Critical stability of a dipolar
Bose-Einstein condensate:

Bright and vortex solitons
Sadhan K. Adhikari

IFT - Instituto de Fisica Teorica
UNESP - Universidade Estadual Paulista

Sao Paulo, Brazil

Collaborators:




PLAN

Bose-Einstein Condensate
Dipolar atoms

Solitons, critical stability
Collision of solitons

Soliton molecule formation



Bose-Einstein Condensate

From classical to quantum regime I
=k

a - 1
A, <<d ~1/n" A, ~d~1/n'"
. =
o
o o @
] . o
e ®
Boson/Fermion
b The chissical particle pictore
thermal de Broglie length hreaks down and the quantum

wave function piclure becom
’lr i hfm CRLY Iir;'! clu LB



Harmonic trap and quantum statistics
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Bose-Einstein condensate

Condensed




BEC =
250 “Droplet” formation
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quantum saturated
vapor

Trapped cloud
during cool-down
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Two condensates ... interfere!
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Andrews, Townsend, Miesner, Durfee, Kurn, Ketterle, Science 275, 589 (1997)



Vortex-lattice formation: times 25, 100, 200, 500 ms, 1,
5, 10, 40 s on 1 mmX1.2mm view. Ketterle Science
292, 476 (2001)




Bose-Einstein Condensate (BEC)

Uncertainty relation:

AXAp = h,
Ap =mAv
AXAV = h/ m

Mass (BEC) = 10° ~10!° X Mass (electron)

Makes the experimetal realization much easier



Mean-field Gross-Pitaevskii Equation

Full guantum many-body Hamiltonian:

H = [¢1(r) |- Z5V2 + Vea(r) | 6(r)

+ 5 [ drdr’yT ()T (' )V (e — r) 9 (@) ('),

¥T(r) and ¥ (r) are boson creation and destruction
operators ar r and r/, and V the interaction.
Simple mean-field description:

“{;'J(I",i:l — qﬁ(l",t) +X(r': t]& fﬁh(r?tj i {ﬂ:"(ratj}a
x(r,t) contains quantum fluctuations and ¢(r,t) is

a classical field, often called an order parameter
or wave function of the condensate.



Heisenberg equation for field :

iRgo(r,t) = [, H]

= [T+ Vea(r) + [dr'¢ (", )V (r — £ )(x', 1) ]9 (x, 1),
In mean-field theory replace field ¢» by wave func-
tion ¢. At zero energy in a dilute gas binary col-

lision Is iImportant and controlled by the S-wave
scattering length. It is DI‘DDEF to replace

V(r—r') = gb(r — ') = 47B° o —1')
Mean-field GI‘DSE—PItEEUEKII equation

mGo(r, ) = (~B5F + Ve (1) + glo(x, ) 6(x, ),

[dri¢|? =N.  gpapplication in nonlinear optics

e This potential gives scattering length a in the Born approximation



Dipolar interaction: Atoms and

molecules
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Dipolar BEC

e Matter 1n bulk 1s stable because of short-range
repulsion of fundamental interactions 1n nuclear,
atomic, and molecular physics.

* Nonlinear long-range anisotropic interaction
(partially attractive and partially repulsive) and
short-range repulsion make the BEC robust.

e This makes dipolar BEC solitons more robust than
normal BEC solitons.



Static Dipole-Dipole Interactions

Magnetic dipole-dipole interaction: Electrostatic dipole-dipole interaction:
the magnetic moments of the atoms (1) permanent electric moments (polar

are aligned with a strong magnetic molecules); (ii) electric moments
[Yiand You 2000; Santos, Shlyapnikov, Zoller

3 — and Lewenstein 2000]
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Change of shape of BEC as the atomic
interaction 1s reduced 1n a dipolar BEC




Tuning of dipolar interaction by
rotating orienting field
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Strongly anisotropic
Magnetic/Electric Dipole-
Dipole Interactions

B(t) = B[cos(@)z + sin(@)
(cos(Q2t)x + sin(L2t)y)]




Tuning of short-range interaction
by a Feshbach resonance

Magnetic Feshbach resonance Optical Feshbach resonance

Scattering length




Generalized Gross-Pitaevskil Equation
(mean-field equation for the BEC)

ihBW(r’t)=—[hV2+Vtm +47Z'h aN W(r,f)2:|W(r,t)
ot 2m ¢ m

w(r',t) dry(r,t)

+3h addeUdd(r—r’)
m

= Uy (r,t) stationary state
1 2 5 2 . :

Vi = Ema) (x"+y7) bright soliton

Vi =-m@° (x" +y )+ e vor tex soliton
2 2m(x” +y



Variational Equations

Lagrangian density
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(Gaussian ansatz
olr.t) = “3{1”{—.‘?3!@“';% — 2220 4inp® +i32%) (ww, i

Effective Lagrangian [, (per particle)
: L, - 5 g 171 1
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with Euip = Nla — agaf(6)] /(v 27w uz} flg) = [1 + 26* — 352d(K)] /(1 — k%), d(K) =
(atanhy'l — £2) /41 — k2.6 = w ol Equrltl-::-m for the widths

+ ) —+ E’-dlp (2:'
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with g(k) = [2—Tr* =4+ 9 d(k)] /(1 =622 (k) = [1+10k* = 26" = O62d (k)] /(1 — K*



BECs of >2Cr (Griesmaier/Pfau 2005)
and 4Dy (Lu/Lev, 2011)
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Soliton 1n one dimension (1D)

An 1D soliton is a self-reinforcing solitary wave
that maintains its shape while it travels at constant
speed.

