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OUTLINE

 Why ? 
 Main ingredients of the Exterior Complex Scaling (ECS)
 Questions?
 Short-range and long-range Coulombic potentials
 Pure Coulomb potential 
 Summary 
 Use of Complex basis (Sturmian functions)
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WHY?

Three-body Coulomb break-up processes (e.g. e--H): 
                     VERY difficult to enforce asymptotic conditions

  Peterkop-type asymptotic behavior   (all particles far from each other)

No one has yet applied it to the numerical resolution 
of S.E. for the ionization problem
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Complex Scaling method:       r  r eiη

(since Nuttal and Cohen, PR, 1969) 

           Initially: structure of atomic systems + resonance scattering

Exterior Complex scaling (ECS): (Simon, Phys Lett. A, 1979)

Extension to scattering problems including long-range potentials (Rescigno et al, PRA, 1997)

Since then, very successful method for the study of a variety of (ionization) processes

EXAMPLES:  - e--H ionization (Rescigno et al, Science, 1999)
                       - Photo Double Ionization of He (McCurdy et al, PRA, 2004)
                       - PhotoIonization of molecules (Vanroose et al, PRA, 2006 – Yip et al, PRA, 2008 –      
                                                    Fernandez et al, PRA, 2009)
                       - Two-slit type experiments (Tao et al, PRA, 2010)

Methods without explicit use of any asymptotic boundary conditions 
                             VERY PRACTICAL 

 Exterior Complex scaling (ECS)

WHY?
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We do not question the ECS capabilities or computation technique but

Why does it work numerically? 

Understand and reinforce the foundations of the ECS

Raise and answer some questions.

Can the ECS be applied to pure Coulomb potentials?

           TWO-BODY          V(r)

WHY?

rr
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Ingredients of the ECS approach

1) Formulation of the scattering problem 
2) Exterior Complex Scaling
3) Numerical evaluation of scattering w.f.
4) Artificial cut-off of the potential
5) Amplitude extraction

For details, see for example review paper: 
McCurdy, Baertschy and Rescigno, JPB, 37, R137, (2004)
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ECS ingredients (1) TWO-BODY CASE

THREE-BODY CASE (similar driven eq.)
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ECS ingredients (2)

Im(q(r))

Re(q(r))

η

R0
0

Mapping
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ECS ingredients (3)

1) …

2) …

3) Numerical evaluation of scattering w.f. on a finite region of space 

(r<R0) with different techniques: finite elements, finite differences, L2 
basis, B-splines, direct numerical integration, …)

4)    …

5)    …
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ECS ingredients (3)

Need a vanishing RHS!
What to do?
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ECS ingredients (4)
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ECS ingredients (5)

Extraction of the transition amplitude
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N: number of 
basis functions
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QUESTION: COULOMB CASE?
• Since the 1997 PRA paper, the authors carried out a series of 

VERY succesful calculations but do not question again the Coulomb 
case.

    Just make reference to that paper !

• Coulomb case: considered recently (Volkov et al, EurPhysLett, 2009)

• In 1997 PRA paper, the authors state: « The discussion assumes 
that the potential falls off more rapidly than |1/r| at infinity » .

     Is it possible to deal with the pure Coulomb potential?
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QUESTION?
• What is neglected?

Green’s function formalism
  (integral representation)

G+ provides correct asymptotic behavior

To avoid divergency:

 not correct !
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MORE QUESTIONS?

     What are the consequences of cutting the potential ONLY on RHS? 

     What is the meaning of the solution in the outer region? 
     
     Is it really necessary to cut the potential?
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HOW DOES THE ECS METHOD WORK?
HOW TO ADAPT IT FOR THE COULOMB POTENTIAL?

SHORT RANGE POTENTIALS
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             COULOMB POTENTIAL V(r)=z1z2/r

Explicitly excluded in 1997 PRA paper ---- note [28] !

Solution vREG(r) is known – it is real.

