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Ultracold Quantum Gases
(<peV)

Universal Few-Body Physics

Overview NIST
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       Signatures of Efimov Physics,
       Four- and More-bodies universal states,
       New families of universal states, 

From the theoretical side:

       clean and accurate experiments
       CONTROL of interactions (B-field)
       can explore the universal regime (low T
       and strong interactions)

From the experimental side:
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       Signatures of Efimov Physics,
       Four- and More-bodies universal states,
       New families of universal states, 

From the theoretical side:

       clean and accurate experiments
       CONTROL of interactions (B-field)
       can explore the universal regime (low T
       and strong interactions)

From the experimental side:

Allows for the use of 
simple models !!!
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       Signatures of Efimov Physics,
       Four- and More-bodies universal states,
       New families of universal states, 

From the theoretical side:

Repulsive

Attractive

Ultracold Dipolar Quantum Gases

      CONTROL of interactions (E-field) 
       new phases, quantum computing, etc ...
      long range anisotropic interactions

The Efimov effect persist !!!
Dipolar interaction is extremely beneficial !!!
Possible new few-body physics !!!
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Few-body physics in Ultracold Gases
(Why do Experiments care about it?)
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Atomic/Molecular Losses
(three-body recombination, ...)
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Vibrational Relaxation

+

... loss !!!

Stability and Lifetime of 
condensates !!!

Atomic/Molecular Losses
(three-body recombination, ...)

Three-body Recombination

+
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Control of few-body 
correlations !!!

Elastic parameters 
(strength of interactions, equation of state, ...)

Atom-dimer scattering
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Control of few-body 
correlations !!!

Elastic parameters 
(strength of interactions, equation of state, ...)

Atom-dimer scattering

Dimer-dimer scattering
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Efimov Physics
appearance of an attractive or repulsive  three-body effective 
interaction ... in the strongly interacting regime

Loses = Probe of  universal states

Scattering length dependence
on 3-body collision rates

Control of the few-body interactions
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Efimov Physics
appearance of an attractive or repulsive  three-body effective 
interaction ... in the strongly interacting regime

Loses = Probe of  universal states

Scattering length dependence
on 3-body collision rates

Control of the few-body interactions

(geometric factor) -8 -6 -4 -2  0  2  4  6-8 -6 -4 -2  0  2  4  6

In ultracold gases a is a tunable parameter, 
which allows to the exploration of the full 

Efimov energy spectrum
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Signatures of universal four-body phenomena and its relation to the Efimov effect
von Stecher, D’Incao, and Greene, Nat. Phys. (2009) 
 

 Universal properties of the properties of the four-body system 
      with large scattering lengths, Hammer & Platter,  EPJA 32, 113 (2007)

Two four-boson states for each 
Efimov trimer [... see also Deltuva, FBS 50, 391 (2011)]
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von Stecher, D’Incao, and Greene, Nat. Phys. (2009) 
 

 Universal properties of the properties of the four-body system 
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Two four-boson states for each 
Efimov trimer [... see also Deltuva, FBS 50, 391 (2011)]
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• [Yes?] Yamashita, Tomio, Delfino, & Frederico,  
EPL 75, 555 (2006);  Hadizadeh, Yamashita, Tomio, 
Delfino, & Frederico, PRL 107, 135304 (2011)

Controversy : (Four-body parameter ?)

Signatures of universal four-body phenomena and its relation to the Efimov effect
von Stecher, D’Incao, and Greene, Nat. Phys. (2009) 
 

 Universal properties of the properties of the four-body system 
      with large scattering lengths, Hammer & Platter,  EPJA 32, 113 (2007)
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Signatures of universal four-body phenomena and its relation to the Efimov effect
von Stecher, D’Incao, and Greene, Nat. Phys. (2009) 
 

 Universal properties of the properties of the four-body system 
      with large scattering lengths, Hammer & Platter,  EPJA 32, 113 (2007)
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Four-body forces

Four-bosons hypersherical potentials at 
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Signatures of universal four-body phenomena and its relation to the Efimov effect
von Stecher, D’Incao, and Greene, Nat. Phys. (2009) 
 

 Universal properties of the properties of the four-body system 
      with large scattering lengths, Hammer & Platter,  EPJA 32, 113 (2007)
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Four-body forces

Four-bosons hypersherical potentials at ... and much more is coming:

     - five- and six-body universal states (von Stecher)
     - Efimov four-body effect (Castin, at al.)

- Three-body Universal states (Kartavtsev, at al., Ueda, at al., Esry, at al.)
     - Efimov effect in mixed dimensions (Nishida, at al.)

 ... and of course:

 Dipolar Efimov Effect (Wang, D’Incao, and Greene)
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The arrival of dipolar gases
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Ultracold Dipolar gases
Atomic (magnetic) dipoles: weak interactions !!!
Molecular (electric) dipoles: strong interactions !!! 

(challenging experiments)
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peak at 0.5 torr is 0.55, and the overall CO coverage is
0.97. The coverage of CO molecules bound to low-
coordinated Pt atoms is de!ned as the ratio of the
number of CO molecules adsorbed at low-coordinated Pt
atoms to the number of surface Pt atoms.

29. The ratio of the O1s peak area from CO bound to low-
coordinated Pt atoms to the total peak O1s area of CO at
10−8 to 10−7 torr is 0.35 to 0.40; the overall CO
coverage at this pressure is ~0.56.
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INCITE project allocations within the National Center for
Computational Sciences (NCCS). XPS data were collected
at the Advanced Light Source, Berkeley, CA.
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N. Kruse, T. Bligaard, and F. Ogletree.
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Quantum-State Controlled Chemical
Reactions of Ultracold
Potassium-Rubidium Molecules
S. Ospelkaus,1* K.-K. Ni, 1* D. Wang,1 M. H. G. de Miranda,1 B. Neyenhuis,1 G. Quéméner,1

P. S. Julienne,2 J. L. Bohn,1 D. S. Jin,1† J. Ye1†

How does a chemical reaction proceed at ultralow temperatures? Can simple quantum mechanical
rules such as quantum statistics, single partial-wave scattering, and quantum threshold laws
provide a clear understanding of the molecular reactivity under a vanishing collision energy?
Starting with an optically trapped near–quantum-degenerate gas of polar40K87Rb molecules
prepared in their absolute ground state, we report experimental evidence for exothermic
atom-exchange chemical reactions. When these fermionic molecules were prepared in a single
quantum state at a temperature of a few hundred nanokelvin, we observed p-wave–dominated
quantum threshold collisions arising from tunneling through an angular momentum barrier
followed by a short-range chemical reaction with a probability near unity. When these molecules
were prepared in two di!erent internal states or when molecules and atoms were brought together,
the reaction rates were enhanced by a factor of 10 to 100 as a result of s-wave scattering,
which does not have a centrifugal barrier. The measured rates agree with predicted
universal loss rates related to the two-body van der Waals length.

