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The Long-Term Azimuthal Structure of the Galactic 
Cosmic Ray Distribution due to Anisotropic Diffusion

Two faces of the same coin:

Cosmic Ray modulation in the Heliosphere

Cosmic Ray transport in the Galaxy
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Tracing the Ways of the Cosmic Rays
From CR Sources to Heliospheric Modulation

Crab Nebula

642 HORST FICHTNER
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Figure 1. A sketch of the heliosphere indicating the basic plasma motions as seen in the rest frame of
the Sun. The main discontinuity surfaces of the heliosphere, i.e., heliospheric shock and heliopause,
are depicted as wavy lines indicating the overall presence of small- and large-scale disturbances.

through which no mass flow occurs. It separates the solar and the interstellar plas-
mas and can, therefore, be considered as the actual outer boundary of the he-
liosphere. The terms ‘upstream’ and ‘downstream’ refer to the pre-shock and post-
shock region, respectively, and should not be confused with the terms ‘upwind’ and
‘downwind’, defined below (see also Figure 1).
Whether or not the outer heliosheath is bounded by a surface defined by a bow

shock depends on the dynamical state of the LISM. While the latter is blowing
as an interstellar wind with a speed of |uLISM| ≈ 25 km s−1 in the rest frame of
the Sun and, thus, is supersonic (with a sound speed in the LISM of cs,LISM ≈√
2kbTLISM/mp ≈ 10 km s−1), the uncertainty in both the local interstellar mag-

netic field strength |BLISM| and the number density nLISM prevents one from de-
termining unambiguously whether it is sub- or superalfvénic (vA,LISM ≈ |BLISM|/√

µonLISMmp). Consequently, the nature of the interstellar side of the outer he-
liosheath and, thus, of the heliospheric interface is not known.
Filled with subsonic plasma, the heliospheric interface is the region in which

the solar and the interstellar flow interact directly with each other. The upwind
direction where the two flows collide head-on and the downwind direction where
the flows are parallel indicate the upwind-downwind or heliospheric axis. This ter-

[court. H. Fichtner]

j = 12.14 · β(Ek + 0.5E0)−2.6
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Fig. 1. Observed and calculated intensities for hydrogen at the radial distances indicated. Spectra are offset by 
factors of 10 as indicated in Figure Ib. The dashed curve model solutions in Figure 1 a were calculated with parameter 
set I and fit the 1977/1978 observations (open symbols) better than the 1987 observations (solid symbols). Model 
solutions calculated with parameter set 2 fit the 1987 data better than those of 1977/1978 and are shown by solid curves 
in Figure 1 b. Both sets of model solutions are shown in Figure I c. 

however, be found that would fit both the 1977/1978 and the 
1987 observations. Therefore we chose the following two 
sets: 

Kll o = 0.9 x 10 22 cm2/s all = 0.75 
(4) 

K •-0 = 9.0 X 10 2o cm2/s a•_ = 0.97 (set 1, 1977/1978), 
and 

Kll o = 2.4 x 10 22 cm2/s all = 0.625 
(5) 

K•_0 = 6.0 X 10 2o cm2/s a•_ = 1.0 (set 2, 1987). 
These two sets approximately agree with the lower and 
upper limit of the Palmer consensus for Kii. The values of Kii, 
K_•, and Krr for these two parameter sets are plotted, for 
/3P = 1 GV, in the ecliptic plane as function of radial 

distance in Figures 4a and 4b, respectively. Notice that, 
while in theinner heliosphere diffusion parallel to the field 
lines is the dominant transport process, beyond about 10 AU 
the diffusion process is strongly dominated by Kñ. The 
solutions are very sensitive to the radial dependence of Kñ, 
set by the value of a •_. 

The ratio K•_/Kll for these two parameter sets is plotted in 
Figure 4c, which shows that this ratio is about 2-4 times 
higher in 1977/1978 than in 1987. Thus we call the 1977/1978 
diffusion tensor the more isotropic one. It is also readily 
verified that the maximum value of K •_/KiI occurs at the poles 
near the outer boundary, and that for set 1 this maximum 
value is 0.9. Notice from (2) that at the poles, where the field 
lines are radial, Krr -' KI[. 

Figure 4d compares the effective radial Krr for the two sets 
directly. In the outer heliosphere, Krr for set 2 (1987) is some 
25% lower than for set 1 (1977/1978), but the 1 AU observa- 
tions demand that the 1987 value in the inner heliosphere 
must be twice as large as for 1977/1978. 

[Reinecke et al., 
1993, JGR]
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ABSTRACT
The current maps of the Milky Way disk still have large di†erences, much like early maps of the

EarthÏs continents made in the 16th century had sizeable di†erences in the locations of continents and
many areas labeled ““ terra incognita.ÏÏ Exactly where are the spiral arms in our home Galaxy (in radius
and longitude) ? Here a meta-analysis is made of the recent (1995È2001) observational data on the pitch
angle (p) and the number (m) of spiral arms in our home Galaxy. In order to clarify our image of the
structure of the Milky Way, logarithmic model arms of the form are Ðtted to theln (r/r0) \ k(h [ h0)
observed tangents to the spiral arms and to the observed position angle (P.A.) of the GalaxyÏs central
bar. The main results are that p \ 12¡ inward and m \ 4, with logarithmic spiral arm parameters r0 \
2.3 kpc and for the Norma arm. The value of for the other three arms is modeled by rotatingh0 \ 0¡ h0the Norma arm in steps of 90¡. These values are similar to those found by Ortiz & using earlierLe! pine
observational data, with some di†erences. The best model predicts an interarm distance near the Sun of
S \ 2.5 kpc (from the Sagittarius to the Perseus arm) and a distance from the Sun to the Sagittarius arm
of 0.9 kpc. These values are compared to our limited and uncertain data from the observed nearby spiral
arms. These predicted values near the Sun di†er substantially from the predictions of Ortiz & asLe! pine,
discussed in the text.
Subject headings : Galaxy : disk È Galaxy : fundamental parameters È Galaxy : structure È

ISM: general È ISM: structure

1. INTRODUCTION

Previous attempts at Ðtting logarithm spirals to spiral
galaxies have been made. Thus, using observational data up
to 1993, Ortiz & (1993) modeled four such arms andLe! pine
predicted the star counts at infrared wavelengths for our
Galaxy. In addition, using the results published in the
period 1980È1994, a metastudy of 15 papers indicated that
our home Galaxy may have m \ 4 arms, with a mean pitch
angle p \ 12¡ inward 1995), and there was some(Valle! e
controversy since a minority of these studies indicated
m \ 2 arms with a lower pitch angle.