Ψsc(r) needs to construct the well-known Coulomb logarithmic phase 

                                  Hl(α,r) → ei[kr- α ln(2kr)-lπ/2] 

with α=z1z2µ/k (Sommerfeld parameter).

If a standing-wave free-particle initial state Ψ0(r) is taken

      →  INCOMPATIBLE with pure outgoing behavior of Ψsc(r)

     

BAD CHOICE OF Ψ0(r) FROM THE OUTSET !
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 COULOMB POTENTIAL V1(r)=z1z2/r
+ SHORT RANGE POTENTIALS V2(r)

                                      V(r)=V1(r)+V2(r)

Reformulation: (McCurdy and Martin, JPB, 2004)

The regular solution of V1(r) is taken as initial state Ψ0(r) 

and the scattering is associated to V2(r).

Then scattering theory is correctly recovered.

          BUT WHAT ABOUT THE PURE COULOMB CASE ?
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        PURE COULOMB POTENTIAL V(r)=z1z2/r

                      Gasaneo, Ancarani and Mitnik (submitted)    

Introduce a Coulomb distorted initial state Ψ0,dis(r) 

which « diagonalizes » the Coulomb interaction at large distances.

NEW decomposition:

                            Instead of

 

               TWO PROPOSALS for Ψ0,dis(r)
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    Ψ0,dis(r) 

    Ψsc(r)

     Ψ(r)=
Ψ0,dis(r)+Ψsc(r)

Angular momentum l=0, momentum k=1 (E=0.5), µ=1, z1z2=-1, and a=0.5. 
In the bottom panel, the Coulomb wave function vReg(r) is included (dotted line)  for comparison.

FIRST PROPOSAL (illustration)



27      If OK for two-body, what about three-body?
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ANSWER:
YES, but need to use a Coulomb distorted initial state Ψ0,dis(r) rather than Ψ0(r)

QUESTION:

• In 1997 PRA paper, the authors state: « The discussion assumes 

     that the potential falls off more rapidly than |1/r| at infinity » .
• Is it possible to deal with the pure Coulomb potential?
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              ALTERNATIVE CUT-OFF PROCEDURE

                     MORE CONSISTENT WITH SCATTERING THEORY
                            Gasaneo, Ancarani and Mitnik (submitted)

Valid for any potential 

but illustrated here for the Coulomb case : ALL ANALYTICAL !!

DRIVEN EQUATION

A. UNBALANCED TREATMENT (ECS procedure)

B. BALANCED TREATMENT (our proposal)

-  divergency of RHS still avoided (as in ECS)
-  scattering problem properly defined 
         (amplitude can be extracted from the asymptotic behavior)
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A. UNBALANCED TREATMENT (ECS procedure)   [1/2]
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A. UNBALANCED TREATMENT (ECS procedure)  [2/2]
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Re(Ψ(r))

A. UNBALANCED TREATMENT (ECS procedure) : ILLUSTRATION (R0=100)
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A. UNBALANCED TREATMENT (ECS procedure) : ILLUSTRATION (R0=100)

 

Im(Ψ(r))
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B. BALANCED TREATMENT (our proposal)
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ANSWER:
Unphysical solution in the outer region (r>R0).

Discontinuous derivative of the wave function at R0.

Incompatible with standard amplitude extraction (at least in Coulomb case)

A balanced cut-off treatment is more appropriate/consistent
( i.e. using a cut potential from the outset )
but the limit R0 →∞ needs to be investigated

QUESTION:
What are the consequences of cutting the potential ONLY on RHS?
What is the meaning of the solution in the outer region?
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SUMMARY

COULOMB CASE

 Coulomb distorted wave reformulation (TWO PROPOSALS).

       A similar reformulation for the three-body case? (need asymptotic solution!)

 ANALYTICAL STUDY

              - Cut-off procedure (ECS): unbalanced treatment of the potential.

              - Alternative cut-off procedure: balanced treatment more appropriate.

      Inner solution is proportional to the exact solution (cornerstone of ECS). 

