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The quantum Boltzmann equations relevant for leptogenesis, obtained using non-equilibrium
quantum field theory, are described. They manifest memory effects leading to a timedependent CP asymmetry which depends upon the previous history of the system. This
result is particularly relevant in resonant leptogenesis where the asymmetry is generated by
the decays of nearly mass-degenerate right-handed neutrinos. The impact of the non-trivial
time evolution of the CP asymmetry is discussed either in the generic resonant leptogenesis scenario or in the more specific Minimal Lepton Flavour Violation framework. Significant
quantitative differences arise with respect to the usual approach in which the time dependence
of the CP asymmetry is neglected.

1

Introduction

In our universe, the difference between the number densities of baryons and anti-baryons, per
entropy density, is observed to be 1 YB ≡ (nB − nB̄ )/s = (8.84 ± 0.24) × 10−11 . This number,
obtained from measurements of the Cosmic Microwave Background Radiation, is also in excellent
agreement with the independent fit from Big Bang Nucleosynthesis (BBN). Thermal leptogenesis
2 is a simple and well-motivated mechanism to explain this baryon asymmetry. The simplest
implementation of this mechanism is realized by adding three right-handed (RH) Majorana
neutrinos to the Standard Model (SM), i.e. the framework of type I see-saw. The fact that
the same see-saw framework may simultaneously account for small neutrino masses and the
baryon asymmetry of the universe makes it very attractive. In thermal leptogenesis, the heavy
RH neutrinos are produced by thermal scatterings in the early universe after inflation, and
subsequently decay out of equilibrium in a lepton number and CP violating way, thus satisfying
Sakharov’s conditions. A lepton asymmetry then arises, which is partially converted into a
baryon asymmetry by electroweak sphaleron interactions.

In the case where the RH neutrinos masses are hierarchical, successful leptogenesis requires
the RH neutinos to be heavier than 109 GeV. Since they need to be produced after inflation,
the reheating temperature cannot be much lower than their mass. In supersymmetric scenarios,
this may be in conflict with the upper bound on the reheating temperature necessary to avoid
the overproduction of gravitinos during rehating, which may spoil the successful predictions of
BBN. On the other hand, if the RH neutrinos are nearly degenerate in mass, the self-energy
contribution to the CP asymmetries may be resonantly enhanced, thus making leptogenesis
viable at temperatures as low as TeV. This interesting situation is called “resonant leptogenesis”
3.
In order to precisely quantify the lepton asymmetry generated by the leptogenesis mechanism, one needs to keep track of the abundances of the particles involved in the process by solving
a set of coupled Boltzmann equations. The standard calculations employ a set of semi-classical
equations. However, quantum Boltzmann equations for leptogenesis have been recently derived
4 (for an earlier study, see Ref. 5 ), using a Green’s function technique known as Closed TimePath (CTP) — or Schwinger-Keldysh — formalism 6 , which provides a complete description of
non-equilibrium phenomena in field theory. While in the semi-classical setup every scattering in
the plasma is independent of the previous one, in a full quantum approach the whole dynamical
history of the system is taken into account. The quantum Boltzmann equations describe therefore a non-Markovian dynamics, manifesting the typical “memory” effects which are observed
in quantum transport theory 7 . The thermalization rate obtained from the quantum transport
theory may be substantially longer than the one obtained from the classical kinetic theory.
Furthermore, and more importantly, the CP asymmetry turns out to be a function of time,
even after taking the Markovian limit. Its value at a given instant depends upon the previous
history of the system. If the timescale of the variation of the CP asymmetry is shorter than
the relaxation time of the particles abundances, the CP asymmetry may be averaged over many
scatterings and it reduces to its classical constant value; the solutions to the quantum and the
classical Boltzmann equations are expected to differ only by terms of the order of the ratio of
the timescale of the CP asymmetry and the relaxation timescale of the particle distributions. In
thermal leptogenesis with hierarchical RH neutrinos this is typically the case. However, in the
resonant leptogenesis scenario, where at least two RH neutrinos are almost degenerate in mass
and their mass difference ∆M is of the order of their decay rates, the typical timescale to build
up coherently the CP asymmetry (of the order of 1/∆M ) can be larger than the timescale for
the change of the abundance of the RH neutrinos. Thus, in the case of resonant leptogenesis
significant differences are expected between the classical and the quantum approach.
2

Quantum Boltzmann equations

The model I consider consists of the SM plus three RH neutrinos Ni (i = 1, 2, 3), with Majorana
masses M1 ≤ M2 ≤ M3 . The interactions among RH neutrinos, Higgs doublets H, lepton
doublets ℓα and singlets eα (α = e, µ, τ ) are described by the Lagrangian
1
Lint = λiα Ni ℓα H + hα ēα ℓα H c + Mi Ni2 + h.c. ,
2