In other spiral galaxies, observations have shown a
number m \ 1, 2, 3, 4, and even 5 spiral arms, with galaxies
having odd m values being rarer (see Elmegreen, Elmegreen,
& Montenegro 1992). Being within the disk of our
home Galaxy the Milky Way and having very little data
from the other side of the Galactic center (GC), there is
then an emphasis here on getting many di†erent tracers
on our side of the Galaxy in order to project a better global
picture.

Aim of this paper.ÈSince 1995, a large number of new
observational results have been published, warranting a
fresh look at this issue. In addition, Ðrmer conclusions have
appeared concerning some aspects of Galactic research rele-
vant to spiral structure as observed from the SunÏs location :
the presence of a central bar, and the GC distance. These
parameters need to be incorporated in any model revision.
In this paper, a meta-analysis is made for the mean values of
the observed global parameters of the home Galaxy (m, p).
Together with the observed arm tangents and bar P.A., a
logarithmic model is employed to yield the best locations
(radius, longitude) for the spiral arms in the Milky Way
disk. From the best Ðt, predictions are made notably for the
most likely interarm separation S near the Sun and for the
SunÏs distance to the Sagittarius arm.

Within 3 kpc of the GC, there is a rotating bar straddling
the nucleus, oriented in the Ðrst quadrant about 20¡ ^ 6¡
from the SunÈGC axis, as also derived from analysis of
near-infrared light, H I, CO, and CS molecular data, di†use
near-infrared background, and other tracers (Freudenreich
1998 ; Binney et al. 1991). The bar ends at 3 kpc from the
GC, at the edge of a circumscribing molecular/stellar ring,
with spiral arms beginning at points on the ring, possibly
along and across the barÏs major axis (Freudenreich 1998).
There is considerable discussion about the central barÏs pa-
rameters (see recent summaries in Fux 2001 and Gerhard
1999). The central bar could a†ect any interpretation of
putative spiral arms close ([18¡ \ l \ 18¡) to the direction
of the GC (e.g., Fig. 4 in Ortiz & 1993).Le! pine

For the distance from the Sun to the GC, the IAU in 1986
recommended 8.5 kpc from indirect measurements. Direct
proper-motion measurements showed this distance to be
7.2 ^ 0.7 kpc (Reid 1993). Consistency requirements, using
H II and H I radial velocity data and others Ðtted to rota-
tion curves, showed that a consistent picture emerges only
for a SunÈGC distance of 7.1 ^ 0.4 kpc (Ollin & MerreÐeld
1998). There is considerable discussion about this value (see

& Stanek 1998). Favoring consistency modelsPaczyn! ski
and direct measurement, here I adopt a mean value of
7.2 ^ 0.4 kpc.

In ° 2, I assemble the data since 1995, discuss them as to
their overall quality, and use statistics on the recent results
pertaining to the Galactic structure (arms and pitch angle).
In ° 3, models of spiral arms are drawn, with the mean pitch
angle and number of arms as found here ; then a model Ðt is
made to the observations of the tangents to the known
spiral arms (within their errors), and the results of the Ðts
are employed to predict the present interarm distance near
the Sun, and the SunÏs separation to the Sagittarius arm. A
concluding discussion on these predictions follows in ° 4.

261
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Shaviv (2002a, 2002b) proposed that the CRF reaching the planet
has not only an extrinsic variability due to its attenuation by so-
lar wind, but also an intrinsic one arising from a variable inter-
stellar environment. For example, a nearby supernova could
bathe the solar system with a higher CRF for many millennia,
leave a detectable 60Fe imprint in ocean-floor deposits, and per-
haps even give rise to a “cosmic ray winter” (Fields and Ellis,
1999) due to increased cloudiness and planetary albedo. Shaviv
(2002a, 2002b) proposed that a particularly large CRF variability
should arise from passages of the solar system through the Milky
Way’s spiral arms that harbor most of the star formation activity.
Such passages recur at ~143 ± 10 m.y. intervals, similar to the
135 ± 9 m.y. recurrence of the paleoclimate data (Veizer et al.,
2000). Unlike the extrinsic solar-induced CRF modulations,
which change the ionization rate at the bottom of the tropo-
sphere by typically <10%, the galactic flux variations are much
larger and are expected to be about an order of magnitude more
effective. It is these intrinsic CRF variations that may be responsi-
ble for the long-term climate changes over the past 1 Ga.
Specifically, the “icehouses” and the oxygen isotope cold inter-
vals (Fig. 1) appear to coincide with times of high CRF (Fig.
2), as deconvolved from galactic diffusion models and 
exposure ages in iron meteorites (Shaviv, 2002a, 2002b). The
shorter-term annual to multi-millennial climatic effects, superim-
posed on this long-term baseline, would then reflect the 
extrinsic modulations of the CRF due to variable solar activity.
Changes in orbital parameters and in solar and terrestrial 
magnetic fields may also potentially modulate this superimposed
CRF-solar impact.

CORRELATION OF THE CRF AND PALEOTEMPERATURE
DATA

In order to estimate the intrinsic CRF reaching Earth, we used
a diffusion model that takes into account the geometry and 

dynamics of the spiral arms, and considers that cosmic rays are
generated preferentially in these arms. We chose three sets of
diffusion model parameters (Fig. 2)2, which span the entire
range of CRF histories that are consistent with observational con-
straints, the latter limiting the period of CRF oscillations to P0 =
143 ± 10 m.y. (Shaviv, 2002a, 2002b). Because the statistical
record of exposure ages for iron meteorites has Poisson noise,
the CRF histories we used are not directly extracted from it but
they are the smoothed output of the galactic diffusion models
constrained to fit the meteoritic record (see Shaviv 2002b for fur-
ther caveats).