Scienti!c interest in precisely understanding
the fundamental aspects of chemical reac-
tions and controlling their dynamic pro-

cesses has stimulated pioneering work on
molecular beams to study state-to-state reactions
using molecular alignment, velocity selections,
and angle-resolved measurement (1–5). However,
substantial motional energies remained in earlier
work, and thermal statistical averages were a
necessary ingredient. By preparing a molecular
ensemble’s translational degrees o" reedom in the
quantum regime, we expect to develop fundamen-
tal insights into how chemical reaction processes
may be precisely guided by quantum mechanics.
Reaction dynamics at vanishingly low energies
remain a fascinating and yet unexplored scienti!c
realm (6). Under unprecedented energy resolution,
each step of a complex reaction may be analyzed
on the basis of single quantum states and single
reaction channels. For example, we can study how
reactivity is dictated by the quantum statistics of
the molecule as a whole.

That chemical reactions could occur at ultra-
low temperatures seems at !rst glance counter-
intuitive. However, ultracold collisions, where
particles scatter only in the partial wave with
lowest angular momentum, are governed by
quantum statistics and quantum threshold behav-
iors described by the Bethe-Wigner laws (7–9).
In this regime, particles are represented by their
de Broglie wavelength, which increases with re-
duced temperature. This wave nature of particles
replaces our intuitive and classical picture of
collisions. The wave manifestation of tunneling
through reaction or angular momentum barriers

may play a dominant role in dynamics, and scat-
tering resonances can have dramatic e"ects on
reactions (10). In addition, any barrierless chem-
ical reactions will always take place when two
reactants are su#ciently close together (11). In
this case, chemical reaction rates will be deter-
mined to a large extent by collisional properties at
large intermolecular separations, and thus by how
the two partners approach each other. Once their
separation reaches a characteristic length scale
(~10a0, wherea0 = 0.53 × 10−10 m), a chemical
reaction happens with a near unity probability.
Therefore, chemical reactions can be surprisingly
e#cient even at ultracold temperatures. Indeed,
this model for barrierless reactions predicts loss
rates that are universal in the sense that they do
not depend on the details of the short-range inter-
actions, but instead can be estimated using only
knowledge of the long-range interactions (12).

Like the case of collisions of ultracold atoms,
the study of ultracold chemical reactions will
play a fundamental role in advancing the !eld
of molecular quantum gases. For example, un-
derstanding andmanipulating collisions of atoms
at ultralow temperatures (<1mK) has been cru-
cial for the realization of quantum degenerate
gases (13–15), Fermi super%uids that provide
opportunities to explore the underlying connection
between superconductivity and Bose-Einstein
condensation (16), neutral atom–based systems
for quantum information science (17–19), and
strongly correlated quantum gases (20, 21). Ultra-
cold molecules undergo a more diverse set of
collisional processes, with distinct inelastic colli-
sion mechanisms arising from chemical reactions,
in addition to the traditional state-changing
collisions seen with ultracold atoms and highly
vibrationally excitedmolecules (22). Furthermore,

1JILA, NIST and University of Colorado, Department of Physics,
University of Colorado, Boulder, CO 80309, USA.2Joint Quantum
Institute, NIST and University of Maryland, Gaithersburg, MD
20899, USA.
*These authors contributed equally to this work.
†To whom correspondence should be addressed. E-mail:
jin@jilau1.colorado.edu (D.S.J.); ye@jila.colorado.edu (J.Y.)

Fig. 1. Hyper"ne structure of rovibronic
ground-state40K87Rb molecules at 545.9 G.
We label the 36 nuclear spin states by
their spin projections,mI

Rb and mI
K. The

energy spacing between hyper"ne states
is ~h × 130 kHz for |DmI

K| = 1 and ~h ×
760 kHz for |DmI

Rb| = 1. By comparison, at
a temperature of 300 nK, the molecules’
thermal energy is equivalent to ~h× 6 kHz,
which is more than an order of magnitude
smaller than the spin $ip energy. In our ex-
periments, molecules are prepared in either
a single state or in a mixture of |−4,1/2
and the lowest-energy state |−4,3/2 (open
ellipses).
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... also : Innsbruck, Yale, Heidelberg, 
Hanover, ...
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peak at 0.5 torr is 0.55, and the overall CO coverage is
0.97. The coverage of CO molecules bound to low-
coordinated Pt atoms is de!ned as the ratio of the
number of CO molecules adsorbed at low-coordinated Pt
atoms to the number of surface Pt atoms.

29. The ratio of the O1s peak area from CO bound to low-
coordinated Pt atoms to the total peak O1s area of CO at
10−8 to 10−7 torr is 0.35 to 0.40; the overall CO
coverage at this pressure is ~0.56.
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Quantum-State Controlled Chemical
Reactions of Ultracold
Potassium-Rubidium Molecules
S. Ospelkaus,1* K.-K. Ni, 1* D. Wang,1 M. H. G. de Miranda,1 B. Neyenhuis,1 G. Quéméner,1

P. S. Julienne,2 J. L. Bohn,1 D. S. Jin,1† J. Ye1†

How does a chemical reaction proceed at ultralow temperatures? Can simple quantum mechanical
rules such as quantum statistics, single partial-wave scattering, and quantum threshold laws
provide a clear understanding of the molecular reactivity under a vanishing collision energy?
Starting with an optically trapped near–quantum-degenerate gas of polar40K87Rb molecules
prepared in their absolute ground state, we report experimental evidence for exothermic
atom-exchange chemical reactions. When these fermionic molecules were prepared in a single
quantum state at a temperature of a few hundred nanokelvin, we observed p-wave–dominated
quantum threshold collisions arising from tunneling through an angular momentum barrier
followed by a short-range chemical reaction with a probability near unity. When these molecules
were prepared in two di!erent internal states or when molecules and atoms were brought together,
the reaction rates were enhanced by a factor of 10 to 100 as a result of s-wave scattering,
which does not have a centrifugal barrier. The measured rates agree with predicted
universal loss rates related to the two-body van der Waals length.

Scienti!c interest in precisely understanding
the fundamental aspects of chemical reac-
tions and controlling their dynamic pro-

cesses has stimulated pioneering work on
molecular beams to study state-to-state reactions
using molecular alignment, velocity selections,
and angle-resolved measurement (1–5). However,
substantial motional energies remained in earlier
work, and thermal statistical averages were a
necessary ingredient. By preparing a molecular
ensemble’s translational degrees o" reedom in the
quantum regime, we expect to develop fundamen-
tal insights into how chemical reaction processes
may be precisely guided by quantum mechanics.
Reaction dynamics at vanishingly low energies
remain a fascinating and yet unexplored scienti!c
realm (6). Under unprecedented energy resolution,
each step of a complex reaction may be analyzed
on the basis of single quantum states and single
reaction channels. For example, we can study how
reactivity is dictated by the quantum statistics of
the molecule as a whole.

