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RESULTS

e− in the “Coulomb” field of a proton (H atom) in an≃ homogeneous,≃ constantENORMOUSexternal magnetic field
B ≥ 1017 G = 1013 T .
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Fig. 1. Modification of the Coulomb potential due to the dressing of the photon propagator.

−→ Φ(z) ≈ e

z

[

1 − e−me|z|
√

6 + e
−me|z|

√

6+2α
π

B
Bcr

]

The Coulomb potential becomes “screened” at short distances≤ 1.5 1

me
whenB ≥ 3π

α Bcr.

−→ energy levels of the ground state (Lowest Landau Level) in the Coulomb field of the proton
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• no screening + shallow well approx:E0 = −EI lnB/Ba
B→∞→ −∞

• screening + shallow well approx:E0

B→∞→ −4EI ln2

(

√

3π/α3

)

→ −4 keV ;

• screening and not shallow well:E0

B→∞
= −1.7 keV
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SCALES OF THE PROBLEM

• Bohr’s atom (noB)

rn
En = −EI/n

2, rn = n2aB, aB = Bohr radius = 1/mee
2 = 5.29 10−9cm

aB = λc/2πα = re/α
2, λc/2π = 1/me = 3.86 10−11cm, re = 2.82 10−13cm

• in the presence ofB

aH

z

Landau radiusaH =
√

1/eB .

Remember:

Larmor frequencyω = eB/me,

Larmor radius= mev/eB = (L ≡ m 6h)/eBr ⇒ r = m 6h/eBr ⇒ r2 = m/eB = ma2
H

a2
B

a2
H

=
B

Ba
; Ba = atomic B= m2

ee
3 = 1/ea2

B = 2.35 109G.

We deal withB ≈ 1017G⇒ aH ≪ aB . Remember: Bearth ≈ 1G, BLHC ≈ a few 105G

Bcr or BSchwinger = m2
e/e = Ba/α

2 = 4.35 1013G.

ForB ≫ Bcr, electromagnetic fields start to interact with each other:non-linearity; e− becomesrelativistic.

For us B ≫ Bcr ≫ Ba
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Fig. 2. Landau radiusaH versus magnetic fieldB.
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ELECTRON IN THE “COULOMB FIELD OF A PROTON” + EXTREME B

Very strongB −→ fast oscillations⊥ B, slow oscillations‖ B⇒ adiabatic approximationψLLL
n,nρ=0,m,σ3=−1 = R0m(~ρ)χn(z)

e− relativistic except in the LLL−→ solvenon-relativistic Schrœdinger equation forχ(z) (1-dim) with effective potential
Ueff incorporating the resummation of Fig. 1.

[

− 1

2me

d2

dz2
+ Ueff

]

χn(z) = Enχn(z)

We have to determinewhat isUeff(z) . Remember; Coulomb:Φc(z) = e/z, Uc(z) = −e2/z.

• If no screening, Ueff is given by Landau: Ueff = −e2

∫ |R0m(z)|2
√

z2 + ρ2
d2ρ;

z≫aH→ −e2/z;
z→0→ −e2/aH finite

• Including screening

Φ(k)
no resum

= −4πg/k2 resum−→ −4πg

k2 + Π(k2)
=

−4πg

k2

‖ + k2
⊥ + Π(k2)

. Remember: in 4D, Πµν = −(gµν − kµkν/k
2)Π(k2).

e
e

µ ν = Πµν. Static charge→ we need onlyΠ00. Φ(k) =
4πg

k2
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Π(k2) = −4g2P (t), t =
−k2

4m2
e

. P is the same as in 2 D:P (t) = 1 −
ln(

√
1 + t) +

√
t

√

t(1 + t)
.
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Fourier transform−→ Φ(z). But exactP too cumbersome to integrate−→ use approximateP (t) =
2t

3 + 2t
.