We model the temperature anomaly using the generalized
form of:

∆Tmodel = A + B × t + C × ƒ(pCO2(t)) + D × g (Φ(t,P0)) (1)

where A, B, C, D, P0 are normalization parameters used to fit the
observed ∆Ti. 

The constant A normalizes for the average ∆T while the term
B × t describes a linear temporal trend in ∆T. A term of this form
is expected due to the increasing solar luminosity during the
Phanerozoic, but may also arise from a possible secular variation
in the CRF reaching the solar system; for example, from a chang-
ing star formation rate. A contribution to this term may also arise
from systematic errors in the detrending procedure of the δ18O
data. The third term considers the possibility that CO2 variations
affect ∆T , but at this stage we assume that the term is zero and
defer its discussion to subsequent text. The fourth term arises

t [Myr]

Phanerozoic Temperature

Cosmic Ray Flux

Geological 
Reconstruction Residual

Fit 
(Cosmic Rays + linear)

∆T
 [°

C
]

Φ
(t

)/
Φ

(0
)

Figure 2. The cosmic ray flux (Φ) and tropical
temperature anomaly (∆T) variations over the
Phanerozoic. The upper curves describe the
reconstructed CRF using iron meteorite exposure age
data (Shaviv, 2002b). The blue line depicts the
nominal CRF, while the yellow shading delineates
the allowed error range. The two dashed curves are
additional CRF reconstructions that fit within the
acceptable range (together with the blue line, these
three curves denote the three CRF reconstructions
used in the model simulations). The red curve
describes the nominal CRF reconstruction after its
period was fine tuned to best fit the low-latitude
temperature anomaly (i.e., it is the “blue”
reconstruction, after the exact CRF periodicity was
fine tuned, within the CRF reconstruction error). The
bottom black curve depicts the 10/50 m.y. (see Fig.
1) smoothed temperature anomaly (∆T) from Veizer
et al. (2000). The red line is the predicted ∆Tmodel for
the red curve above, taking into account also the
secular long-term linear contribution (term B × t in
equation 1). The green line is the residual. The largest
residual is at 250 m.y. B.P., where only a few
measurements of δ18O exist due to the dearth of
fossils subsequent to the largest extinction event in
Earth history. The top blue bars are as in Figure 1.

—————
2The observational constraints (for P0 = 143 ± 10 m.y.) include the cosmic ray
10Be age, and limits on CRF variations derived from iron meteorites. The
three models that we utilize (Fig. 2) have a constant cosmic ray diffusion 
coefficient of D1,2,3 = 0.1, 0.3, 1 × 1028 cm2/sec, and a galactic scale height of
l1,2,3 = 0.5, 0.8, and 1.5 kpc, respectively.

6 JULY 2003, GSA TODAY

[Shaviv & Veizer, 2003, GSA Today]
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sheets are dazzlingly white, with a higher albedo 
than the cloud tops. There, extra cloud cover 
warms the surface, and less cloudiness cools it. 
Satellite measurements show the warming effect 
of clouds on Antarctica, and meteorologists at 
far southern latitudes confirm it by observa-
tion. Greenland too has an ice sheet, but it is 
smaller and not so white. And while conditions 
in Greenland are coupled to the general climate 
of the northern hemisphere, Antarctica is largely 
isolated by vortices in the ocean and the air.

The cosmic-ray and cloud-forcing hypothesis 
therefore predicts that temperature changes in 
Antarctica should be opposite in sign to changes 
in temperature in the rest of the world. This is 
exactly what is observed, in a well-known phen-
omenon that some geophysicists have called the 
polar see-saw, but for which “the Antarctic cli-
mate anomaly” seems a better name (Svensmark 
2007). To account for evidence spanning many 
thousands of years from drilling sites in Antarc-
tica and Greenland, which show many episodes 
of climate change going in opposite directions, 
ad hoc hypotheses on offer involve major reor-
ganization of ocean currents. While they might 
be possible explanations for low-resolution cli-
mate records, with error-bars of centuries, they 
cannot begin to explain the rapid operation of 
the Antarctic climate anomaly from decade to 
decade as seen in the 20th century (figure 6). 
Cloud forcing is by far the most economical 
explanation of the anomaly on all timescales. 
Indeed, absence of the anomaly would have 
been a decisive argument against cloud forcing 
– which introduces a much-needed element of 
refutability into climate science.

Does climate follow cosmic-rays?
Figure 5 takes the climate record back 300 
years, using rates of beryllium-10 production 
in the atmosphere as long-accepted proxies for 
cosmic-ray intensities. The high level at AD 1700 
corresponds with the Maunder Minimum (1645–
1715) when sunspots were extremely scarce 
and the solar magnetic field was exceptionally 
weak. This coincided with the coldest phase of 
what historians of climate call the Little Ice Age 
(Eddy 1976). Also plain is the Dalton Minimum 
of the early 19th century, another cold phase. 
The wobbles and the overall trend seen in figure 
5, between cold 1700 and warm 2000, are just a 
high-resolution view of a climate-related switch 
between high and low cosmic-ray counts, of a 
kind that has occurred repeatedly in the past.

Iciness in the North Atlantic, as registered by 
grit dropped on the ocean floor from drifting and 
melting ice, is a good example of the climate data 
now available. Gerard Bond of Columbia Univer-
sity and his colleagues showed that, over the past 
12 000 years, there were many icy intervals like 
the Little Ice Age – eight to ten, depending on how 
you count the wiggles in the density of ice-rafted 
debris. These alternated with warm phases, of 

which the most recent were the Medieval Warm 
Period (roughly AD 900–1300) and the Modern 
Warm Period (since 1900). A comparison with 
variations in carbon-14 and beryllium-10 pro-
duction showed excellent matches between high 
cosmic rays and cold climates, and low cosmic 
rays and the warm intervals (Bond et al. 2001).

For these authors, here was persuasive evi-
dence for what they called “a persistent solar 
influence”. But like many other investigators of 
astronomical factors in climate change, Bond et 
al. regarded the cosmic rays merely as indica-

tors of the magnetic state of the Sun, varying 
in a quasi-periodic fashion and affecting solar 
irradiance. High cosmic rays signified a fainter 
Sun. Although the problem of how small changes 
in irradiance could exert so big an influence 
remained, the proposition that the cosmic rays 
themselves act on the climate more powerfully, 
by governing cloudiness, was set aside.