That chemical reactions could occur at ultra-
low temperatures seems at !rst glance counter-
intuitive. However, ultracold collisions, where
particles scatter only in the partial wave with
lowest angular momentum, are governed by
quantum statistics and quantum threshold behav-
iors described by the Bethe-Wigner laws (7–9).
In this regime, particles are represented by their
de Broglie wavelength, which increases with re-
duced temperature. This wave nature of particles
replaces our intuitive and classical picture of
collisions. The wave manifestation of tunneling
through reaction or angular momentum barriers

may play a dominant role in dynamics, and scat-
tering resonances can have dramatic e"ects on
reactions (10). In addition, any barrierless chem-
ical reactions will always take place when two
reactants are su#ciently close together (11). In
this case, chemical reaction rates will be deter-
mined to a large extent by collisional properties at
large intermolecular separations, and thus by how
the two partners approach each other. Once their
separation reaches a characteristic length scale
(~10a0, wherea0 = 0.53 × 10−10 m), a chemical
reaction happens with a near unity probability.
Therefore, chemical reactions can be surprisingly
e#cient even at ultracold temperatures. Indeed,
this model for barrierless reactions predicts loss
rates that are universal in the sense that they do
not depend on the details of the short-range inter-
actions, but instead can be estimated using only
knowledge of the long-range interactions (12).

Like the case of collisions of ultracold atoms,
the study of ultracold chemical reactions will
play a fundamental role in advancing the !eld
of molecular quantum gases. For example, un-
derstanding andmanipulating collisions of atoms
at ultralow temperatures (<1mK) has been cru-
cial for the realization of quantum degenerate
gases (13–15), Fermi super%uids that provide
opportunities to explore the underlying connection
between superconductivity and Bose-Einstein
condensation (16), neutral atom–based systems
for quantum information science (17–19), and
strongly correlated quantum gases (20, 21). Ultra-
cold molecules undergo a more diverse set of
collisional processes, with distinct inelastic colli-
sion mechanisms arising from chemical reactions,
in addition to the traditional state-changing
collisions seen with ultracold atoms and highly
vibrationally excitedmolecules (22). Furthermore,
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Institute, NIST and University of Maryland, Gaithersburg, MD
20899, USA.
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Fig. 1. Hyper"ne structure of rovibronic
ground-state40K87Rb molecules at 545.9 G.
We label the 36 nuclear spin states by
their spin projections,mI

Rb and mI
K. The

energy spacing between hyper"ne states
is ~h × 130 kHz for |DmI

K| = 1 and ~h ×
760 kHz for |DmI

Rb| = 1. By comparison, at
a temperature of 300 nK, the molecules’
thermal energy is equivalent to ~h× 6 kHz,
which is more than an order of magnitude
smaller than the spin $ip energy. In our ex-
periments, molecules are prepared in either
a single state or in a mixture of |−4,1/2
and the lowest-energy state |−4,3/2 (open
ellipses).
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... also : Innsbruck, Yale, Heidelberg, 
Hanover, ...

... reaction dynamics (ultracold controllable chemistry), ...

“Universal” dipolar molecules: 
RbK, LiNa, LiK,LiRb, LiCs

(unit probability of reactive collisions)

[see: Idziaszek and Julienne 
PRL 104, 113202 (2010); Zuchwski 
and Hutson, arXiv:1003.1418]

“Non-universal” dipolar molecules: 
RbCs, NaK, NaRb, NaCs, KCs

(no reactive collisions)
..., dipolar quantum phases, ...
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Dipolar Few-body Physics
( ... what changes ? )
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Repulsive

Attractive

(anisotropic and 
long-ranged interactions)

Dipole-Dipole Interaction:
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Attractive

(anisotropic and 
long-ranged interactions)

Dipole-Dipole Interaction:

Dipole-Dipole Model Interaction
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Dipole-Dipole Interaction:
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- control of interactions ...
- new phases of the matter ...
- losses (?)
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Three-body Dipolar Physics

?

-8 -6 -4 -2  0  2  4  6-8 -6 -4 -2  0  2  4  6non-dipolar dipolar
large s-wave scattering 

length
l is not conserved (multiple 
partial waves contributes)

ZRM offers an analytical 
solution

ZRM for dipoles (?)
(no effective-range)

Identical Bosons: J=0 J is also not conserved !!!

Efimov Physics for dipoles ?

Strong Losses: Tichnor & Rittenhouse PRL (2010)
[pertubative treatment]
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... angles + set of non-compact 
coordinates

For N particles ...
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... angles + set of non-compact 
coordinates

For N particles ... ... the hyperspherical way !!!

hyperradius     : overall size 
(collective motion)

hyperangles          : internal motion
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For N particles ...
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Hyperspherical Potentials
(think Born-Oppenheimer)

... fixing      , solving

(three-body continuum)

(bound channels)

... the hyperspherical way !!!
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(very challenging !!!)
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The Efimov effect persist !!!
 (difference: repulsion for              )                 
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Three-dipoles effective potentials 
(schematic representation)

The barrier prevents two 
dipoles to be at distances 
smaller than       !!!
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(Figure credit:
 Brad Baxley)

Three-dipoles effective potentials 
(schematic representation)

The barrier prevents two 
dipoles to be at distances 
smaller than       !!!

Consequence #1: Energies, geometry, ... 
are universal !!! (depend only on       )
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Three-dipoles effective potentials 
(schematic representation)

The barrier prevents two 
dipoles to be at distances 
smaller than       !!!

Consequence #2: suppression of decay !!! 
(long-lived states !!!)

Consequence #1: Energies, geometry, ... 
are universal !!! (depend only on       )

Consequence #3: universal collisional
properties (resonances)
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Dipolar Efimov Spectrum
(schematic representation)

Long-Lived, universal states 
(depends only on 2-body physics) !!!

3

|as| → ∞ d! (r0) md2
!E0 md2

!Γ

14.534 3.06×10−2 5.2×10−3

25.498 3.03×10−2 6.6×10−3

38.110 2.95×10−2 3.2×10−3

(3-body) a∗−

3b /d! ≈ −8.1 a∗+
3b /d! ≈ 1.8 a∗

Dd/d! ≈ 8.6

(4-body) a∗−

4b,1/d! ≈ −3.5 a∗−

4b,2/d! ≈ −7.3

a∗

dd,1/d! ≈ 20. a∗

dd,2/d! ≈ 57. ac
Dd/d! ≈ 58.

TABLE I: The positions and the widths of the lowest Efimov
state for different values of d! and universal three-dipole ratios
for position of Efimov freatures in scattering observables.

shows the existence of the Efimov potential of the form,

Uν(R) ! −
s2
0 + 1/4

2µR2
, (6)

supporting an infinity number of three-body Efimov
states, illustrated in the figure by the horizontal dashed
lines. We have found that the rescaled potential in the
inset of Fig. 1(a) is universal, i.e., rescaled potentials for
different values of d", as well as, different strength of
the isotropic interaction, line-up almost perferctly. In
Fig. 1(b) we sketch the three-body energy spectrum. As
d" > r0 increases new dimers are created and, conse-
quently, new families of Efimov states. [Note that the
energy of the lowest Efimov state will be at most of or-
der of 1/md2

" , accordingly to our adiabatic potential on
the inset of Fig. 1(a). We illustrate this fact by including
the shaded region defined between E = 0 and −1/md2

" .]
Figure1(c) gives further evidence of the Efimov potential
when |as| →∞ . We also have verified that nonadiabatic
corrections to the Efimov potential are negligible.

