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Orders of magnitude in ultracold atoms

• Typical size of traps: few µ m

• Number of atoms: 105

• Atomic density 1013 . n . 1015 atoms/cm3

• Temperature 1 nK . T . µ K

• Range of the interactions: b ∼ 10 nm

Scale separation:

~2n2/3

m
, kBT , µ · · · � ~2

mb2
∼ m K

Low energy: collective modes, bound states near scattering
resonances . . .
“High”energy: usual molecules, clusters . . .
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Tunability

• Number of atoms and Temperature

• Species (bosons or/and fermions):

• Alkali: 6Li,7Li,23Na,39K,40K,85Rb,87Rb,133Cs
• more exotic: 52Cr, 4He∗,84Sr, 171Yb, 173Yb
• . . . and also polar molecules: (40K-87Rb)
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Tunability

• High control of the trapping frequencies isotropic or
highly anisotropic traps

→ quasi-1D or quasi-2D & optical lattice

I. Bloch et al. (MPQ-Garching)
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• effective interaction of arbitrary strength
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Tragic fate of the gas

. . . But one essential fact:

the N-body ground state at T=0K is a solid

⇔ many deep bound states for 2, 3, . . .N-atoms
typical lifetime: few seconds to few minutes
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Interaction between two atoms

• Large distance:

V (r) ' C6

r6
⇒ b =

(
mC6

~2

)1/4

• Short distance: hard-core
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Atomic states in a magnetic field

Example of the hyperfine states of Rb
[Chiara D’Errico et al., New J. Phys. 9 223 (2007)].

F = L + S + I

Good quantum number: mF

.
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Magnetic Feshbach resonance

Resonant coupling
(Open channel) ←→ (molecular state)

Molecular state energy adjusted with an external magnetic field B
.
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Tuning the s wave scattering length

−∞ < a < +∞
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s wave Feshbach resonance

First achievement: group of Ketterle - 1998

s wave resonance |a| � b

a = abg

(
1− ∆B

B − B0

)
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Scales for a broad s-wave resonance

−1/3
n

b

|a |

b � |a|



Introduction Interactions Two-channel model Few-body problem Conclusions

Scales for a broad s-wave resonance

−1/3
n

Unitary limit b → 0 and |a| =∞
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Separable two-channel model

Y. Castin, M. Jona-Lasinio, C. Mora and L. P.

0

Emol

δ µ (B−B  )
cl

CLOSED CHANNEL OPEN CHANNEL

ATOMIC STATESMOLECULAR STATE

• Emol: molecular state energy

• Λ: coupling strength (molecule-atomic pair)

• g0: strength of the direct (atom-atom) interaction

• b ∼ range of the microscopic forces
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Three identical bosons

|Ψ〉 = (atom⊗ atom⊗ atom)⊕ (atom⊗molecule)︸ ︷︷ ︸
|β〉

Equation for |β〉 ≡ generalized Skorniakov Ter Martirosian equation

Two issues:

• Efimov states

• Three-body recombination

dNdim

dt
= −αrec

Nat(Nat − 1)(Nat − 2)

L6
.
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Theory vs experiments
M. Jona-Lasinio and L. P., Phys. Rev. Lett. 104, 023201 (2010)

Trimers (133Cs)

Group of R. Grimm (Innsbruck)
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Three-body recombination near a narrow resonance

Resonance width ∆B =⇒ radius R? =
~2

mabgδµ∆B

Narrow resonance: R? � |abg|, b

• Efimov regime |a| � |abg|,R?

3-body parameter = f (R?) (D.M. Petrov -2004)

• Intermediary regime R?(a− abg)� a2

abg < b
√
π −→ ∃ only 1 shallow dimer: E ' − ~2

mR?(a−abg)

αrec =
R?�|a|

192π2~
m

× a2 ×
√

3R? (a− abg)3 + . . .
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Prediction: Example of the Potassium

Narrow resonance near 752 G (abg < b
√
π)

L.P. & M. Jona-Lasinio (arXiv:1109.3002).
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Fano-Efimov resonances

abg > b
√
π −→ ∃ dimer for |a| =∞

Resonances in the atom-dimer scattering

Low energy model −→ computation in the regime R? � abg � b

Scattering amplitude fad :
(units of the three-body parameter)