Two of Bond’s co-authors, Jurg Beer and 
Raimund Muscheler of the Swiss Federal Insti-
tute of Environmental Science and Technology, 
use radionuclides to explore solar and climatic 

cosmic rays coming from exploding stars in the Milky Way
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6: The Antarctic climate anomaly 
during the past 100 years is 
apparent in this comparison of 
the annual surface temperature 
anomalies for the northern 
hemisphere and Antarctica 
(64°S–90°S), from the NASA-GISS 
compilations. The Antarctic data 
have been averaged over 12 years 
to minimize the temperature 
fluctuations. The blue and red lines 
are fourth-order polynomial fits to 
the data. The curves are offset by 
1 K for clarity, otherwise they would 
cross and re-cross three times. 
(Svensmark 2007a)

7: The most important cosmic-ray 
particles that assist in cloud-
making in the lower atmosphere 
(<2 km), the muons, originate 
mainly from particles that arrive 
from the stars with very high 
energy. The magnetic defences of 
the Sun and the Earth have little 
effect on them. The Sun’s magnetic 
field influences the supply of a 
large minority of muons, but few 
are obedient to changes in the 
Earth’s magnetic field (adapted 
from Svensmark and Calder 2007). 
Ionization of the air by cosmic rays 
below 2 km altitude is due mainly 
to penetrating showers from 
high-energy primary cosmic rays, 
according to calculations using 
the Karlsruhe CORSIKA program 
(Svensmark and Svensmark 
2007). The boxes are only intended 
to illustrate the energy range 
that the Earth’s magnetic field 
can modulate. For example, at 
polar regions there is only small 
influence and if the geomagnetic 
field disappears, the expected 
increase in low-altitude ionization 
is only 3%. Solar activity influences 
the primaries responsible for about 
37% of the ionization. The entire 
range of primary energies is subject 
to large changes from the galactic 
environment of the solar system, 
including local supernovae, spiral-
arm passages, and variations in the 
star-formation rate. 

[Svensmark, 2007, Astronomy & Geophysics]

Galactic Propagation
A possible „Cosmic Ray - Climate“ Connection
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M51 [Fletcher & Beck, MPIfR]

2 H. Kotarba, H. Lesch, K. Dolag, T. Naab, P. H. Johansson & F. A. Stasyszyn

Figure 1. Optical image of M51 (Hubble) overlayed with con-
tours of total synchrotron intensity as measure for the total
magnetic field (combined observations at Effelsberg and VLA
at 6 cm) and vectors of magnetic field. From A. Fletcher & R.
Beck (MPIfR) and Hubble Heritage Team (STScI), published by
’Sterne und Weltraum‘, September 2006.

is the dominant component, followed by non-axisymmetric
and radial components. The velocity components perpen-
dicular to the disc are typically the smallest. Altogether,
v in Eq. 1 represents a complex three-dimensional non-
axisymmetric velocity field strongly coupled to the global
properties of the galaxy, including the dark matter halo,
stellar component and internal disc activity.

Beside the large scale components of the gas veloc-
ity field there are also small scale velocity fluctuations of
interstellar gas driven by all kinds of local disc activity,
i.e. stellar winds, supernova explosions, cloud-cloud colli-
sions, galactic winds, etc (see e.g. Ferriere 1992, Efstathiou
2000, Johansson & Efstathiou 2006, Kulsrud & Zweibel
2008, Gressel et al. 2008). These unordered velocity com-
ponents generate two effects which are known as helicity
(in terms of a convective turbulent motion perpendicular
to the disc) and turbulent diffusion (magnetic field lines
with antiparallel direction reconnect and annihilate par-
tially). Helicity supports the amplification of the magnetic
field, whereas turbulent diffusion reduces the field strength
(see, e.g. Brandenburg & Subramanian 2005 for a review
of nonlinear dynamo theory). Therefore, an incorporation
of these small scale velocity components into the analy-
sis requires some manipulation of the induction equation
(Eq. 1) in terms of a mean-field theory (Steenbeck & Krause

1969, Wielebinski & Krause 1993, Sur et al. 2007). Within
the frame of the mean-field description the velocity and mag-
netic fields are considered as superpositions of the mean
and fluctuating parts (v = 〈v〉 + v′ and B = 〈B〉 + B′).
The fluctuating velocity components are coupled to small-
scale fluctuations of the magnetic field. The coupling terms
are then given by ∇ × α〈B〉, where α = 1

3τ 〈v′ · (∇ × v′)〉
(Zeldovich et al. 1983), and by ηT ∆〈B〉, where ηT now de-
scribes the turbulent diffusion coefficient ηT ∝ vturb · lturb,
where vturb and lturb are the typical velocity and length scale
of the turbulent motion, respectively.

This leads to the dynamo equation

∂B

∂t
= ∇× (v× B) + ∇× αB, (2)

where we have neglected the diffusivity and dropped the
mean-brackets for convenience (here, and in the following,
B and v refer to their mean values).

Eq. 2 is the central equation of cosmic mean field dy-
namos. It describes the circle of amplification of the dif-
ferent components. The classical dynamo model describes
the amplification of the magnetic field through the follow-
ing chain of α (convective turbulence) and Ω (differential
rotation) actions: The radial component Br is amplified
through α-action from turbulence; then Bϕ is generated
from Br through Ω-action from the shear of the galactic
differential rotation. Such an αΩ mean field dynamo am-
plifies the magnetic field by repeating the chain of α and
Ω actions (see Widrow 2002 and Stefani et al. 2008 for a
review of dynamo theory). However, the origin of the α-
effect is still under discussion (Cattaneo & Vainshtein 1991,
Vainshtein & Cattaneo 1992, Kulsrud & Anderson 1992).

We emphasize that the described classical dynamo mod-
els use only one velocity component, the differential rotation.
To be more precise the role of any deviation from axisym-
metry is considered to be unimportant for the evolution of
the large-scale magnetic field, which is not necessarily true
in real galaxies.