The existence of the Efimov effect for three dipoles can
be expected as a consequence of the s-wave dominance of
the two-body physics near the pole of as [Ticknor]. Nev-
ertheless, the Efimov effect for dipoles has a remarkable
difference to the usual Efimov effect. As shown in the
inset of Fig. 1(a) [see also Fig. 1(c)], the Efimov poten-
tial extends only from values of R > d" while for R < d"

the dipolar interaction causes the Efimov channel to be
repulsive. This has an extraordinary effect on the univer-
sal properties of the dipolar Efimov effect. Since the Efi-
mov states are well separated from the short-range region
(R ≈ r0) by the repulsive barrier for R < d", properties
of Efimov states are expected to be universal, i.e., they
will depend on the two-dipole physics alone, namely, as

and d". This implies that the three-body phase (or pa-
rameter) [7, 9, 18] is now universal and one can derive the
energies of the Efimov states (resonances) for both as > 0
and as < 0 (|as| > d"). Moreover, the barrier for R < d"

also prevents decay of the Efimov states and, therefore,
the Efimov states for large values of d" are likely to be
more long-lived than in the non-dipolar scenarios.

To quantify the three-body parameter, we calculate the
position and the width of the lowest Efimov resonance
when |as| → ∞. To handle the sharp crossings between
the adiabatic potentials [see Fig. 1(a)], we solve Eq. (2)
by the slow variable discretization (SVD) [19]. The po-
sition and the width of the Efimov resonances are then
revealed by introducing a complex absorbing potential in
the deeply-bound channels at large R. In Table I, we list
the ground Efimov state energies E0 and the widths Γ for
a few values of d". As we have expected, the positions
of the Efimov resonances in Table I show clearly the uni-
versal trend. For the width of these resonances, however,
we do not expect a purely universal behavior as they
encapsulate the decay to deeply bound states at smaller
distances. Nevertheless, as we increase d" we see that the
resonance width is suppressed as 1/d2

" , indicating the in-
creasing of the lifetime of the Efimov states. The univer-
sal three-body parameter κ∗=

√
mE0 [9] is then estimated

to be 0.17/d" in the limit of d" ' r0. The knowledge of
κ∗ [9] allow us to determine the universal formulas for
the important three-body scattering observables,

K(as>0)
3 ≈ 67.1 sin2[s0 ln(

as

d"
) + 2.5]

a4
s

m
, (7)

K(as<0)
3 ≈

4590 sinh(2η∗)

sin2[s0 ln( |as|
d!

) + 0.92] + sinh2 η∗

a4
s

m
, (8)

a(as>0)
Dd ≈ (1.46 + 2.15 cot[s0 ln(

as

d"
) + 0.86 + iη∗])as,

(9)

V (as>0)
rel ≈

20.3 sinh(2η∗)

sin2[s0 ln(as

d!
) + 0.86] + sinh2 η∗

as

m
. (10)

Here K3 is the rate for three-body recombination into
weakly-bound dipole-dipole states (as > 0) and deeply
bound dimers (as < 0). aDd is the dipole-dimer scatter-
ing length, and Vrel is the correspondent relaxation rate
for such collision process, D∗

2 + D → D2 + D. From
Eqs. (7)-(10) we can now predict the position of the
main features of such rates which characterize the Efi-
mov physics. For instance, the minima in K3 [Eq. (7)]
should occur for values of as given by a∗+

3b = 1.8enπ/s0d"

(n = 0, 1, 2, ...). In the second part of Table I we list
these properties in terms of ratios for all processes ob-
tained from Eqs. (7)-(10) (we have omitted the geometric
factor enπ/s0 for simplicity). The ratio a∗−

3b /d" determine
the position of the Efimov resonances for K3 (as < 0)
[Eq. (8)] while a∗

Dd/d" determines the position of dipole-
dimer Efimov resonances [Eqs. (9) and (10)]. The uni-
versality on the three-dipole problem has also important
implication for the its four-body analog. In particular,
the position of the four-body features [ref ] can be di-
rectly obtained our results in Table I.

Our numerical results show that the Efimov potential
disappears when |as| ! d". Nevertheless, the adiabatic
potentials are still universal and follow a simple scaling
with d" ' |as|. As shown in Fig. 2(a), the diabatic
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|as| → ∞ d! (r0) md2
!E0 md2

!Γ

14.534 3.06×10−2 5.2×10−3

25.498 3.03×10−2 6.6×10−3

38.110 2.95×10−2 3.2×10−3

(3-body) a∗−

3b /d! ≈ −8.1 a∗+
3b /d! ≈ 1.8 a∗

Dd/d! ≈ 8.6

(4-body) a∗−

4b,1/d! ≈ −3.5 a∗−

4b,2/d! ≈ −7.3

a∗

dd,1/d! ≈ 20. a∗

dd,2/d! ≈ 57. ac
Dd/d! ≈ 58.

TABLE I: The positions and the widths of the lowest Efimov
state for different values of d! and universal three-dipole ratios
for position of Efimov freatures in scattering observables.

shows the existence of the Efimov potential of the form,

Uν(R) ! −
s2
0 + 1/4

2µR2
, (6)

supporting an infinity number of three-body Efimov
states, illustrated in the figure by the horizontal dashed
lines. We have found that the rescaled potential in the
inset of Fig. 1(a) is universal, i.e., rescaled potentials for
different values of d", as well as, different strength of
the isotropic interaction, line-up almost perferctly. In
Fig. 1(b) we sketch the three-body energy spectrum. As
d" > r0 increases new dimers are created and, conse-
quently, new families of Efimov states. [Note that the
energy of the lowest Efimov state will be at most of or-
der of 1/md2

" , accordingly to our adiabatic potential on
the inset of Fig. 1(a). We illustrate this fact by including
the shaded region defined between E = 0 and −1/md2

" .]
Figure1(c) gives further evidence of the Efimov potential
when |as| →∞ . We also have verified that nonadiabatic
corrections to the Efimov potential are negligible.

The existence of the Efimov effect for three dipoles can
be expected as a consequence of the s-wave dominance of
the two-body physics near the pole of as [Ticknor]. Nev-
ertheless, the Efimov effect for dipoles has a remarkable
difference to the usual Efimov effect. As shown in the
inset of Fig. 1(a) [see also Fig. 1(c)], the Efimov poten-
tial extends only from values of R > d" while for R < d"

the dipolar interaction causes the Efimov channel to be
repulsive. This has an extraordinary effect on the univer-
sal properties of the dipolar Efimov effect. Since the Efi-
mov states are well separated from the short-range region
(R ≈ r0) by the repulsive barrier for R < d", properties
of Efimov states are expected to be universal, i.e., they
will depend on the two-dipole physics alone, namely, as

and d". This implies that the three-body phase (or pa-
rameter) [7, 9, 18] is now universal and one can derive the
energies of the Efimov states (resonances) for both as > 0
and as < 0 (|as| > d"). Moreover, the barrier for R < d"

also prevents decay of the Efimov states and, therefore,
the Efimov states for large values of d" are likely to be
more long-lived than in the non-dipolar scenarios.

