ERENOBLE

UNIVERSITE
JOSEPH FOURIER

SCIENCES, TECHNOLOGIE. SANTE

) 4

Leaky Repeated Interaction Quantum Systems ™

Alain JOYE

PN

° INSTITUT
[ f FOURIER

* Joint work with | AHP 2010

Laurent BRUNEAU (Université de Cergy) & Marco MERKLI (Memorial University)

Critical Stability, Erice, October 9 — 15,2011 -p.1/19



Motivation

One-atom maser Walther et al '85, Haroche et al '92
N,
I

e Ay - h\JF\Q
8 O 8 O = - o O
1 2 Es

S : one mode of E-M field in a cavity

C

Er : atom #k interacting with the mode

C : sequence of atoms passing through the cavity

R : environment responsible for losses

ldeal RIQS used as simple models Vogel et al 93, Wellens et al 00, BJM 06,
Bruneau Pillet 09

Random RIQS to model fluctuations BJM 08

Leaky RIQS to account for losses
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The Formal Model

Quantum system S

® Finite dimensional system, driven by Hamiltonian Hs on $)s, S.t.
O-(HS) — {617 T 7665} :
Chain C of identical quantum sub-systems &, =&, k=1,2,---:

C=&E+E+E+E+---

® FEach & is driven by the Hamiltonian Hg),, = He on $g, = He,

dim $He < 00
® The chain C isdrivenby He = Hey + Hgo + - - -
on ﬁC Eﬁé’l ®~652 ISR with [ngaHgk;] — 07 \V/],k

Fermionic reservoir R :

® o -ly extended gas of indep. fermions at temperature 5~!, driven by ” Hz”

On 77537_\)/77
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The Formal Model

Complete system S+ R +C

® Formal Hilbert space $Hs @ "Hr” Q He

Interaction S — C

® |Vsc operatoron s ® He, , k=1,2, -

Interaction S — R

® Vsr operatoron Hs @ "HR”.
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The Formal Model

Complete system S+ R +C

® Formal Hilbert space $Hs @ "Hr” Q He

Interaction S — C

® |Vsc operatoron s ® He, , k=1,2, -

Interaction S — R

® Vsr operatoron Hs @ "HR”.

Evolution Let 7 > 0 be a duration, A = (Agr, Ae) € R? be couplings
Fort=(m—-1)t+s, 0<s<T,
® S, R and &, aredrivenby Hs +"Hgr” + Hg + A\gWsr + AeWse
® £, evolve freely with He, Vk #m
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Leaky Repeated Interactions Quantum Systems

Pictorially
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Leaky Repeated Interactions Quantum Systems

Pictorially
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Leaky Repeated Interactions Quantum Systems

Pictorially

xS

Wsr b &

t € |1, 27|
Wsk %

ORORORORO
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Leaky Repeated Interactions Quantum Systems

Pictorially

xS

Wsr b &

t € |27, 37|

W Wse

ORORORORO
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Leaky Repeated Interactions Quantum Systems

Pictorially

t € |31, 47|

\\/\WSE

ORORORORO
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Questions

Large times asymptotics

Let A =Asr®Ic € B(Hs @ "HR” ® Hc) an observable actingon S +R
Let o'(A) be its Heisenberg evolution, at time ¢t = mr
Let p: B(H5s ®"HR” ® He) — C be a state (“density matrix”)
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Questions

Large times asymptotics

Let A= Asr®Ic € B(Hs ® "HR” ® Hc) an observable actingon S + R
Let o'(A) be its Heisenberg evolution, at time ¢t = mr
Let p: B(Hs R"HR” ® Hc) — C be a state (“density matrix”)

® Existence of lim,, oo po ™ (A) = pT(A4) ?
Dependence of p*(A4) on the coupling constants X\ = (Ag, \g) ?

® Exchanges between R and C through S ?

Energy variations, Entropy production, 2 Nd |aw of thermodynamics ?
® Non-trivial examples ?