(1)

with summation over repeated indices. In the early universe, the quantum numbers conserved
by sphaleron interactions are ∆α = B/3 − Lα , where B, Lα are the baryon asymmetry and the
lepton asymmetry in the flavour α, respectively.
The quantum Boltzmann equations describing the generation of the baryon asymmetry are
obtained using the CTP formulation of non-equilibrium quantum field theory. The reader is
referred to Ref. 4 for the technical details of the calculation. Here, I only summarize the main
results. After taking the Markovian limit, the equations for the number densities of RH neutrinos

YNi and the asymmetries Y∆α (per entropy density) read


dYNi
= −Di YNi − YNeqi ,
dz


X
dY∆α
= −
ǫiα Di YNi − YNeqi − Wα |Aαα |Y∆α ,
dz

(2)
(3)

i

where the ratio between the mass of the lightest RH neutrino and the temperature z = M1 /T
plays the role of the time variable. At equilibrium the Ni number density normalized to the
√
entropy density of the universe is given by YNeqi = zi2 K2 (zi )/(4g∗ ), where zi = z xi , xi =
(Mi /M1 )2 , g∗ = 106.75 and Kn (zi ) is a modified Bessel function of the n-th kind. The decay
and washout terms appearing in (2)-(3) are defined as
X1
√
K1 (zi )
,
Wα =
Kiα xi K1 (zi ) zi3 ,
(4)
Di = Ki xi z
K2 (zi )
4
i

where the washout parameters are given by the ratios between the decay rates and the Hubble
parameter
X
Γ(Ni → ℓα H̄)
Kiα =
,
Ki =
Kiα .
(5)
H(T = Mi )
α
The form of the matrix A depends on the number of lepton flavours which are effective in the
dynamics of leptogenesis, and this in turn depends on the temperature at which leptogenesis
takes place, which is roughly given by M1 . Indeed, for M1 & 1012 GeV all lepton flavours
are not distinguishable and the one-flavour regime holds; for 109 GeV . M1 . 1012 GeV and
M1 . 109 GeV, two and three lepton flavours become effective, respectively 8,9 . For example,
in the approximation where A is a diagonal matrix A = −diag(151/179, 344/537, 344/537), for
M1 . 109 GeV. The complete expressions can be found in Refs. 8 . Finally, sphaleron interactions
introduce a conversion factor for the final baryon asymmetry
12 X
Y∆α (z → ∞) .
(6)
YB =
37 α
The key quantities controlling the production of a net lepton number are the CP asymmetries
in the Ni decays
Γ(Ni → ℓα H̄) − Γ(Ni → ℓ̄α H)
.
(7)
ǫiα ≡
Γ(Ni → ℓα H̄) + Γ(Ni → ℓ̄α H)
The Eqs. (2)-(3) reproduce exactly the usual Boltzmann equations obtained in the semiclassical approach, except for a crucial difference in the source term of (3). As mentioned above,
the inclusion of quantum effects introduces a time dependence in the CP asymmetry
X
ǫiα (z) =
ǫ(j,i)
m(i,j) (z) ,
(8)
α
j6=i

m

(i,j)

(z) =

ǫ(j,i)
=
α
gs(j,i) =
gv(j,i) =




Mj − Mi 2
Γj
1 Mj − Mi 2
z −
sin
z
,
2 sin
2 2H(M1 )
Mj − Mi
2H(M1 )
i
h
†
†)
Im
λ
λ
(λλ
iα
ij
αj
1
(gs(j,i) + gv(j,i) ) ,
8π
(λλ† )ii
r
1
xj
1
,
xi 1 − xxji 1 + Γ2j /Mi2
2
(1−xj /xi )


r
xj
1 + xj /xi
xj
1 − (1 + ) ln
,
xi
xi
xj /xi
2



(9)

(10)
(11)

(12)

P
where Γj ≡ β Γ(Nj → ℓβ H̄) = (λλ† )jj Mj /(8π) is the total decay rate of the j-th RH neutrino,
gs and gv are the self-energy and the vertex correction functions, respectively.
In the quantum approach, the typical timescale for the variation of the CP asymmetry is
t=

z2
1
1
1
=
∼
=
.
2H(T )
2H(M1 )
Mj − Mi
∆Mji

(13)