To quantify the three-body parameter, we calculate the
position and the width of the lowest Efimov resonance
when |as| → ∞. To handle the sharp crossings between
the adiabatic potentials [see Fig. 1(a)], we solve Eq. (2)
by the slow variable discretization (SVD) [19]. The po-
sition and the width of the Efimov resonances are then
revealed by introducing a complex absorbing potential in
the deeply-bound channels at large R. In Table I, we list
the ground Efimov state energies E0 and the widths Γ for
a few values of d". As we have expected, the positions
of the Efimov resonances in Table I show clearly the uni-
versal trend. For the width of these resonances, however,
we do not expect a purely universal behavior as they
encapsulate the decay to deeply bound states at smaller
distances. Nevertheless, as we increase d" we see that the
resonance width is suppressed as 1/d2

" , indicating the in-
creasing of the lifetime of the Efimov states. The univer-
sal three-body parameter κ∗=

√
mE0 [9] is then estimated

to be 0.17/d" in the limit of d" ' r0. The knowledge of
κ∗ [9] allow us to determine the universal formulas for
the important three-body scattering observables,

K(as>0)
3 ≈ 67.1 sin2[s0 ln(

as

d"
) + 2.5]

a4
s

m
, (7)

K(as<0)
3 ≈

4590 sinh(2η∗)

sin2[s0 ln( |as|
d!

) + 0.92] + sinh2 η∗

a4
s

m
, (8)

a(as>0)
Dd ≈ (1.46 + 2.15 cot[s0 ln(

as

d"
) + 0.86 + iη∗])as,

(9)

V (as>0)
rel ≈

20.3 sinh(2η∗)

sin2[s0 ln(as

d!
) + 0.86] + sinh2 η∗

as

m
. (10)

Here K3 is the rate for three-body recombination into
weakly-bound dipole-dipole states (as > 0) and deeply
bound dimers (as < 0). aDd is the dipole-dimer scatter-
ing length, and Vrel is the correspondent relaxation rate
for such collision process, D∗

2 + D → D2 + D. From
Eqs. (7)-(10) we can now predict the position of the
main features of such rates which characterize the Efi-
mov physics. For instance, the minima in K3 [Eq. (7)]
should occur for values of as given by a∗+

3b = 1.8enπ/s0d"

(n = 0, 1, 2, ...). In the second part of Table I we list
these properties in terms of ratios for all processes ob-
tained from Eqs. (7)-(10) (we have omitted the geometric
factor enπ/s0 for simplicity). The ratio a∗−

3b /d" determine
the position of the Efimov resonances for K3 (as < 0)
[Eq. (8)] while a∗

Dd/d" determines the position of dipole-
dimer Efimov resonances [Eqs. (9) and (10)]. The uni-
versality on the three-dipole problem has also important
implication for the its four-body analog. In particular,
the position of the four-body features [ref ] can be di-
rectly obtained our results in Table I.

Our numerical results show that the Efimov potential
disappears when |as| ! d". Nevertheless, the adiabatic
potentials are still universal and follow a simple scaling
with d" ' |as|. As shown in Fig. 2(a), the diabatic
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2

SVD efficiently handles sharp avoided crossings at small
distances. In both cases, the biggest challenge is to solve
the adiabatic eigenvalue equation:

HadΦΠ,M
ν (R; Ω) = Uν(R)ΦΠ,M

ν (R; Ω), (4)

where Uν(R) is the adiabatic potential for channel ν,
M is the space-fixed frame projection of the total angu-
lar momentum J , and ΦΠ,M

ν (R; Ω) is the corresponding
eigenfunction. For interacting oriented dipoles, the ma-
jor difficulty in solving Eq. (4) is that the total orbital
angular momentum J is not conserved. The method of
Ref. [5] is implemented to solve Eq. (4). Briefly, ΦΠ,M

ν is
expanded in terms of the Wigner D functions [see Eq. (4)
in Ref. [5]], truncated at Jmax = 13. Tests of this trun-
cation confirm that it yields adequate convergence.

The nature of three-dipole states near a dipole-dipole
resonances emerges from study of the adiabatic poten-
tials for MΠ = 0+. Note that the even and the odd J
values decouple in this symmetry. This symmetry with
only odd J is of particular interest because it includes the
JΠ = 1+, the least repulsive partial wave for three nonin-
teracting identical fermions [16]. One would also expect
the binding of three dipoles is most likely to occur at
m2d = 0 dipole-dipole resonance, where m2d is the pro-
jection of two-dipole angular momentum along the field
direction. However, m2d = 0 is not allowed for MΠ = 0+

symmetry, so the three-dipole system is considered in-
stead near the m2d = 1 resonances. Figure 1 shows the
typical behavior of the adiabatic potentials. Asymptoti-
cally, the three-body continuum potentials behave in the
same manner as the nondipolar interaction case, but for
dipole plus dipolar dimer channels, each threshold has
a family of potential curves whose centrifugal barriers
carry different effective angular momenta due to the J-
coupling.

Irregardless of the complicated topology of the adia-
batic potentials shown in Fig. 1, near a dipole-dipole res-
onance it is possible to trace a diabatic potential well in
the channel closest to the three-body continuum. It cuts
through multiple sharp avoided crossings with deeply-
bound channels, as is visible in the inset of Fig. 1. Re-
markably, all these potentials for different d" and for dif-
ferent short-range potentials fall on top of each other
after a proper scaling. A key implication of the scal-
ing of the universal potentials is that the hyperradius of
the repulsive barrier increases with d", which suppresses
decay of the three-dipole state and increases its lifetime
as the dipolar interaction is increased. To quantify the
number of three-dipole states and their energies in the
universal potential wells, we have solved Eq. (1) by using
SVD. The energy E3d and the width Γ of the three-body
states are revealed by adding complex absorbing poten-
tials in the lower decaying channels. Interestingly, ex-
actly one quasi-bound state is supported by each of the
universal potentials. Table I lists E3d and Γ for a few
values of d". The energy E3d shown in Table I suggests
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FIG. 1: (color online) A typical set of adiabatic hyper-
spherical potentials Uν(R) for three fermionic dipoles with
d"/r0 = 58.2 and E2d → 0. The inset shows rescaled, diaba-
tized potentials exhibiting universal behavior for a few values
of d" at a dipole-dipole resonance. The horizontal dashed line
in the diabatic potential wells indicates the position of the
universal three-dipole states.

E2d → 0 d" (r0) md2

"E3d md2

"Γ

39.7 171 42

58.2 135 43

100 139 17

Θ ≈ 16◦ bl ≈ 0.26d" bs ≈ 0.14d" ∆ ≈ 15◦

TABLE I: The upper rows: the energies E3d and the widths
Γ of the universal three-dipole states for different values of
d". The bottom row: the angle Θ between the three-dipole
triangle and field direction, the long and short bond length bl

and bs, and the smaller bond angle ∆ from the most probable
configuration of the three-dipole states.

a universal trend, but the width Γ exhibits less universal
behavior, presumably due to the nonuniversal couplings
to deeply-bound channels. Nevertheless, the 1/d2

" sup-
pression in the width implies an increased lifetime of the
universal three-dipole states as d" increases. Our numeri-
cal study also shows that the universal three-dipole states
slowly become unbound or deeply-bound as the system
shifts away from a dipole-dipole resonance. In a broad
region near a dipole-dipole resonance, the properties of
the three-dipole states are essentially unchanged.