Remark :

If Ae =0, then S+R = return to equilibrium Jaksic-Pillet 96
If A\ =0, then §+C = convergence to a NESS Bruneau-J.-Merkli 06
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Liouvillian a.k.a. Positive Temperature Hamiltonians

Density matrixon $§ — purestateon H=H® 9

state p= > Nlei)eil = W=D Vg @,
observable AeB(®H) — I(A)=ARIl;ec B(H)
so that To(pA) = Toa(|,)(W,[II(A))
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Liouvillian a.k.a. Positive Temperature Hamiltonians

Density matrixon $§ — purestateon H=H® 9

state p= > Nlei)eil = W=D Vg @,
observable AeB(®H) — I(A)=ARIl;ec B(H)
so that To(pA) = Toa(|,)(W,[II(A))

Dynamics
AeB(H) — oA =e"Ae M e B(H)
Liouville operator

L=H®ly-Is H
s.t. [I(af(A)) = e II(A)e "t
Invariant state p < ¥, s.t.

LY, =0

Notation II(A)~AeM
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Quasi-free Fermi gas at 5! Araki-Wyss 64 + Jaksic-Pillet 02

Ingredients: h = L*(R", L?(S?,do)) one particle Hilbert space

~

Hamiltonian h: (hf)(r,o) =r2f(r,0), (r,0) € RT x §?,

State wg on I'_(h) fully characterized by

~

wa(a*(§)a(f)) = (f1(1+ ")~ 1g)
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Quasi-free Fermi gas at 5! Araki-Wyss 64 + Jaksic-Pillet 02

Ingredients: h = L*(R", L?(S?,do)) one particle Hilbert space

~

Hamiltonian h: (hf)(r,o) =r2f(r,0), (r,0) € RT x §?,

State wg on I'_(h) fully characterized by

~

wa(a*(§a(f)) = (FI(1 +e”)7'g)
Enlarged Hilbert space
Hr =T_(h), b = L*(R, L*(S?, do))
3 -dep. creat., annih. op’s a}(g), as(g), where g€ h <> gch

Liouvillean
Lr = dI'(h), with h s.t.
(hf)(s,0) =sf(s,0), se€ R, Vf € h = L*(R, L*(5?, do))

Quasi-free Equilibrium State
|\IJR><\I/R‘, U vacuum of F_(h)
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Dynamics

Repeated interaction Schrddinger dynamics

Forany m e N, if t =m7 and v € H,
U(m)y := e~ m =t m o1, '€_ifj1¢
where the generator for the duration 7 is

L. =1L, +71 Z Lg i
with k#m

L, = Ls+Lr—+Lec+V, on Hs ® Hr ® He,, coupled
¥ Vm = ArRVsr + AeVse
Le = Leg on He, free
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Dynamics

Repeated interaction Schrddinger dynamics

Forany m e N, if t =m7 and v € H,
U(m)y := e~ m =t m o1, '€_ifj1¢
where the generator for the duration 7 is

Loy =TLm + 7 Z Lg i

with k#m
)
L, = Ls+Lr—+Lec+V, on Hs ® Hr ® He,, coupled
¥ Vm = ArRVsr + AeVse
Le = Leg on He, free

To be studied

Let o € Bi(H) be a state on H and Asz an observable on § +R

m — o(U"(m)AsrU(m)) = o(a™" (Asr)), as m — oo
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Tracing out the atoms

@® |nitial state pg < Vo = TVs @ Ur ® Ue with
\IJC:\Ijgl ®\1152® E%C

U(m) = e thm et
® |, — K;:=Ls+ Lz + Le + V; with V; explicit s.t.
K; implements the same dynamics and K; Wy =0

® Set UVsr = Vs @®VUr € Hs @ Hr = Hsr
P=Isp® |\Ifc><\Ifc| pl’Oj. on Hsr

® Asr actson Hs @ Hr only
® |dentical atoms

00(a""(Asr)) = (Vsr|M"AsrVsr) Markov evolution on Hsr

M~ Pe' P on Hsp With K = Ls + Ln 4+ Le + A= Ver + AeVse
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Tracing out the atoms

@® |nitial state pg < Vo = TVs @ Ur ® Ue with
\IJC:\Ijgl ®\1152® E%C

U(m) = e thm et
® |, — K;:=Ls+ Lz + Le + V; with V; explicit s.t.
K; implements the same dynamics and K; Wy =0

® Set UVsr = Vs @®VUr € Hs @ Hr = Hsr
P=Isp® |\Ifc><\Ifc| pl’Oj. on Hsr

® Asr actson Hs @ Hr only
® |dentical atoms

00(a""(Asr)) = (Vsr|M"AsrVsr) Markov evolution on Hsr

M~ Pe' P on Hsp With K = Ls + Ln 4+ Le + A= Ver + AeVse

Reduced Dynamical Operators

MVsr = VYsr
| M"p|| < C(y), ¥Yn €N, Ve inadense set
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Spectral Properties of RDO’s

