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Four-boson Efimov physics
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momentum-space scattering equations

atom-trimer and dimer-dimer scattering

four-atom recombination



Four-particle scattering
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Wave function:
Schrödinger equation

Wave function components:
Faddeev-Yakubovsky equations

Transition operators:
Alt-Grassberger-Sandhas equations



Four-nucleon reactions

102

103

dσ
/d

Ω
 (

m
b/

sr
) d+d → d+d 

Ed = 3 MeV 

 0

 20

 40 d+d → p+3H 
Ed = 3 MeV 

N3LO
INOY04

AV18
CD Bonn

0.0

0.2

0.4

0 60 120 180

A
y

Θc.m. (deg)

p+3He → p+3He 

Ep = 5.54 MeV 

0.0

0.4

0 60 120 180
Θc.m. (deg)

p+3H → n+3He 

Ep = 2.48 MeV 

[PRC 75, 014005; PRL 98, 162502; PRC 76, 021001 (2007)]



Symmetrized bosonic AGS equations

t = v+vG0t

G0 = (E + i0−H0)
−1

u j = PjG
−1
0 +Pj tG0u j

3+1 : P1 = P12P23+P13P23

2+2 : P2 = P13P24

U11 = (G0 tG0)
−1P34+P34u1G0 tG0U11+u2G0 tG0U21

U21 = (G0 tG0)
−1(1+P34)+(1+P34)u1G0 tG0U11

U12 = (G0 tG0)
−1 +P34u1G0 tG0U12+u2G0 tG0U22

U22 = (1+P34)u1G0 tG0U12

basis states partially symmetrized



Scattering amplitudes

Two-cluster reactions:

Tf i = sf i〈φ f |U f i|φi〉
|φ j〉 = G0tPj |φ j〉
|Φ j〉 = (1+Pj)|φ j〉

four-body breakup/recombination:

T0i = s0i{〈φ0|[1+(1+P1)P34](1+P1)tG0u1G0 tG0U1i|φi〉
+ 〈φ0|(1+P1)(1+P2)tG0u2G0 tG0U2i|φi〉}



Wave function

|Ψi〉 = si{[1+(1+P1)P34](1+P1)|ψ1,i〉+(1+P1)(1+P2)|ψ2,i〉}

with Faddeev-Yakubovsky components

|ψ j,i〉 = δ ji |φi〉+G0 tG0u jG0 tG0U ji |φi〉



Solution of AGS equations

U11|φ1〉 = G−1
0 P34P1|φ1〉+P34u1G0 tG0U11|φ1〉+u2G0 tG0U21|φ1〉
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momentum-space partial-wave basis,
two types, partially symmetrized
|kxkykz[(lxly)Slz]J〉1 & |kxkykz[(lxly)Slz]J〉2

set of coupled integral equations in 3 variables
j〈kxkykz[(lxly)Slz]J|U ji |φi〉



Solution of AGS equations

U11|φ1〉 = G−1
0 P34P1|φ1〉+P34u1G0 tG0U11|φ1〉+u2G0 tG0U21|φ1〉
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Solution of AGS equations
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real equations below three-cluster breakup threshold by
u j → P u j and U ji → K ji (K-matrix)



Separable potential

universal — independent of short-range details

v = |g〉λ〈g| δlx0

t = |g〉τ〈g| δlx0

〈kx|g〉 = [1+c2(kx/Λ)2]e−(kx/Λ)2

rank 1: at most 1 (shallow) dimer

small system of 2-variable integral equations for
j〈gkykz[(lxly)Slz]J|G0K ji |φi〉:

〈g|G0K11|φ1〉 = P34〈g|P1|φ1〉
+P34P 〈g|G0u1G0|g〉τ〈g|G0K11|φ1〉

+P 〈g|G0u2G0|g〉τ〈g|G0K21|φ1〉



Separable potential

universal — independent of short-range details

v = |g〉λ〈g| δlx0

t = |g〉τ〈g| δlx0

〈kx|g〉 = [1+c2(kx/Λ)2]e−(kx/Λ)2

rank 1: at most 1 (shallow) dimer

small system of 2-variable integral equations for
j〈gkykz[(lxly)Slz]J|G0K ji |φi〉:

〈g|G0K11|φ1〉 = P34〈g|P1|φ1〉
+P34P 〈g|G0u1G0|g〉τ〈g|G0K11|φ1〉

+P 〈g|G0u2G0|g〉τ〈g|G0K21|φ1〉

lx = 0 but ly, lz ≤ 3 needed for convergence!



Efimov ratio bn/bn−1 for trimers (a→ ∞)

〈kx|g〉 = [1+c2(kx/Λ)2]e−(kx/Λ)2

n I. c2 = 0 II. c2 = −9.17

1 548.114 2126.360
2 515.214 518.570
3 515.036 515.042
4 515.035 515.035
5 515.035 515.035



Unstable tetramers in atom-trimer scattering
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Unstable tetramers(a→ ∞)

n Bn,1/bn Γn,1/2bn Bn,2/bn Γn,2/2bn

I. 0 5.6402 1.04185
1 4.5169 0.03363 1.00105 3.82×10−4

2 4.6035 0.01366 1.00216 2.14×10−4

3 4.6098 0.01471 1.00226 2.36×10−4

4 4.6102 0.01484 1.00227 2.38×10−4

5 4.6102 0.01483 1.00227 2.38×10−4

II. 0 3.2192
1 4.9923 0.01360 1.00996 4.18×10−4

2 4.6108 0.02084 1.00227 3.34×10−4

3 4.6098 0.01493 1.00226 2.39×10−4

4 4.6102 0.01483 1.00227 2.38×10−4

5 4.6102 0.01483 1.00227 2.38×10−4

[UC, n≤ 1] 4.58 1.01
[UC: J. von Stecher et al., Nature Phys. 5, 417 (2009)]



Unstable tetramers
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Unstable tetramers
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Tetramer: UBS ⇋ IVS
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(EPL 95, 43002)



Atom-trimer scattering: tetramer UBS vs IVS

UBS (a→ ∞) IVS
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Atom-trimer scattering length: UBS ⇋ IVS
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T = 0 atom-trimer relaxation: β0
n = −(4πh̄/µ1) ImAn



Unstable tetramers
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Dimer-dimer scattering length
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Four-atom recombination at threshold
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Comparison with other works

add
n,1/add

n add
n,2/add

n a0
n,1/a0

n a0
n,2/a0

n nmax

A.D. 0.3235 0.9995 0.426 0.912 4
[UC] 0.352 0.981 0.43 0.90 2

(1−add
n,2/add

n ): 0.0005 vs 0.019

[UC: J. P. D’Incao et al., PRL 103, 033004 (2009),
J. von Stecher et al., Nature Phys. 5, 417 (2009)]



Atom-trimer scattering: L > 0 phase shifts(a→ ∞)
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Atom-trimer scattering: cross sections(a→ ∞)

10-7
10-6
10-5
10-4
10-3
10-2
10-1
100
101
102
103

10-4 10-3 10-2 10-1 100

σ(
n 

→
 n

’)/
L n2

En/bn

n → n

n → n-1

n → n-2

n → n-3

n → n-4

n → n-5

n=3

n=4

n=5

σ(n→ n′)
σ(n→ n′-1)

≈ 43.7
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Dimer-dimer scattering: cross sections
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Summary

four-boson AGS scattering equations
in momentum space

atom-trimer and dimer-dimer scattering

properties of unstable tetramers:
universal limit with high accuracy

four-atom recombination

future work:
inclusion of deep dimers
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Tetramer: UBS ⇋ IVS
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