Importantly, the interactions of the aligned dipoles
break the overall rotational symmetry, reflecting that
the three-dipole states have a preferential orientation in
space. The geometry of these universal states is analyzed
by calculating the spatial distribution of the dipoles using
the three-body wavefunctions. Specifically, the probabil-
ity density for finding a dipole at "r, is

ρ("r) =
1

3
〈Ψ |

∑

i

δ("r − "ri) | Ψ〉, (5)

Three-fermionic dipoles effective potentials 

Repulsion for                !!!

Three-dipoles
continuum ...

Dipole-Dipolar Dimer
channels ...
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2

SVD efficiently handles sharp avoided crossings at small
distances. In both cases, the biggest challenge is to solve
the adiabatic eigenvalue equation:

HadΦΠ,M
ν (R; Ω) = Uν(R)ΦΠ,M

ν (R; Ω), (4)

where Uν(R) is the adiabatic potential for channel ν,
M is the space-fixed frame projection of the total angu-
lar momentum J , and ΦΠ,M

ν (R; Ω) is the corresponding
eigenfunction. For interacting oriented dipoles, the ma-
jor difficulty in solving Eq. (4) is that the total orbital
angular momentum J is not conserved. The method of
Ref. [5] is implemented to solve Eq. (4). Briefly, ΦΠ,M

ν is
expanded in terms of the Wigner D functions [see Eq. (4)
in Ref. [5]], truncated at Jmax = 13. Tests of this trun-
cation confirm that it yields adequate convergence.

The nature of three-dipole states near a dipole-dipole
resonances emerges from study of the adiabatic poten-
tials for MΠ = 0+. Note that the even and the odd J
values decouple in this symmetry. This symmetry with
only odd J is of particular interest because it includes the
JΠ = 1+, the least repulsive partial wave for three nonin-
teracting identical fermions [16]. One would also expect
the binding of three dipoles is most likely to occur at
m2d = 0 dipole-dipole resonance, where m2d is the pro-
jection of two-dipole angular momentum along the field
direction. However, m2d = 0 is not allowed for MΠ = 0+

symmetry, so the three-dipole system is considered in-
stead near the m2d = 1 resonances. Figure 1 shows the
typical behavior of the adiabatic potentials. Asymptoti-
cally, the three-body continuum potentials behave in the
same manner as the nondipolar interaction case, but for
dipole plus dipolar dimer channels, each threshold has
a family of potential curves whose centrifugal barriers
carry different effective angular momenta due to the J-
coupling.

Irregardless of the complicated topology of the adia-
batic potentials shown in Fig. 1, near a dipole-dipole res-
onance it is possible to trace a diabatic potential well in
the channel closest to the three-body continuum. It cuts
through multiple sharp avoided crossings with deeply-
bound channels, as is visible in the inset of Fig. 1. Re-
markably, all these potentials for different d" and for dif-
ferent short-range potentials fall on top of each other
after a proper scaling. A key implication of the scal-
ing of the universal potentials is that the hyperradius of
the repulsive barrier increases with d", which suppresses
decay of the three-dipole state and increases its lifetime
as the dipolar interaction is increased. To quantify the
number of three-dipole states and their energies in the
universal potential wells, we have solved Eq. (1) by using
SVD. The energy E3d and the width Γ of the three-body
states are revealed by adding complex absorbing poten-
tials in the lower decaying channels. Interestingly, ex-
actly one quasi-bound state is supported by each of the
universal potentials. Table I lists E3d and Γ for a few
values of d". The energy E3d shown in Table I suggests
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FIG. 1: (color online) A typical set of adiabatic hyper-
spherical potentials Uν(R) for three fermionic dipoles with
d"/r0 = 58.2 and E2d → 0. The inset shows rescaled, diaba-
tized potentials exhibiting universal behavior for a few values
of d" at a dipole-dipole resonance. The horizontal dashed line
in the diabatic potential wells indicates the position of the
universal three-dipole states.

E2d → 0 d" (r0) md2

"E3d md2

"Γ

39.7 171 42

58.2 135 43

100 139 17

Θ ≈ 16◦ bl ≈ 0.26d" bs ≈ 0.14d" ∆ ≈ 15◦

TABLE I: The upper rows: the energies E3d and the widths
Γ of the universal three-dipole states for different values of
d". The bottom row: the angle Θ between the three-dipole
triangle and field direction, the long and short bond length bl

and bs, and the smaller bond angle ∆ from the most probable
configuration of the three-dipole states.

a universal trend, but the width Γ exhibits less universal
behavior, presumably due to the nonuniversal couplings
to deeply-bound channels. Nevertheless, the 1/d2

" sup-
pression in the width implies an increased lifetime of the
universal three-dipole states as d" increases. Our numeri-
cal study also shows that the universal three-dipole states
slowly become unbound or deeply-bound as the system
shifts away from a dipole-dipole resonance. In a broad
region near a dipole-dipole resonance, the properties of
the three-dipole states are essentially unchanged.

Importantly, the interactions of the aligned dipoles
break the overall rotational symmetry, reflecting that
the three-dipole states have a preferential orientation in
space. The geometry of these universal states is analyzed
by calculating the spatial distribution of the dipoles using
the three-body wavefunctions. Specifically, the probabil-
ity density for finding a dipole at "r, is

ρ("r) =
1

3
〈Ψ |

∑

i

δ("r − "ri) | Ψ〉, (5)

E-field

Single Universal State !!!
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SVD efficiently handles sharp avoided crossings at small
distances. In both cases, the biggest challenge is to solve
the adiabatic eigenvalue equation:

HadΦΠ,M
ν (R; Ω) = Uν(R)ΦΠ,M

ν (R; Ω), (4)

where Uν(R) is the adiabatic potential for channel ν,
M is the space-fixed frame projection of the total angu-
lar momentum J , and ΦΠ,M

ν (R; Ω) is the corresponding
eigenfunction. For interacting oriented dipoles, the ma-
jor difficulty in solving Eq. (4) is that the total orbital
angular momentum J is not conserved. The method of
Ref. [5] is implemented to solve Eq. (4). Briefly, ΦΠ,M

ν is
expanded in terms of the Wigner D functions [see Eq. (4)
in Ref. [5]], truncated at Jmax = 13. Tests of this trun-
cation confirm that it yields adequate convergence.

The nature of three-dipole states near a dipole-dipole
resonances emerges from study of the adiabatic poten-
tials for MΠ = 0+. Note that the even and the odd J
values decouple in this symmetry. This symmetry with
only odd J is of particular interest because it includes the
JΠ = 1+, the least repulsive partial wave for three nonin-
teracting identical fermions [16]. One would also expect
the binding of three dipoles is most likely to occur at
m2d = 0 dipole-dipole resonance, where m2d is the pro-
jection of two-dipole angular momentum along the field
direction. However, m2d = 0 is not allowed for MΠ = 0+

symmetry, so the three-dipole system is considered in-
stead near the m2d = 1 resonances. Figure 1 shows the
typical behavior of the adiabatic potentials. Asymptoti-
cally, the three-body continuum potentials behave in the
same manner as the nondipolar interaction case, but for
dipole plus dipolar dimer channels, each threshold has
a family of potential curves whose centrifugal barriers
carry different effective angular momenta due to the J-
coupling.

