)j (Kr) K2 (42)

N i §(o0) N
KO D SRV onE) « ()

§(o0) )
/O dE(r) L (ENUEM)je(KEEHK Y2, (44)
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Outline m Yielding the residue of the S-matrix at a resonance momentum

e " |
s Res [Se(Kr)] = —iKp' /0 dé(r) Kg?jo(Kr&(r) U (E(r) r(£(r)) + (45)
e §(ce) T ) 12

roc | delr) SREE)UE)iKre(r)K; . (46
e m The potential in our example is

Neva

2ch B —1.0 -=-7.5 2 —p
o Vir) = [ 75 7.5 ]T © (47)

4ch?2

Resl where the threshold energies are 41 = 0 and E2 = 0.1, respectively. As in
the previous sections, the notation U(r) = 2mV (r), m = 1 is used.
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Resonance Residues

40}

Im(an)o-

-80

-60

-20 Re(an) 20

60

401

im(@a,)’ |

_80 L

5

-60  -20Re(y )20 60
n

Figure 5: Residues of the partial wave S-matrix elements a) £ = 1 and b) ¢ = 2.
Circles corresponds to the residues of Si11, squares and diamonds to the residues of
S12 and S22 respectively. a,, = Res|[Si;(En)]

e | he residues " rotate anti-clock vice as n increases

o |Res(Se,ij(ERr)| Grows along the string of resonances = The common
statement ” A wide resonance does not influence the cross section since it is
so far out in the complex plane” is wrong.
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e Figure 6: o011 cross sections for /£ = 1. Solid line corresponds to the partial

Resl . . .
6ch2 wave cross section, dashed line corresponds to the reduced cross section based on

U eq. (37 ) without contribution from a) the first pole b) the second pole. Vertical

resl . . . .. . . .
- lines indicate positions of the excluded resonances, horizontal lines show intervals
corresponding to the resonance width.
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Outline m The Breit-Wigner (BW) formula for the partial wave S-matrix in the

Green function

cTW neighborhood of an isolated multichannel resonance, with a complex energy
CTW . .

vy Er, is given by

CTW IW IW
cTW i1l
S5 (B, Br) = exp(2i7)8i; — i exp(i(yi + 1))
TWres E - ER
Gspec

Gspec yielding the BW residue as

Neva

o —iexp(i(y: + 7)) /Tl ;.

2ch
2ch? Here ~; is a background phase shift and I'; is the corresponding partial

2ch?2 .
i width.

Resl
6ch2 m One obvious problem with Breit-Wigner partial wave S-matrix is that it

e includes unknown values, namely the background phase shifts ;. It is

resl

res2 unclear how this phase shifts are to be determined.

res3

BW2
BW3
BW4
SUM
Tack
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Breit-Wigner approximation II.

m We have here chosen to calculate them such that in a close vicinity of a
resonance (Re(Er)) a partial wave S-matrix element S;;(E), obtained with
the logarithmic derivative method, is equal to S;;" (E, Er) in eq. (48 ).
We may now define a reduced BW partial-wave S-matrix, as

~ /LG
Si;"" (B, Er) = Sij(E) +iexp(i(y: + %))E——E;' (49)

m [ hen we can define a BW reduced cross section as
2
SiV(E,ERr) — &
2’1,]67;

5" (E,ER) = 4m(20 + 1) (50)
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Breit-Wigner approximation Ill.
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022 cross sections for £ = 0. In a) solid line corresponds to the partial

wave cross section, the dashed line corresponds to the reduced cross section based
on subtracting S-matrix residue from the first pole (eq. (37 )). In b) the dash-dotted
line reveres to the Breit-Wigner based reduced cross section (eq. (50 )) without
contribution from the first pole while the dashed line has the same meaning as in

a).
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Breit-Wigner approximation V.

e The Mittag-Leffler based S-matrix residue description of the resonance
contribution to the studied cross sections is successful.

e [ he background phase in the Breit-Wigner varies even over a narrow resonance

leaving a contribution from the resonance pole.
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