If the timescale for the variation of the particle abundances 1/Γi is much larger than 1/∆Mji ,
P
(j,i)
the CP asymmetry will average to its classical value ǭiα = j6=i ǫα and no significant quantum
effect arises. On the other hand, quantum effects are expected to be sizeable if the timescale
1/∆Mji for building up coherently the CP asymmetry is larger than the timescale 1/Γi for
changing the abundances. In other words, the oscillation frequency ∆Mji has to be sufficiently
smaller than Γi , so that the factors m(i,j) (z) do not effectively average to one. Under these
conditions, the amplitude of the “sin” term in m(i,j) (z) is also enhanced, which turns out to be
a crucial effect.
The above discussion allows one to formulate a quantitative criterion for the importance of
quantum effects, namely ∆Mji . Γi . This criterion can be naturally satisfied if RH neutrinos
are nearly degenerate, such as in resonant leptogenesis and in models based on Minimal Lepton
Flavour Violation.
3

Application to resonant leptogenesis

As anticipated in the Introduction, resonant leptogenesis relies on the fact that the CP asymmetries are resonantly enhanced when the mass differences among RH neutrinos are comparable to
their decay widths. ∆Mij ∼ Γi ∼ Γj . Therefore, the criterion for the significance of the quantum effects is satisfied and one expects the quantum Boltzmann equations to provide appreciably
different results with respect to their semi-classical counterparts.
For the sake of simplicity, let us restrict here to the simplest case where there are only
two RH neutrinos with mass difference ∆M and similar decay rates ΓN , in the one-flavour
approximation where α has a single value. In this case, the Boltzmann equation for the lepton
asymmetry in the single flavour α contains the CP asymmetry





2
Kz 2 ∆M
ΓN
2 Kz ∆M
sin
−
,
(14)
ǫα (z) ≃ ǭα 2 sin
4 ΓN
∆M
2 ΓN
P P
(j,i)
where ǭα = i j6=i ǫα is the constant value of the asymmetry in the classical limit, and K
is the total washout parameter.
The plot in Fig. 1 shows the absolute values of the final lepton asymmetry computed with
and without the time-dependent factor in (14). For the strong washout regime K & 1, the
quantum and semi-classical methods give almost the same answers; instead, at small K, the
discrepancy between the two approaches is sizeable, of an order of magnitude or more. This is
easily understood from Eq. (14), where at large K the “sin” functions average to constants while
in the opposite case they determine an appreciable time-dependence of the CP asymmetry.
In Ref. 10 , the reader can find a more detailed study of the more general “flavoured” case as
well as analytical approximations for the lepton asymmetries in the different possible washout
regimes. They reproduce fairly well the numerical solutions of the Boltzmann equations (2)-(3).
3.1

MLFV leptogenesis

Nearly degenerate RH neutrinos naturally arise in the context of models satisfying the hypothesis
of Minimal Flavour Violation (MFV) 11,12 . In the quark sector, where the MFV hypothesis has
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Figure 1: The absolute value of the final baryon asymmetry, as a function of K, for ∆M = ΓN . In blue, the time
dependence in the CP asymmetry is included; in green, the usual time-independent CP asymmetry is used.

been formulated first, the MFV ansatz states that the two quark Yukawa couplings are the
only irreducible breaking sources of the flavour-symmetry group defined by the gauge-kinetic
lagrangian 11 . In generic models satisfying this hypothesis, quark Flavour Changing Neutral
Currents are naturally suppressed to a level comparable to experiments and new degrees of
freedom can naturally appear in the TeV range. The extension of the MFV hypothesis to the
lepton sector (MLFV) has been formulated in Ref. 12 , where a number of possible scenarios,
depending on the field content of the theory, have been identified. The case more similar to the
quark sector and more interesting from the point of view of leptogenesis is the so-called extended
field content scenario. The lepton field content is extended by three heavy RH neutrinos with
degenerate masses at the tree level. The largest lepton flavour symmetry group of the gaugekinetic term is SU (3)ℓ ⊗ SU (3)e ⊗ O(3)N and, according to the MLFV hypothesis, it is assumed
that this group is broken only by the charged-lepton and neutrino Yukawa couplings hα and
λiα . In relation to leptogenesis, the key feature of this scenario is that the degeneracy of the
RH neutrinos is lifted only by corrections induced by the Yukawa couplings, so that we end up
with a highly constrained version of resonant leptogenesis.
Within this setup, the viability of leptogenesis has been considered either in the one-flavour
approximation 13 or in the flavoured case 14 . However, in the light of the quantum version
of the Boltzmann equations I discussed here, it turned out necessary to carry out an analysis
to assess the impact of the quantum effect in this MLFV leptogenesis scenario. It has been
shown in 15 , both analytically and numerically, that neglecting the time dependence of the CP
asymmetry may underestimate the baryon asymmetry by several orders of magnitude when a
strong degeneracy among heavy RH neutrinos and small mass splittings in the light neutrino
sectors are present. This is true both when the CP phases come from the RH sector and when
they come entirely from the left-handed sector and may be identified with the low energy PMNS
phases.
4