Irregardless of the complicated topology of the adia-
batic potentials shown in Fig. 1, near a dipole-dipole res-
onance it is possible to trace a diabatic potential well in
the channel closest to the three-body continuum. It cuts
through multiple sharp avoided crossings with deeply-
bound channels, as is visible in the inset of Fig. 1. Re-
markably, all these potentials for different d" and for dif-
ferent short-range potentials fall on top of each other
after a proper scaling. A key implication of the scal-
ing of the universal potentials is that the hyperradius of
the repulsive barrier increases with d", which suppresses
decay of the three-dipole state and increases its lifetime
as the dipolar interaction is increased. To quantify the
number of three-dipole states and their energies in the
universal potential wells, we have solved Eq. (1) by using
SVD. The energy E3d and the width Γ of the three-body
states are revealed by adding complex absorbing poten-
tials in the lower decaying channels. Interestingly, ex-
actly one quasi-bound state is supported by each of the
universal potentials. Table I lists E3d and Γ for a few
values of d". The energy E3d shown in Table I suggests
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FIG. 1: (color online) A typical set of adiabatic hyper-
spherical potentials Uν(R) for three fermionic dipoles with
d"/r0 = 58.2 and E2d → 0. The inset shows rescaled, diaba-
tized potentials exhibiting universal behavior for a few values
of d" at a dipole-dipole resonance. The horizontal dashed line
in the diabatic potential wells indicates the position of the
universal three-dipole states.

E2d → 0 d" (r0) md2

"E3d md2

"Γ
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Θ ≈ 16◦ bl ≈ 0.26d" bs ≈ 0.14d" ∆ ≈ 15◦

TABLE I: The upper rows: the energies E3d and the widths
Γ of the universal three-dipole states for different values of
d". The bottom row: the angle Θ between the three-dipole
triangle and field direction, the long and short bond length bl

and bs, and the smaller bond angle ∆ from the most probable
configuration of the three-dipole states.

a universal trend, but the width Γ exhibits less universal
behavior, presumably due to the nonuniversal couplings
to deeply-bound channels. Nevertheless, the 1/d2

" sup-
pression in the width implies an increased lifetime of the
universal three-dipole states as d" increases. Our numeri-
cal study also shows that the universal three-dipole states
slowly become unbound or deeply-bound as the system
shifts away from a dipole-dipole resonance. In a broad
region near a dipole-dipole resonance, the properties of
the three-dipole states are essentially unchanged.

Importantly, the interactions of the aligned dipoles
break the overall rotational symmetry, reflecting that
the three-dipole states have a preferential orientation in
space. The geometry of these universal states is analyzed
by calculating the spatial distribution of the dipoles using
the three-body wavefunctions. Specifically, the probabil-
ity density for finding a dipole at "r, is

ρ("r) =
1

3
〈Ψ |

∑

i

δ("r − "ri) | Ψ〉, (5)

E-field

Single Universal State !!!
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SVD efficiently handles sharp avoided crossings at small
distances. In both cases, the biggest challenge is to solve
the adiabatic eigenvalue equation:

HadΦΠ,M
ν (R; Ω) = Uν(R)ΦΠ,M

ν (R; Ω), (4)

where Uν(R) is the adiabatic potential for channel ν,
M is the space-fixed frame projection of the total angu-
lar momentum J , and ΦΠ,M

ν (R; Ω) is the corresponding
eigenfunction. For interacting oriented dipoles, the ma-
jor difficulty in solving Eq. (4) is that the total orbital
angular momentum J is not conserved. The method of
Ref. [5] is implemented to solve Eq. (4). Briefly, ΦΠ,M

ν is
expanded in terms of the Wigner D functions [see Eq. (4)
in Ref. [5]], truncated at Jmax = 13. Tests of this trun-
cation confirm that it yields adequate convergence.

The nature of three-dipole states near a dipole-dipole
resonances emerges from study of the adiabatic poten-
tials for MΠ = 0+. Note that the even and the odd J
values decouple in this symmetry. This symmetry with
only odd J is of particular interest because it includes the
JΠ = 1+, the least repulsive partial wave for three nonin-
teracting identical fermions [16]. One would also expect
the binding of three dipoles is most likely to occur at
m2d = 0 dipole-dipole resonance, where m2d is the pro-
jection of two-dipole angular momentum along the field
direction. However, m2d = 0 is not allowed for MΠ = 0+

symmetry, so the three-dipole system is considered in-
stead near the m2d = 1 resonances. Figure 1 shows the
typical behavior of the adiabatic potentials. Asymptoti-
cally, the three-body continuum potentials behave in the
same manner as the nondipolar interaction case, but for
dipole plus dipolar dimer channels, each threshold has
a family of potential curves whose centrifugal barriers
carry different effective angular momenta due to the J-
coupling.

Irregardless of the complicated topology of the adia-
batic potentials shown in Fig. 1, near a dipole-dipole res-
onance it is possible to trace a diabatic potential well in
the channel closest to the three-body continuum. It cuts
through multiple sharp avoided crossings with deeply-
bound channels, as is visible in the inset of Fig. 1. Re-
markably, all these potentials for different d" and for dif-
ferent short-range potentials fall on top of each other
after a proper scaling. A key implication of the scal-
ing of the universal potentials is that the hyperradius of
the repulsive barrier increases with d", which suppresses
decay of the three-dipole state and increases its lifetime
as the dipolar interaction is increased. To quantify the
number of three-dipole states and their energies in the
universal potential wells, we have solved Eq. (1) by using
SVD. The energy E3d and the width Γ of the three-body
states are revealed by adding complex absorbing poten-
tials in the lower decaying channels. Interestingly, ex-
actly one quasi-bound state is supported by each of the
universal potentials. Table I lists E3d and Γ for a few
values of d". The energy E3d shown in Table I suggests
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FIG. 1: (color online) A typical set of adiabatic hyper-
spherical potentials Uν(R) for three fermionic dipoles with
d"/r0 = 58.2 and E2d → 0. The inset shows rescaled, diaba-
tized potentials exhibiting universal behavior for a few values
of d" at a dipole-dipole resonance. The horizontal dashed line
in the diabatic potential wells indicates the position of the
universal three-dipole states.

E2d → 0 d" (r0) md2

"E3d md2

"Γ

39.7 171 42
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100 139 17

Θ ≈ 16◦ bl ≈ 0.26d" bs ≈ 0.14d" ∆ ≈ 15◦

TABLE I: The upper rows: the energies E3d and the widths
Γ of the universal three-dipole states for different values of
d". The bottom row: the angle Θ between the three-dipole
triangle and field direction, the long and short bond length bl

and bs, and the smaller bond angle ∆ from the most probable
configuration of the three-dipole states.

a universal trend, but the width Γ exhibits less universal
behavior, presumably due to the nonuniversal couplings
to deeply-bound channels. Nevertheless, the 1/d2

" sup-
pression in the width implies an increased lifetime of the
universal three-dipole states as d" increases. Our numeri-
cal study also shows that the universal three-dipole states
slowly become unbound or deeply-bound as the system
shifts away from a dipole-dipole resonance. In a broad
region near a dipole-dipole resonance, the properties of
the three-dipole states are essentially unchanged.