RDO

Uncoupled case

f

\

M = Mz xe)
M) = €7FsTER) unitary,
b Im 2
eigenvalues of Mgy : {e (e}, //
1 is dim hs-fold degenerate 1
ess spec M o) = S* \\‘\ Re 2
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Spectral Properties of RDO’s

\

RDO
M = Mg e
Uncoupled case
M) = €7FsTER) unitary,
b Im 2
[ eigenvalues of M) : f{em (e}, //
§{ 1is dim hs-fold degenerate 1
ess spec M o) = S* \\‘\ Re 2

(A=, Ae) # (0,0) = Perturbation of embedded eigenvalues

Lz = dI'(h) with h mult. by s on L*(R, L*(S?, do)) is
suitable for translation analyticity Avron-Herbst 77
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Translation Analyticity

Translation Group
R0 (e f)(s) = f(s—0), VfelL*R,L*S*do))
st. T(0) =T(e ?%) on T'_(L*R, L*(S? do)))

Assumption (A)
R36— Vsr(0) :=T(0) 'VsrT(8) admits an analytic
extension to kg, = {z € C|0<Imz < 6y}
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Translation Analyticity

Translation Group

R3>0— (e f)s)=f(s—0), VfeL*R,L*(S? do))

st. T(0) =T(e ) on I'_(L*(R, L*(S?,do)))

Assumption (A)
R36— Vsr(0) :=T(0) 'VsrT(8) admits an analytic
extension to kg, = {z € C|0<Imz < 6y}

Recall

M = Pexp(:K)P, where

K =7(Lo 4+ ArVsr + AeVse) , Lo =Ls+ Lz + Le
Theorem The following op’s are analytic V6 € kg,

K@) = 7(Lo+ 60N+ ArVsr(0) + AeVse) on D(Lo) N D(N),
M@) = Pexp(iK(0))P € B(Hsr)
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Translation Analyticity

Consequences
Discrete e.v. of M, .)(0) are 0-independent

Spectrum of M 0)(0) = exp(i7(Ls + Lr + ON))
} Im 2

O\ 1
yRez

p

eigenvalues of Mg, 0 (0) : {6iT(ek_el)}k,l
§{ 1is dim hs-fold degenerate
ess spec Mo 0)(0) = UpZy {|2] = e "™}

5

\
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Translation Analyticity

Consequences
Discrete e.v. of M, .)(0) are 0-independent

Spectrum of M 0)(0) = exp(i7(Ls + Lr + ON))
} Im 2

[ eigenvalues of M0)(0) : {emlex—e) )y
§{ 1is dim hs-fold degenerate

ess spec Mo,0)(0) = UpZ1{|z| = e nTimey

\

Perturbative approach M, 2e)(0) =

Lemma

(AR, Ae)ll < Xo(0) = o(Mxg.ae)(0)) -
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Asymptotic State

Analytic observables

Asr st Asr(0) =T(0) ' AsrT(0) analytic in kg,
Note: For Asr analytic,

oo(@™ " (Asr)) = (Vsr|M™AsrVsr)
= (VUsr|M(0)" Asr(0)¥Ysr)
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Asymptotic State

Analytic observables
Asr st Asr(0) =T(0) ' AsrT(0) analytic in kg,
Note: For Asr analytic,

oo(@™ " (Asr)) = (Vsr|M™AsrVsr)
= (VUsr|M(0)" Asr(0)¥Ysr)

Assumption (FGR)
4160, € /4390,)\0(91) > (0 S.t. H()\R, )\5)“ < )\0(91) implies
o(Mx, 2s)(01)) NS = {1} and 1 is simple

Consequences

limy 00 Mag ag)(01)" = PrMy, vy (01) = (WsR)(Vng ey (01)]
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Main Result

Theorem

Assume (A) and (FRG). For any state p on Hsr ® He and any analytic
observable Asgr

lim o(a(ng re)(Asr)) = (Yigae)(01)|Asr(01)¥sr)

T — 00

pz:\R,As) (ASR)'
Instantaneous Observables

4 Upgrade to more general observables !

Critical Stability, Erice, October 9 — 15,2011 —p.15/19



Application

S and & two-level syst. with e.v. {0, Es}, resp. {0, F¢}
R Fermigas at 8, equil. state wg,

Wse =as ®ag +as Qagp

ws =1, i.e. "trace", wp e = e Pete /75

Wsr = 02 ® (aRk(f) +ar(f)), f € L*(RT, L*(S?,do)) “regular”.