On this account, there have been three-dimensional
numerical simulations using an analytical turbulent veloc-
ity field, where deviations from axisymmetry were incorpo-
rated in the gas- and turbulence-profiles (Rohde et al. 1997,
Rohde & Elstner 1998). These studies showed, that even ac-
counting for the α-effect calculated out of the analytical ve-
locity field an initial magnetic field cannot survive for more
than 500 Myr.

Moreover, Elstner et al. 2000 performed N -body sim-
ulations of two component (collisionless stars and gaseous
clouds moving in the gravitational potential of the stellar
population), self-gravitating discs embedded in an analytical
bulge- and halo-potential. These simulated clouds provided
an already very good approximation of the gas velocity field.
However, full hydrodynamics was not incorporated. The ob-
tained velocity field was used in an αΩ-dynamo description.
Without including the α-effect, the non-azimuthal 3D gas
flow alone did not provide an amplification of the magnetic
field. The field got amplified by several orders of magnitude
within 0.7 Myr only when the α-effect was included. In ad-
dition, they found an alignment of the magnetic field with
the developed spiral pattern of the disc.

Recently, Dobbs & Price (2008) performed three di-
mensional, full MHD, single and two-component (cold and
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M51 [Fletcher & Beck, MPIfR]

2 H. Kotarba, H. Lesch, K. Dolag, T. Naab, P. H. Johansson & F. A. Stasyszyn

Figure 1. Optical image of M51 (Hubble) overlayed with con-
tours of total synchrotron intensity as measure for the total
magnetic field (combined observations at Effelsberg and VLA
at 6 cm) and vectors of magnetic field. From A. Fletcher & R.
Beck (MPIfR) and Hubble Heritage Team (STScI), published by
’Sterne und Weltraum‘, September 2006.

is the dominant component, followed by non-axisymmetric
and radial components. The velocity components perpen-
dicular to the disc are typically the smallest. Altogether,
v in Eq. 1 represents a complex three-dimensional non-
axisymmetric velocity field strongly coupled to the global
properties of the galaxy, including the dark matter halo,
stellar component and internal disc activity.

Beside the large scale components of the gas veloc-
ity field there are also small scale velocity fluctuations of
interstellar gas driven by all kinds of local disc activity,
i.e. stellar winds, supernova explosions, cloud-cloud colli-
sions, galactic winds, etc (see e.g. Ferriere 1992, Efstathiou
2000, Johansson & Efstathiou 2006, Kulsrud & Zweibel
2008, Gressel et al. 2008). These unordered velocity com-
ponents generate two effects which are known as helicity
(in terms of a convective turbulent motion perpendicular
to the disc) and turbulent diffusion (magnetic field lines
with antiparallel direction reconnect and annihilate par-
tially). Helicity supports the amplification of the magnetic
field, whereas turbulent diffusion reduces the field strength
(see, e.g. Brandenburg & Subramanian 2005 for a review
of nonlinear dynamo theory). Therefore, an incorporation
of these small scale velocity components into the analy-
sis requires some manipulation of the induction equation
(Eq. 1) in terms of a mean-field theory (Steenbeck & Krause

1969, Wielebinski & Krause 1993, Sur et al. 2007). Within
the frame of the mean-field description the velocity and mag-
netic fields are considered as superpositions of the mean
and fluctuating parts (v = 〈v〉 + v′ and B = 〈B〉 + B′).
The fluctuating velocity components are coupled to small-
scale fluctuations of the magnetic field. The coupling terms
are then given by ∇ × α〈B〉, where α = 1

3τ 〈v′ · (∇ × v′)〉
(Zeldovich et al. 1983), and by ηT ∆〈B〉, where ηT now de-
scribes the turbulent diffusion coefficient ηT ∝ vturb · lturb,
where vturb and lturb are the typical velocity and length scale
of the turbulent motion, respectively.

This leads to the dynamo equation

∂B

∂t
= ∇× (v× B) + ∇× αB, (2)

where we have neglected the diffusivity and dropped the
mean-brackets for convenience (here, and in the following,
B and v refer to their mean values).

Eq. 2 is the central equation of cosmic mean field dy-
namos. It describes the circle of amplification of the dif-
ferent components. The classical dynamo model describes
the amplification of the magnetic field through the follow-
ing chain of α (convective turbulence) and Ω (differential
rotation) actions: The radial component Br is amplified
through α-action from turbulence; then Bϕ is generated
from Br through Ω-action from the shear of the galactic
differential rotation. Such an αΩ mean field dynamo am-
plifies the magnetic field by repeating the chain of α and
Ω actions (see Widrow 2002 and Stefani et al. 2008 for a
review of dynamo theory). However, the origin of the α-
effect is still under discussion (Cattaneo & Vainshtein 1991,
Vainshtein & Cattaneo 1992, Kulsrud & Anderson 1992).

We emphasize that the described classical dynamo mod-
els use only one velocity component, the differential rotation.
To be more precise the role of any deviation from axisym-
metry is considered to be unimportant for the evolution of
the large-scale magnetic field, which is not necessarily true
in real galaxies.

On this account, there have been three-dimensional
numerical simulations using an analytical turbulent veloc-
ity field, where deviations from axisymmetry were incorpo-
rated in the gas- and turbulence-profiles (Rohde et al. 1997,
Rohde & Elstner 1998). These studies showed, that even ac-
counting for the α-effect calculated out of the analytical ve-
locity field an initial magnetic field cannot survive for more
than 500 Myr.

Moreover, Elstner et al. 2000 performed N -body sim-
ulations of two component (collisionless stars and gaseous
clouds moving in the gravitational potential of the stellar
population), self-gravitating discs embedded in an analytical
bulge- and halo-potential. These simulated clouds provided
an already very good approximation of the gas velocity field.
However, full hydrodynamics was not incorporated. The ob-
tained velocity field was used in an αΩ-dynamo description.
Without including the α-effect, the non-azimuthal 3D gas
flow alone did not provide an amplification of the magnetic
field. The field got amplified by several orders of magnitude
within 0.7 Myr only when the α-effect was included. In ad-
dition, they found an alignment of the magnetic field with
the developed spiral pattern of the disc.