Importantly, the interactions of the aligned dipoles
break the overall rotational symmetry, reflecting that
the three-dipole states have a preferential orientation in
space. The geometry of these universal states is analyzed
by calculating the spatial distribution of the dipoles using
the three-body wavefunctions. Specifically, the probabil-
ity density for finding a dipole at "r, is

ρ("r) =
1

3
〈Ψ |

∑

i

δ("r − "ri) | Ψ〉, (5)

E-field

Single Universal State !!!

Probability Density:
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SVD efficiently handles sharp avoided crossings at small
distances. In both cases, the biggest challenge is to solve
the adiabatic eigenvalue equation:

HadΦΠ,M
ν (R; Ω) = Uν(R)ΦΠ,M

ν (R; Ω), (4)

where Uν(R) is the adiabatic potential for channel ν,
M is the space-fixed frame projection of the total angu-
lar momentum J , and ΦΠ,M

ν (R; Ω) is the corresponding
eigenfunction. For interacting oriented dipoles, the ma-
jor difficulty in solving Eq. (4) is that the total orbital
angular momentum J is not conserved. The method of
Ref. [5] is implemented to solve Eq. (4). Briefly, ΦΠ,M

ν is
expanded in terms of the Wigner D functions [see Eq. (4)
in Ref. [5]], truncated at Jmax = 13. Tests of this trun-
cation confirm that it yields adequate convergence.

The nature of three-dipole states near a dipole-dipole
resonances emerges from study of the adiabatic poten-
tials for MΠ = 0+. Note that the even and the odd J
values decouple in this symmetry. This symmetry with
only odd J is of particular interest because it includes the
JΠ = 1+, the least repulsive partial wave for three nonin-
teracting identical fermions [16]. One would also expect
the binding of three dipoles is most likely to occur at
m2d = 0 dipole-dipole resonance, where m2d is the pro-
jection of two-dipole angular momentum along the field
direction. However, m2d = 0 is not allowed for MΠ = 0+

symmetry, so the three-dipole system is considered in-
stead near the m2d = 1 resonances. Figure 1 shows the
typical behavior of the adiabatic potentials. Asymptoti-
cally, the three-body continuum potentials behave in the
same manner as the nondipolar interaction case, but for
dipole plus dipolar dimer channels, each threshold has
a family of potential curves whose centrifugal barriers
carry different effective angular momenta due to the J-
coupling.

Irregardless of the complicated topology of the adia-
batic potentials shown in Fig. 1, near a dipole-dipole res-
onance it is possible to trace a diabatic potential well in
the channel closest to the three-body continuum. It cuts
through multiple sharp avoided crossings with deeply-
bound channels, as is visible in the inset of Fig. 1. Re-
markably, all these potentials for different d" and for dif-
ferent short-range potentials fall on top of each other
after a proper scaling. A key implication of the scal-
ing of the universal potentials is that the hyperradius of
the repulsive barrier increases with d", which suppresses
decay of the three-dipole state and increases its lifetime
as the dipolar interaction is increased. To quantify the
number of three-dipole states and their energies in the
universal potential wells, we have solved Eq. (1) by using
SVD. The energy E3d and the width Γ of the three-body
states are revealed by adding complex absorbing poten-
tials in the lower decaying channels. Interestingly, ex-
actly one quasi-bound state is supported by each of the
universal potentials. Table I lists E3d and Γ for a few
values of d". The energy E3d shown in Table I suggests
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FIG. 1: (color online) A typical set of adiabatic hyper-
spherical potentials Uν(R) for three fermionic dipoles with
d"/r0 = 58.2 and E2d → 0. The inset shows rescaled, diaba-
tized potentials exhibiting universal behavior for a few values
of d" at a dipole-dipole resonance. The horizontal dashed line
in the diabatic potential wells indicates the position of the
universal three-dipole states.

E2d → 0 d" (r0) md2

"E3d md2

"Γ

39.7 171 42

58.2 135 43

100 139 17

Θ ≈ 16◦ bl ≈ 0.26d" bs ≈ 0.14d" ∆ ≈ 15◦

TABLE I: The upper rows: the energies E3d and the widths
Γ of the universal three-dipole states for different values of
d". The bottom row: the angle Θ between the three-dipole
triangle and field direction, the long and short bond length bl

and bs, and the smaller bond angle ∆ from the most probable
configuration of the three-dipole states.

a universal trend, but the width Γ exhibits less universal
behavior, presumably due to the nonuniversal couplings
to deeply-bound channels. Nevertheless, the 1/d2

" sup-
pression in the width implies an increased lifetime of the
universal three-dipole states as d" increases. Our numeri-
cal study also shows that the universal three-dipole states
slowly become unbound or deeply-bound as the system
shifts away from a dipole-dipole resonance. In a broad
region near a dipole-dipole resonance, the properties of
the three-dipole states are essentially unchanged.

Importantly, the interactions of the aligned dipoles
break the overall rotational symmetry, reflecting that
the three-dipole states have a preferential orientation in
space. The geometry of these universal states is analyzed
by calculating the spatial distribution of the dipoles using
the three-body wavefunctions. Specifically, the probabil-
ity density for finding a dipole at "r, is

ρ("r) =
1

3
〈Ψ |

∑

i

δ("r − "ri) | Ψ〉, (5)

Long-Lived, universal states !!!

 “Universal three-body physics for fermionic dipoles”,
      Wang, D’Incao, Greene, arXiv:1106.6133 (2011)

Thursday, October 13, 2011

http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu


Summary NIST
University of Colorado
NIST
University of Colorado

Thursday, October 13, 2011

http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu


Summary NIST
University of Colorado
NIST
University of Colorado

Thursday, October 13, 2011

http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu


Summary NIST
University of Colorado
NIST
University of Colorado

•Both the theoretical and experimental advances in ultracold 
quantum gases make these systems ideal candidates to 
explore universal few-body physics

Thursday, October 13, 2011

http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu


Summary NIST
University of Colorado
NIST
University of Colorado

•Both the theoretical and experimental advances in ultracold 
quantum gases make these systems ideal candidates to 
explore universal few-body physics

•The persistence of the Efimov effect for dipolar systems represents 
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properties as well as the expected stability of ultracold dipolar gases.

Thursday, October 13, 2011

http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu


Summary NIST
University of Colorado
NIST
University of Colorado

•Both the theoretical and experimental advances in ultracold 
quantum gases make these systems ideal candidates to 
explore universal few-body physics

•The persistence of the Efimov effect for dipolar systems represents 
an important landmark for the characterization of universal 
properties as well as the expected stability of ultracold dipolar gases.

•The effect of dipolar interaction might be responsible for 
the origin of a NEW class of universal few-body states

Thursday, October 13, 2011

http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu
http://jilawww.colorado.edu


Summary NIST
University of Colorado
NIST
University of Colorado

•Both the theoretical and experimental advances in ultracold 
quantum gases make these systems ideal candidates to 
explore universal few-body physics

•Future experiments in ultracold dipolar gases are expected to offer a 
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properties as well as the expected stability of ultracold dipolar gases.
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