Perturbation theory
DIf||f(VEs)|| >0 and 7(Es — E¢) # 2nZ" , then (FGR) holds

2) The asymptotic state w. Is given by

wi = (Ywsr,s + (1 =7 ws, s) @wsr + Ooy 85, ([[(Ar, Ae)])

with
= A/ Esllf W/Es)II? Be — B e
Z2 my/Esllf(\/Es)|24+227SINC* (1(BEs—Ee)/2) ' Es
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Energy

~

o™ (Ly,) represents the “total energy” for times ¢t € [(m — 1)1, m7) .

Variation between (m + 1)7 and mrt ,

AE"“ (m) = o™ (Lms1) —a™(Lm) = Q™ (Vis1 — Vin)
Similarly
AE®(m) = o™ (Ls)—a™(Ls)
AE"(m) = o™ (Lr)—a™(Lr)
AE“(m) = o™ (Le,, ) — a™(Le,,)
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Energy

~

o™ (Ly,) represents the “total energy” for times ¢t € [(m — 1)1, m7) .

Variation between (m + 1)7 and mrt ,

AE"“ (m) = o™ (Lms1) —a™(Lm) = Q™ (Vis1 — Vin)
Similarly
AE®(m) = o™ (Ls)—a™(Ls)
AE"(m) = o™ (Lr)—a™(Lr)
AE“(m) = o™ (Le,, ) — a™(Le,,)

Asymptotic energy variation per unit time

N — o0 N

N
AE#
dEjLZ£ = lim p <Zm1 (m)> exists under (A) and (FRG)

Property
dE; =0, dEY' =dET +dES
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Entropy production

Let s and W correspond to Gibbs states at temperatures 5s and B¢

Relative entropy o and po are states on 921, generalization of

Ent(oloo) =Tr (p(Inp —1Inpg)) >0 Araki '75
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Entropy production

Let s and W correspond to Gibbs states at temperatures 5s and B¢

Relative entropy o and po are states on 921, generalization of
Ent(oloo) =Tr (p(Inp —1Inpg)) >0 Araki '75
Variation of relative entropy w.r.t. KMS states Jaksic, Pillet '03

Let oo correspondto s ® Yr ® We and o be any state,
AS(m) = Ent(ooa™|oo) — Ent(o|eo)

= o(a"[BsLs + BrLr + B¢ Z Le j] — BsLs — BrLR — Zﬁgj Le ;)

j=1
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Entropy production

Let s and W correspond to Gibbs states at temperatures 5s and B¢

Relative entropy o and po are states on 921, generalization of
Ent(oloo) =Tr (p(Inp —1Inpg)) >0 Araki '75
Variation of relative entropy w.r.t. KMS states Jaksic, Pillet '03

Let oo correspondto s ® Yr ® We and o be any state,
AS(m) = Ent(ooa™|oo) — Ent(o|eo)

= o(a"[BsLs + BrLr + B¢ Z Le j] — BsLs — BrLR — Zﬁgj Le ;)

Asymptotic entropy production rate

dST = lim AS(N)

N — o0 N

dST = BedES 4 BrdEY 2™ law

exists and
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For the Model

With Bg = 65& and A = (Ag, Ae) small

S

dE_Cf_ — /ﬁ:Eg (G_BRES _ e_BE,'ES) + O(AS),
dEf — kEs (e—ésEs _ e—BREs) + O()\3),
AEY" = n(Be — Bs) (e77RFs — 7P ) L O,
AS: = (BeFs — frFs) (e PRES —THEES) L OV,
where B A ZVEs||f(VEs)||?AéTsinc® (1(Es — Eg)/2)
T BR’S

be:S 22 1/Es| f(VEs)||2 + A2tsinc? (1(Es — Ee)/2)

Remarks:

k>0and sk =0 ArAe =0
dES >0 ifandonly Tr = ;' > Te = 57 (leading order).
dST >0 and dST =0 ifand only if Tx = T¢ (leading order).

tot ;
dE—I— haS no Slgn . Critical Stability, Erice, October 9 — 15,2011 — p.19/19
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