Recently, Dobbs & Price (2008) performed three di-
mensional, full MHD, single and two-component (cold and

V. Heesen et al.: The magnetic field structure in NGC 253 1125

at the edge of the primary beam in some of our pointings4. In
the center of the primary beam the instrumental polarization is
less than 0.1% but at the edge of the primary beam it rises to
more than 1%. The variability in time due to the apparent circu-
lar motion of the nucleus around the center in the primary beam,
caused by the alt-azimuthal mount of the VLA antennas, com-
plicates the situation even further. This prevents the removal of
sidelobes with the Högbom clean algorithm as it works only for
non-variable sources. Thus, the standard polarization calibration
technique applied in case of NGC 253 leads to a polarization
map completely dominated by instrumental polarization.

Hence, we developed a specially tailored technique for the
pointings with the nucleus located at the edge of the primary
beam. The polarization calibration PCAL (part of AIPS) was ap-
plied to the nucleus itself instead of the secondary (phase) cal-
ibrator in order to find a solution for the off-axis instrumental
polarization. The appropriate beam patterns in Stokes Q and U
allowed us to subtract the nucleus from the (u, v)-data of individ-
ual “snapshots”, which contained less than 10 min of observing
time. This effectively removes the time-variable contribution of
the instrumental polarization caused by the nucleus. Thus we
were able to use the full set of (u, v)-data in order to get the best
(u, v)-coverage which resulted in the expected sensitivity of the
extended emission. A more detailed description of the polariza-
tion calibration can be found in Heesen (2008).

The pointings that are not influenced by the nucleus were
calibrated in the standard way with the secondary calibrator
using PCAL. Inverting the (u, v)-data with natural weighting
(i.e. Briggs Robust = 8) we produced maps of all pointings
in Stokes Q and U, which were convolved with a Gaussian to
30′′ resolution. The combination of the pointings was done with
LTESS (part of AIPS) which performs a linear superposition
with a correction for the VLA primary beam attenuation using
information from each pointing out to the 7% level of the pri-
mary beam (Braun 1988). The final maps are essentially noise
limited with a sensitivity of 30 µJy/beam at 30′′ resolution in
Stokes Q and U. We used IMERG (part of AIPS) for the combi-
nation of the VLA and Effelsberg Stokes Q and U maps in order
to fill in the missing zero-spacing flux; this was done for the to-
tal power (Stokes I) map also. The map of the polarized intensity
was computed again using POLC with a correction for the noise
bias.

3. Morphology of the polarized emission

In this section we discuss the morphology of the polarized emis-
sion and the magnetic field orientation. In the figures, the first
contours indicate emission at three times the (apparent) rms
noise level (2m−1 × 3 rms; m = 1, 2, 3, . . .). The polarization
vectors (E-vectors) were rotated by 90◦ in order to display the
orientation of the magnetic field vectors (B-vectors). We have
clipped the vectors below two times the rms noise level in po-
larized intensity. The optical background image in Figs. 1–3 is
from the DSS (when the radio continuum map is smaller than the
background image, its boundary is indicated by dashed lines)5.
A summary of the polarization observations presented in this pa-
per is given in Table 1.

4 The VLA (Very Large Array) is operated by the NRAO (National
Radio Astronomy Observatory).
5 The compressed files of the “Palomar Observatory – Space Telescope
Science Institute Digital Sky Survey” (DSS) of the northern sky, based
on scans of the Second Palomar Sky Survey are c©1993–1995 by the
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Fig. 1. Total power radio continuum at λ6.2 cm from Effelsberg obser-
vations with 144′′ resolution. Contours are at 3, 6, 12, 24, 48, 96, 192,
384, 768, and 1536 × 1 mJy/beam (the rms noise level). The vectors
show the orientation of the large-scale magnetic field (not corrected for
Faraday rotation). A vector length of 1′′ is equivalent to 50 µJy/beam
polarized intensity. The circle in the lower left corner in this and the
following figures indicates the size of the beam.
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Fig. 2. Total power radio continuum at λ6.2 cm from combined VLA
+ Effelsberg observations with 30′′ resolution. Contours are at 3, 6,
12, 24, 48, 96, 192, 384, 768, 1536, 3077, 6144, 12 288, and 24 576 ×
30 µJy/beam (the rms noise level). The vectors show the orientation
of the large-scale magnetic field (not corrected for Faraday rotation).
A vector length of 1′′ is equivalent to 12.5 µJy/beam polarized inten-
sity. The spurs S1 and S2 and the point-like sources no. 2 and no. 6 are
indicated.

In Fig. 1 we present the distribution of the total power ra-
dio continuum emission together with the B-vectors from the
λ6.2 cm Effelsberg observations. The low resolution of 144′′
shows the magnetic field structure at the largest scales. The mag-
netic field is disk parallel only in the disk plane. Further away

California Institute of Technology and are distributed herein by agree-
ment.

NGC 253 [Heesen et al., 2009, A&A]
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1/r logarithmic spiral 
field aligned to the 
source distribution

Galactic Propagation
Galactic Magnetic Fields

BD

ϕ = γ
1
r

· exp(−|z|/z0) cos(p) (69)

Here, the pitch angle p is chosen to be the same as in the source model adapted from
Vallée (see sec. 6). This way, the field lines follow the spiral arms.
The two field contributions are simply added together. The field line plots (fig. 6 and
7) give an impression of the magnetic field configuration. One obvious drawback of this
model is the missing z dependence of BH

z .

4.3 Vector potential based approach

Starting with the vector potential

Ar = 0

Aϕ = B0r · exp(−r/c1) exp(−(z/c2)2)
Az = 0 (70)

we obtain the following halo field:

Br = 2
B0rz

c2
2

· exp(−r/c1) exp(−(z/c2)2)

Bϕ = 0

Bz = B0

�
2− r

c1

�
· exp(−r/c1) exp(−(z/c2)2) (71)

which is again divergence free by construction and has all the desired properties.