It 1s generated from a balance between repulsive
kinetic energy and attractive nonlinear interaction.

It 1s robust and two 1D solitons can penetrate
through each other 1n collision.

They appear in many physical systems as well as
many mathematical models.



Soliton-soliton collision
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Solitons 1n three dimensions (3D)

e 3D solitons can be formed with supporting
harmonic traps (potential) in transverse
directions and no trap in axial direction.

e 3D solitons are more fragile than 1D
solitons.

e Dipolar BEC soliton 1n 3D 1s more stable
than normal soliton.



Experiment and 1D model of BEC
soliton

e Use harmonic traps in transverse directions and
assume that BEC is in the ground state of
transverse traps W (x,y,2) =W ()P, (V5 2)

e Substitute in the Gross-Pitaevskii (GP) equation
and 1ntegrate out the transverse coordinates.

e Hence obtain a 1D GP equation, commonly used
in the study of solitons.



Gross-Pitaevskil Equation: BEC Soliton in 1D I

One — dimension (1D)

1 92y
Al +o | WIFPW=;] —
SR 1

jn{f Pdz=1, g =2aNII’, I=.\hi(me)

0¥

»However, there 1s no collapse 1n
1D, and this model may yield
qualitatively incorrect result.

»For nondipolar BEC, Salasnich
suggested modification of 1D model
to include collapse

»The present calculation done in 3D.



Dipolar soliton in 3D

e Can be more stable due to short-range atomic
repulsion and long-range dipolar attraction as in
matter in bulk.

e When a, a,,= positive, and a transverse trap 1S
dd po ° ° ° .p
placed perpendicular to polarization direction.

e Bright and vortex solitons can be formed for
repulsive atomic interactions.



Results of calculations

e The three-dimensional GP equation 1s solved
numerically by split-step Crank-Nicolson method
without further approximation.

e Fortran programs for GP Eq. published in
Comput. Phys. Commun. 180 (2009) 1888-1912

e Results are compared with Gaussian variational
approximation.



Stability of a dipolar bright and
‘vortex BEC soliton
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RMS sizes and Chemical potential

(p) (um), (z) (pm), p/(hw,)
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Soliton profile

(a) Bright soliton of 1000 atoms with a,, = 15a,anda = 0.5 nm

(b) Vortex soliton of 1000 atoms witha,, = 100a,and a = 4 nm

(Compare a,, = 15a, for Cr and a,, = 130aq, for Dy.)



Soliton stability
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Soliton-soliton Interaction

Frontal collision at medium to high velocities.

Numerical simulation in 3D shows that the two
dipolar solitons pass through each other.

Molecule formation at low velocities. Soliton,

If two solitons 1n 3D are kept side-by-side at rest,
due to long range dipolar interaction they attract
and slowly move towards each other. They
penetrate, coalese and never come out and form a
soliton molecule.
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Elastic collision of bright and
vortex solitons
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Elastic collision of bright solitons
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Molecule formation from bright
solitons
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Elastic collision of vortex solitons
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Molecule formation from vortex
solitons

~#8 ;
BLOGOIF



Gap soliton

* They lie 1n the band gap of the periodic
lattice.

e Appear for repulsive atomic interaction.

e They are stable and can be dragged with the
lattice — OL potential.



Motion of Gap soliton with lattice
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Summary & Conclusion

* A new type of robust bright and vortex

solitons encountered 1n repulsive dipolar
BEC

e Frontal collision and molecule formation.

e Dipolar interaction is responsible for the
robust nature.

e Experiments needed to verity theory.



Gross-Pitaevskil Equation

Two — dimension

—%Vx,yz‘I’+UlP+g2I‘P|2‘P—l%—T

JITIzdzr:N,
U=V(x)+V(y)

2 2
V(x)= Z 47; zsi Sinz(z/ij

] l

A’ S, 27T
Vix)= Z ' cos(ij

l l

A= 22 22 0.864, s ,=s5,=2




Gross-Pitaevskili Equation: Dipolar atom I

{—;vz +U + g, 1P (1) I” + J' dr'U g, (r - r’)‘P(r’)}‘P(r) =1 (r)

U, (r)=3Na, (1-3cos’ ¥ /r’, ForCra, =15a,
II‘PIZ d’r=N, g,=4mN,

U=V(x)+V(y)+V(2)

2 2
V(x)= Z 47; zsi sinz(zfcj
i=1 i '

l

S atg, = 20t Ast=B K == ) B0,



Gross-Pitaevskil Equation

Two —dimension

1
—EVx’yz‘P+U‘P+g2I‘PI2‘P:,u‘P; h=m=w=1

leIzdzr:N,

U= Aexpl-c(x—B)} —c(y=7)’]
=1

A=8, c=20