Conclusions

The simplest see-saw framework, where RH neutrinos are added to the particle content of the
SM, may simultaneously account for the small neutrino masses and the baryon asymmetry of
the universe, through the leptogenesis mechanism. Obtaining detailed results in leptogenesis
requires solving the Boltzmann equations for the abundances of the particles involved. In this
talk, I have presented a set of quantum Boltzmann equations which has been derived using non-

equilibrium quantum field theory. The main difference with respect to the usual semi-classical
equations is that the CP asymmetry is time-dependent. A criterion to discriminate situations
where one should expect quantum effects to be important has been discussed. In particular,
this condition is satisfied in realistic models such as resonant and MLFV leptogenesis. In these
scenarios, quantum effects play a significant role and should be taken into account.
Acknowledgments
I am grateful to the organizers for their kind invitation. This contribution is based on work done
in collaboration with A. Riotto and with V. Cirigliano, G. Isidori, I. Masina. I acknowledge
support from the INFN “Bruno Rossi” Fellowship, from the U.S. Department of Energy (DoE)
under contract No. DE-FG02-05ER41360, and from an EU Marie Curie Grant.
References
1. J. Dunkley et al. [WMAP Collaboration], arXiv:0803.0586 [astro-ph].
2. M. Fukugita and T. Yanagida, Phys. Lett. B 174, 45 (1986); M. A. Luty, Phys. Rev. D 45,
455 (1992). G. F. Giudice, A. Notari, M. Raidal, A. Riotto and A. Strumia, Nucl. Phys.
B 685, 89 (2004) [arXiv:hep-ph/0310123]; W. Buchmuller, P. Di Bari and M. Plumacher,
Annals Phys. 315 (2005) 305 [arXiv:hep-ph/0401240]. For a recent comprehensive review,
see: S. Davidson, E. Nardi and Y. Nir, arXiv:0802.2962 [hep-ph].
3. A. Pilaftsis and T. E. J. Underwood, Nucl. Phys. B 692, 303 (2004) [arXiv:hepph/0309342]; A. Pilaftsis and T. E. J. Underwood, Phys. Rev. D 72, 113001 (2005)
[arXiv:hep-ph/0506107];
4. A. De Simone and A. Riotto, JCAP 0708 (2007) 002 [arXiv:hep-ph/0703175].
5. W. Buchmuller and S. Fredenhagen, Phys. Lett. B 483, 217 (2000) [arXiv:hepph/0004145].
6. For a review, see: K. Chou, Z. Su, B. Hao and L. Yu, Phys. Rep. 118 1, (1985).
7. P. Danielewicz, Annals Phys. 152, 239 (1984); P. Danielewicz, Annals Phys. 152, 305
(1984); P.A. Henning, Phys. Rep. 253, 235 (1995).
8. R. Barbieri, P. Creminelli, A. Strumia and N. Tetradis, Nucl. Phys. B 575 (2000) 61;
T. Endoh, T. Morozumi and Z. h. Xiong, Prog. Theor. Phys. 111 (2004) 123; A. Abada,
S. Davidson, F. X. Josse-Michaux, M. Losada and A. Riotto, JCAP 0604, 004 (2006);
E. Nardi, Y. Nir, E. Roulet and J. Racker, JHEP 0601, 164 (2006); A. Abada, S. Davidson,
A. Ibarra, F. X. Josse-Michaux, M. Losada and A. Riotto, JHEP 0609, 010 (2006).
9. A. De Simone and A. Riotto, JCAP 0702 (2007) 005 [arXiv:hep-ph/0611357].
10. A. De Simone and A. Riotto, JCAP 0708 (2007) 013 [arXiv:0705.2183 [hep-ph]].
11. G. D’Ambrosio, G. F. Giudice, G. Isidori and A. Strumia, Nucl. Phys. B 645 (2002) 155
[arXiv:hep-ph/0207036].
12. V. Cirigliano, B. Grinstein, G. Isidori and M. B. Wise, Nucl. Phys. B 728 (2005) 121
[arXiv:hep-ph/0507001].
13. V. Cirigliano, G. Isidori and V. Porretti, Nucl. Phys. B 763 (2007) 228 [arXiv:hepph/0607068].
14. G. C. Branco, A. J. Buras, S. Jager, S. Uhlig and A. Weiler, JHEP 0709 (2007) 004
[arXiv:hep-ph/0609067]; S. Uhlig, JHEP 0711 (2007) 066 [arXiv:hep-ph/0612262].
15. V. Cirigliano, A. De Simone, G. Isidori, I. Masina and A. Riotto, JCAP 0801 (2008) 004
[arXiv:0711.0778 [hep-ph]].

