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Outline

• Bose-Einstein condensates and Feshbach resonances;

• Gross-Pitaevskii equation;

– Collapse of condensate near Feshbach resonance;

• Two-channel model of Feshbach resonances;

• Two-channel Gross-Pitaevskii equation;

– Collapse of condensate in two-channel model;

• Outlook.
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BEC in MOT
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An artist’s view of a BEC in a MOT.
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Real(istic) spectrum of 20 bosons in a trap
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(Part of) the spectrum of a system of N = 20 bosons in an oscillator

trap.
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Gross-Pitaevskii equation (Skyrme-Hartree-Fock for bosons)

N-body Hamiltonian with Skyrme force (g = 4πh̄2a
m ),

H =
N
∑

i=1

(

− h̄2

2m

∂2

∂~r2i
+ Vext(~ri)

)

+
∑

i<j

gδ(~ri − ~rj).

Hartree(-Fock) product wave-function (na3 ≪ 1),

Φ(~r1, . . . , ~rN ) =

N
∏

i=1

ϕ(~ri).

Variational principle,

δ
〈Φ|H|Φ〉
〈Φ|Φ〉 = 0,

⇒ Gross-Pitaevskii equation (N − 1 ≈ N),
(

− h̄2

2m

∂2

∂~r2
+ Vext(r) +Ng|ϕ|2

)

ϕ = Eϕ,
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Gaussian variational calculation (one-channel)

Take the trial single-particle wave-function in the Gaussian form

ϕ(r) = e−r2/2b2 .

The expectation value of the energy is then given as

1

h̄ω

1

N

〈Φ|H|Φ〉
〈Φ|Φ〉 =

3

4

(

b

R

)

−2

+
3

4

(

b

R

)2

+
1√
2π

Na

R

(

b

R

)

−3

,

where R is the oscillator length,

h̄ω =
h̄2

mR2
.
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Gaussian variational calculation (one-channel)
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Energy per particle of a system of N bosons as function of the range

b of the trial Gaussian.
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Feshbach resonance
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Feshbach resonance (Na)

two-channel model
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Two-channel Gross-Pitaevskii







ĥ|α〉 = Eα|α〉
ĥ|β〉 = (Eα + E∗)|β〉

H =

N
∑

i=1

(

− h̄2

2m

∂2

∂~r2i
+ V (~ri) + ĥi

)

+
∑

i<j

ĝ(ij)δ(~ri − ~rj)

Ψ(~r1, . . . , ~rN ) =
∏

i=1,N

(ϕ(~ri)αi
+ χ(~ri)βi)



























(

− h̄2

2m
∂2

∂~r2 + V + E∗ +Ngχχχχ|χ|2 + 2Ngϕχϕχ|ϕ|2
)

χ

+N
(

gϕϕχχχ
∗ϕ+ gϕϕϕχ|ϕ|2 + 2gχχχϕ|χ|2

)

ϕ = Eχ,
(

− h̄2

2m
∂2

∂~r2 + V +Ngϕϕϕϕ|ϕ|2 + 2Ngϕχϕχ|χ|2
)

ϕ

+N
(

gϕϕχχϕ
∗χ+ 2gϕϕϕχ|ϕ|2 + gχχχϕ|χ|2

)

χ = Eϕ.
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Gaussian variational calculation (two-channel)

Assume the single-particle wave-function in the form

ψ(~r) = e−r2/2b2(|α〉+B|β〉) .

Leave for simplicity only the terms

aϕϕϕϕ ≡ a00, aϕχϕχ ≡ a11, aϕϕϕχ ≡ a01.

The energy is then given as

1

h̄ω

1

N

〈Φ|H|Φ〉
〈Φ|Φ〉 =

3

4

(

R2

b2
+
b2

R2

)

+
E∗

h̄ω

B2

1 +B2
+
R3

b3
Na00√
2πR

1 + 4ã01B + 4ã11B
2

(1 + B2)2
,

where ã ≡ a/a00 and N − 1 ≈ N .
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Gaussian variational calculation (two-channel)
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Two-channel Gaussian variational calculation: expectation energy

per particle for a system of N bosons in a trap as function of the

range of the trial Gaussian.

12



Conclusion

• It is possible to formulate a two-channel Gross-Pitaevskii

equation near a Feshbach resonance. The two-channel model

naturally describes the physics of the Feshbach resonance.

• The two-channel Gross-Pitaevskii equation seems to be able to

account for the collapse of the condensate when the scattering

length is increased.
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