Φ(z) ≈ e
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∗ for B ≪ 3πBcr/α, Φ(z) = e
|z| (1 + O(αB/Bcr))

∗ for B ≫ 3πBcr/α
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e

|z| for |z| > 1

me
, Coulomb

Ueff(z) = −e2

∫

d2ρ
|R0m(ρ)|2
√

z2 + ρ2

[

1 − e−me|z|
√

6 + e
−me|z|
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π

B
Bcr

]

R0m(ρ) = 1√
π(2a2

H)(1+|m|)|m|!
ρ|m|eimρe−ρ

2/4a2
H = wave function ofe− in magnetic field (Landau Q.M.)

At short distance, the photon gets aneffective massm2
γ = α B

Bcr
m2

e = e3B (2-dim massive QED, Schwinger model).

Φ(z) −→ potential energy V (z) = −eΦ(z)
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3. Modified Coulomb potential energy atB = 1017G (blue) and its long distance (green-pale) and short distance (red-dashed) asymptotics.
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THE GROUND LEVEL OF THE HYDROGEN ATOM

• no screening + shallow well approximation

E0 = −EI ln
B

Ba

B→∞−→ −∞ (“fall to the center′′)

• shallow well approximation (Landau) + screening

a E0 = −2me

[
∫ aB

aH

U(z) dz

]2
B→∞−→ −2meα

2 ln2

(

√

3π

α3

)

= −4EI × 72.3 = −4 keV

shallow well approximation valid forme|U |a2 ≪ 1; for 1-D Coulomb potential:a ≪ aB, not realized because Coulomb
extends to∞.

• general case with screening (Karnakov-Popov)

E0

B→∞−→ −1.7 keV

∗ even/odd degeneracy is broken

∗ corrections to odd levels very small

∗ corrections to even levels substantial forB ≥ 3πBcr

α = 6 1016G
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Fig. 5. Spectrum of hydrogen levels in the limit of infinite magneticfield. Energies are given in rydberg units,
Ry ≡ 13.6 eV .
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= λ+ 2 logλ+ 2ψ

(

1 − 1
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)

+ ln 2 + 4γ + ψ(1 + |m|)

∗ if no screening: ⇒ λ ≡
√

−E0/EI
B→∞−→ ∞.

WhenB → ∞, l.h.s→ ∞ ⇒ ψ (1 − 1/λ) has poles at1 − 1/λ = 0,−1,−2, . . .− n + 1 ⇒ λ = 1/n. One recovers the
Balmer series

∗ with screening: whenB → ∞, ln 3π
α3 = r.h.s.. No pole⇒ departure from Balmer series.
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• Principle of the method (Karnakov-Popov)

If χ(z) ≈ cst, integrate Shrœdinger−→

χ′(z) ≈ 2me

∫ z

0

dt U(t)χ(t)

(valid for z ≪ aB; (self energy negligible).

At the limit of the screening domain,χ and Whittaker (Coulomb) should match⇒ χ′

χ

z>few 1/me≈ W ′

W

• Validity of K.P. method :χ(z) ≈ cst. It is achieved, in particular thanks to the screening.

11



OUTLOOK AND PROSPECTS

• accuracy of adiabatic approximation

• 3D potentialV (z, ~ρ 6= 0)

• beyond LLL; relativistice− (not very physical)

• effective mass ofe− −→ E0 = me

[

1 − e4

2
λ2 + e2

4π ln2

(

eB
m2

e

)]

; corrections can be large but areuniversal, they cancel in

transitions

• trace levels whenB goes from0 to ∞ (Zeldovich effect)

• string-like behavior whenB → ∞ (Kondo, Shabad-Usov)

• exciton physics in semi-conductors.Ba → 2000 G for InSb⇒ Bcr ∼ Ba

α2 ≈ 107G

• graphene: 2D QED for massless fermions.c→ vf ≪ c⇒ α → e2

vf
≫ 1/137.

Same physics atmuch smallerB ?
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