      A similar demonstration for the three-body case?
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SUMMARY

 ECS method: numerically very sucessful 

      … but raised some questions

      … and provided some answers + reinforce method!

      … but some questions remain open (3 body!)

FIRST take home message: 
ECS works numerically but not on solid formal footing



38

Another question

Can the cut-off procedure be avoided altogether ?

- YES by using complex basis with appropriate asymptotic behavior

Use of real L2 basis functions 

with a complex Hamiltonian

(through ECS rotation)

Use of complex basis functions 

with a real Hamiltonian

                 Basis is rotated NOT the driven equation !!

BUT incoming part (e-ikr) leads to divergencies on RHS → CUT-OFF !

-YES by using Ψ0,dis(r) with known exact asymptotic solution  

         If not known: better to use a balanced treatment.
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EXAMPLE Sn,l(r)~eikr=cos(kr)+isin(kr)

PROPOSAL:  use STURMIAN basis functions
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TWO-BODY CASE: standard approach

  Eigenvalue  E

     Complete and orthogonal set

 U(r) : central potential 

Radial equation: 

Rl(r): eigenfunctions of the ENERGY

STURMIAN BASIS FUNCTIONS

       AIM: solve Schrödinger equation  (H-E)Ψ =0 
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U(r) : auxiliary potential (short or long range, 
usually related to the potential to be solved)

Vg(r): generating potential (short range)

E: externally fixed parameter 

βn: eigenvalues

 Sn,l(r) : Eigenfunctions of the potential
 
Complete and orthogonal (potential Vg(r) weighted) set

Asymptotically:

TWO-BODY CASE: Sturmian approach

  All Sn,l(r) : asymptotic behavior dictated by U(r)

 BASIS SET
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Boundary conditions (for all n)

BOUND STATES (E=-k2/2µ<0)

CONTINUUM  STATES (E=k2/2µ>0)

    Incoming (-) or outgoing (+) wave
(just a plane wave if U(r) not coulombic)

TWO-BODY CASE: Sturmian approach
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ADVANTAGES OF STURMIAN BASIS

 All basis elements have correct asymptotic behavior  
      (with correct energy for continuum states)

 They concentrate the effort in the inner part

 « Diagonalize » the kinetic energy and the potential if U(r) appropriately chosen

 Their orthogonality property transforms the Schrödinger equation 
      into a matricial problem (by projection on the basis functions)

 VERY EFFICIENT BASIS
(require smaller computational resources) 
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STURMIAN basis functions

Asymptotic limit:

Transition amplitude:

Expand in Sturmian functions:

Matrix equation

AIM: solve driven equation:
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     No need of CUT-OFF (as no incoming part) !!!

The proposal is promising … applications on the way

STURMIAN basis functions

Exterior Complex Scaling

AS DESIRED !

Asymptotic limit:

SECOND take home message: 
CUT-OFF can be avoided by using 
appropriate complex basis functions
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Thank you for your attention!
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THREE-BODY CASE

-bound atomic states (ground and excited), resonances
    (e.g. BEST ground state energy with uncorrelated product) 
-  H2

+ molecule (see POSTER)
-  electron-atom ionization in Temkin-Poet model
                                                 (reproduce SDCS benchmark results)

REFERENCES: Frapiccini et al, JPB, 2010
                                  Randazzo et al, PRA, 2010 
                                  Frapiccini et al, Int. J. Q. Chem, 2009
                                  Frapiccini et al, PRA, 2010
                                  Mitnik et al, Comp. Phys. Comm., 2011 

                   

… to come
 - Electron-hydrogen ionization for L>0 
 - Double photo-ionization of He

Several successful applications:

- With smaller computational resources
- Possibly opening on more complex systems
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THREE-BODY CASE

rr11

rr22

rr1212

        qq11,m,m11

        qq22,m,m22

        qq33,m,m33
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HERE: TWO-BODY CASE

ECS ingredients (1) THREE-BODY CASE
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