16

4 Galactic magnetic field models

4.1 Sun et al. 2008

The magnetic disk-field model by [Sun et al., 2008] has the following general form

BD

r = D1(r, ϕ, z)D2(r, ϕ, z)sin(p)

BD

r = −D1(r, ϕ, z)D2(r, ϕ, z)cos(p)

BD

z = 0 (61)

with
D1(r, z) = B0exp

�
−r − r⊙

r0
− |z|

z0

�
(62)

However, if one calculates the divergence (in cylindrical coordinates, according to eq. 6)
the result is:

∇ · �BD = B0

�
1
r
− 1

r0

�
exp

�
−r − r⊙

r0
− |z|

z0

�
sin(p) (63)

which is obviously not zero for r �= r0.1 Therefore, this model has to be abandoned.

4.2 A new model

To get an appropriate model of the galactic field, we try to combine a disk field and and
a halo field component. To construct the halo field, as a first step, we neglect a possible
ϕ dependence. BH

r then has to obey the following ODE, resulting from the solenoidal
constraint.

−BH
r

r
=

∂BH
r

r
(64)

Hence, BH
r should be of the form

BH

r =
C

r
f(z) (65)

We choose the following approach

BH

r = 2
sign(z)a2B0

r(|z|− z0)
· (0.5 + 0.5 tanh(10(|z|− 0.1)) (66)

BH

z = 2
b2B0

r2
(67)

This field is divergence free by construction. The tanh term is added to reduce the
influence of the halo field in the disk region. The disk field dominant there is of the
following form:

BD

r = γ
1
r

· exp(−|z|/z0) sin(p) (68)

1The divergence is not vanishing either, if the suggested halo field is added.
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A&
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31
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13
Z

1d galactic wind model
[V N Zirakashvili, D Breitschwerdt, Vladimir S Ptuskin, and H J Voelk, 1996, A&A]

−
�

dγ

dt

�

π

(1� γ ≤ 3000) = 1.4× 10−16[nHI(r) + 2nH2(r)]×A−0.47γ1.28s−1

Pion losses [Schlickeiser, 2002, p. 128]

∂f

∂t
= ∇ · (κ̂∇f)− �v ·∇f + p

�
1
3
(∇ · �v) + aπ

�
∂f

∂p
+ 3aπf +

q

p2

aπ ≈ 4.5 · 10−3 1/Myr
∇ · v ≈ 100 km/s/10 kpc

≈ 10−2 1/Myr

⇒ aπ ≈
1
3
(∇ · v)
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• Astrophysical Question:

What is the spatial distribution (and temporal dependence) of the cosmic ray 

intensity in the galaxy?

• Heliophysical Question:

How are the cosmic rays modulated on their way from the heliospheric boundary 

to earth?

Two Questions,
Two Complementary Numerical Tools
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• Astrophysical Question:

What is the spatial distribution (and temporal dependence) of the cosmic ray 

intensity in the galaxy?

• Heliophysical Question:

How are the cosmic rays modulated on their way from the heliospheric boundary 

to earth?

• Grid-Based Numerics: DuFort-Frankel, VLUGR3 ...

Solving the CR-Transport Equation directly on a numerical grid via finite 

differences

• Stochastic Differential Equations (SDE)

Solve a SDE equivalent to the Transport Equation by tracing pseudo-particles

Two Questions,
Two Complementary Numerical Tools
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1 Cosmic Ray transport

1.1 The Cosmic Ray transport equation

We like to solve the CR transport equation in cylindrical coordinates to tackle the prob-
lem of the cosmic ray distribution in our galaxy.
The coordinate free form of this diffusion-convection equation is:

∂f

∂t
= ∇ · (κ̂∇f)− �v ·∇f + p

�
1
3
(∇ · �v) + aπ

�
∂f

∂p
+ 3aπf +

q

p2
(1)

1.1.1 Three Approaches

In the general case of eq.1 the problem is 4+1 dimensional. The code we like to utilize
however, is only capable of handling 3+1 dimensional PDEs. This restriction applies for
nearly all numerical efforts in the past and probably nearer future because of the massive
demand for memory and computational power in the case of a 4+1 dimensional problem.
Therefore, some kind of simplification to reduce the problem to one dimension less has
to be employed. In our case there seem to be three approaches possible.

The first method would be to neglect the overall z dependence of the cosmic ray
distribution and use the free z coordinate as p. This is in some way of course the
most drastic point of view but it may be of some use if one is primary interested in
the distribution just inside the disk. In any case this needs some support from other
calculations to make sense of the results.

The second method consists in focusing on just a single energy (or momentum) and to
average over all energies in a certain range. This way one might get some ideas for the
distribution in case of different energy domains (details see section ...).

The third and probably most promising approach would be to study a steady state
case where the explicit time dependence of the distribution function is neglected. Then,
formally, the time coordinate of the numerical problem can be used for the energy coor-
dinate p. In section 1.1.4 some details of this ansatz are discussed.

1.1.2 The coefficients for the cosmic ray transport equation in cylindrical
coordinates.

The code (VLUGR3, see section 6.1) which we use to solve the transport equation needs
the PDE given by a master equation of the following form:

F (t, x, y, z, f, fx, fy, fz, fxx, fxy, fyy, fyz, fzz) = 0. (2)

3

κ̂L =




κ⊥1 0 0
0 κ⊥2 0
0 0 κ�





local Tensor
local

A
!

z

r

!

z

r
global

Euler-Angle Transformation:

ϕ

r

z

r

ϕ

z

α

β

γ

1.2 The fully anisotropic diffusion tensor

In a local reference frame (RF) with it’s z-axis parallel to the magnetic field direction,

we set the diffusion tensor to the following diagonal form

κ̂L =




κ⊥1 0 0
0 κ⊥2 0
0 0 κ�



 (27)

where κ� is the parallel diffusion coefficient and κ⊥1 and κ⊥2 are two possibly distinct

perpendicular diffusion coefficients, to include fully anisotropic diffusion.

1.2.1 Transformation of the diffusion tensor from local to global coordinates

ϕ
ϕ

z

r

A

z

r

localglobal

Figure 1: Transformation between local and global coordinates

Now we need to transform this tensor to a global system of cylindrical or spherical

coordinates. This can be done by a transformation matrix A ∈ SO3 where the colums

of A are the unit vectors of the local reference frame expressed in the global frame.