E = −~2q2

m = Edimer + 3~2

4m k2
0

L.P., Phys Rev A 82 043633 (2010).
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Searching for an exotic Efimov effect . . .
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Three identical fermions

M. Jona-Lasinio, L. P. and Y. Castin, Phys. Rev. A 77, 043611 (2008)

2 relevant parameters near the resonance: f1 = −1
1

k2Vs
+αres+ik

p wave resonance: |Vs| � b3:

• αres ∼ 1/b : ∃ 2 Borromean states . . . no Efimov effect

• 3-body recombination: universality without Efimov effect

dNdim

dt
= 3(

48π

5
)2 ×

~k4
FNn2

m
×
(
V5

s

3αres

) 1
2
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A 4-body Efimov effect at |a| =∞ ?

Y. Castin, C. Mora, L. Pricoupenko, Phys. Rev. Lett. 105 223201 (2010).

If ∃ 3-body Efimov effect ⇒ no 4-body Efimov states

⇒
• < 2 interacting bosons

• 2 fermions (M) ⊕ 1 impurity (m) −→ m/M < 13.607
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3 identical fermions (M) ⊕ 1 impurity (m)

Efimov states for
(

M
m

)
crit

< M
m < 13.607 ?

Zero-range potential model for Ψ(r1, . . . r4):

diverges at ri4 = 0 (i = 1 . . . 3) as D i�4 ×
(

1
a −

1
ri4

)
[for fixed values of Mr4 + mri and rj (j 6= i , 4)]

solves the free-Schrodinger equation for ri4 6= 0.

Problem solved ≡ determine D i�4

• Translation invariance ⇒ momentum representation

• Contact condition + center of mass frame
D1�4 = D(k2, k3)

• Statistics ⇒ D2�4 = −D(k1, k3) and D3�4 = −D(k2, k1).
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Equation for the source amplitude D

"
3X

i=1

~2k2
i

2M
+

~2k2
4

2m
− E

#
〈{ki}|Ψ〉 = 0

Contact condition 1� 4 for E ≤ 0Z
d3k1

2π2

D(k1, k3) + D(k2, k1)P3
i=1 k2

i + 2M
m+M

X
1≤i<j≤3

ki · kj −
2ME

~2

= −D(k2, k3)

f (k1�4
rel )

[ Rq: f (k) = − a

1 + ika
and k1�4

rel , relative wave number (imaginary) of the pair (14) ]
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Symmetries considerations on D(k1, k2)

• Isotropic integral kernel:

D(k1, k2) =
∑
l ,m

Y ∗
lm(δ2, δ1)flm(k1, k2, θ)

• Statistics: D(k1, k2) = −D(k2, k1)

• Unitarity → scale invariance: D(λk1, λk2) = λ−
7
2
±sD(k1, k2)
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4-body Efimov effect

• Integral equations on flm =⇒ set of exponents {s}

• Efimov threshold for min{|s|} = 0

Efimov effect for l = 1 & m = 0 : 13.384 < M
m < 13.607

• Efimov effect ↔ s imaginary

→ fix the phase for the asymptotic behavior of D as√
k2

2 + k1
2 →∞

→ Spectrum with an accumulation point at E = 0:

En = Eref × exp

(
2nπ

|s|

)
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Three gifts of nature

13.384 <
M

m
< 13.607

3He∗-40K: 13.25

7Li-95Mo: 13.53 11B-149Sm: 13.53 3He∗-41Ca: 13.58
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Conclusions
Zero-range model

• Easy to implement in the k-representation & in low-D
L. P., Phys. Rev. A 83, 062711 (2011).

• Critical stability in 2D !

+ −→ +

Bosons: ∀M/m ; Fermions: M/m > 18.3
L. P., P. Pedri, Phys. Rev. A 82, 033625 (2010).

• Prediction of a 4-body Efimov effect

Separable two-channel model

• Non universal corrections to Efimov physics

• Possibility to describe non-Efimovian but ’universal’ physics

• Few-body equations of complexity ≡ zero-range approximation

C. Mora, Y. Castin, L. P., Comptes Rendus Physique 12, 71 (2011).
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