One distinguished frame of reference in case of a magnetic field is the local trihedron

(Frenet-Serret System, �ui ∈ {�t,�n,�b}) established by the magnetic fieldlines. Thus, the

transformation matrix is of the general form Aij = �u�i�uj with �u�i ∈ {�e1, �e2, �e3} as the unit

vectors from the global reference frame, or explicitly:

A =




n1 b1 t1

n2 b2 t2

n3 b3 t3



 (28)

The global tensor κ̂G can be calculated by the usual tensor transformation rule (see

figure 2)

κ̂G = A
−1κ̂LA = A

T κ̂LA (29)

7

T

local RFlocal RF

global RF global RF

A A

L

G

Anisotropic Diffusion
How to construct a Diffusion Tensor
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The symmetric global diffusion tensor:
General magnetic field &
local diffusion coefficients

Calculate local trihedron

Include in transformation to global 
reference frame

General, fully anisotropic, global 
diffusion tensor

In any case: The simple structure of the diffusion tensor in the local frame may
lead to complicated tensor elements in the global frame, depending on the
magnetic field.

6 Chapter 3. Cosmic Ray Propagation

local

A
!

z

r

!

z

r
global

Figure 3.1: Transformation between local and global coordinates

reference frame expressed in the global frame. This means that the actual princi-

pal directions of the diffusion associated with the corresponding diagonal elements

(κ⊥1, κ⊥2, κ�) are determined by the choice of the transformation matrix A, i.e. its

columns.

One distinguished frame of reference in case of a magnetic field is the local tri-

hedron (Frenet-Serret System, �ui ∈ {�t,�n,�b}) established by the magnetic fieldlines,

since its determined only by its inherent geometry. Another point of view is the

use of an Euler-Angle transformation, analogous to the formalism in the theory of

rigid bodies. This approach has so far been used extensively in the literatur TODO:

cites...

3.1.2 The “Standard Euler-Burger” Transformation

3.1.3 The “Frenet-Serret Trihedron” Transformation

Thus, the transformation matrix is of the general form Aij = �u�i�uj with �u�i ∈
{�e1, �e2, �e3} as the unit vectors from the global reference frame, or explicitly:

A =




n1 b1 t1
n2 b2 t2
n3 b3 t3



 (3.2)

The global tensor κ̂G can be calculated by the usual tensor transformation rule (see

figure 3.2)

κ̂G = Aκ̂LA−1 = Aκ̂LAT
(3.3)

The entries of the symmetric global diffusion tensor (subscript G dropped) are thus:

κ̂11 = κ⊥1n
2
1 + κ⊥2b

2
1 + κ�t

2
1

κ̂12 = κ⊥1n1n2 + κ⊥2b1b2 + κ�t1t2

κ̂13 = κ⊥1n1n3 + κ⊥2b1b3 + κ�t1t3

κ̂22 = κ⊥1n
2
2 + κ⊥2b

2
2 + κ�t

2
2

κ̂23 = κ⊥1n2n3 + κ⊥2b2b3 + κ�t2t3

κ̂33 = κ⊥1n
2
3 + κ⊥2b

2
3 + κ�t

2
3

Anisotropic Diffusion
The General Transformation
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Galactic diffusion coefficients:

Anisotropic Diffusion
Model Parameters
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ABSTRACT

The propagation of cosmic rays in the Galaxy is controlled by spatial diffusion coefficients. Since parallel scattering
is the strongest scattering effect, it is believed that the diffusion coefficient along the mean magnetic field controls
the confinement of charged cosmic particles in the Galaxy. In this paper, we combine a turbulence spectrum with
dissipation range with a nonlinear particle diffusion theory to compute transport parameters. We find a decreasing
parallel diffusion coefficient for increasing particle energy for particles having rigidities lower than 3 GeV. Our
approach provides an explanation of the observed boron-to-carbon ratio at these particle energies without the need
to introduce stochastic acceleration.

Key words: diffusion – magnetic fields – turbulence

1. INTRODUCTION

The diffusion of cosmic rays in the Galaxy has been discussed
and investigated in numerous papers. Schlickeiser (2002), for
instance, has explained how the diffusion coefficient along the
mean magnetic field controls the residence time τ of charged
cosmic particles in the Galaxy and thus the observed ratio of
secondary-to-primary cosmic-ray nuclei.

The interstellar medium (ISM) is transversed by a large-scale
ordered magnetic field (mean magnetic field) "B0 = B0"ez with
superposed magnetic turbulence δ "B. The turbulent field has a
broad spectrum of scales, the largest being 10–100 pc (see, e.g.,
Beck 2007). Charged cosmic particles in such turbulent plasmas
are scattered and accelerated through resonant and non-resonant
interactions with the turbulent electromagnetic fields (see, e.g.,
Shalchi 2009).

The observed ratio of secondary-to-primary cosmic-ray nu-
clei indicates that primary cosmic rays at relativistic energies
penetrate a total column density of matter X = n0τv during
their residence time τ in the Galaxy, where n0 is the average
density of the interstellar gas traversed and v is the cosmic-
ray velocity (see, e.g., Schlickeiser 2002 for a more detailed
description). For diffusive propagation, we have by definition
κ‖ = 〈(∆z)2〉/(2t). In this case, the mean residence time τ can
be expressed by the system size L (i.e., the height of the galactic
halo over the disk) and the parallel spatial diffusion coefficient
κ‖ as τ ≈ L2/κ‖, so that

X(R) ≈ n0vL2

κ‖(R)
= 3n0L

2

λ‖(R)
, (1)

where we used the parallel mean free path λ‖ = 3κ‖/v.
The rigidity dependence of X(R) is controlled by the rigidity
dependence of the inverse parallel mean free path X ∼ λ−1

‖ .
The measured boron-to-carbon (B/C) ratio in the Galactic

cosmic-ray flux shows a maximum at particle rigidities ζ =
c p/|q| of about ζ0 ≈ 3–4 GV/c. To model this behavior, one
either has to include stochastic reacceleration of particles in
the ISM and assume the presence of a Galactic wind carrying
low-energy particles away from the disk, or resort to the ad hoc
assumption of a break in the energy dependence of the spatial
diffusion coefficient. In this paper, we show that a break in

the energy dependence of the parallel diffusion coefficient can
be explained by combining a realistic form of the turbulence
spectrum with a nonlinear diffusion theory and parameter values
which should be valid for interstellar transport.

Fitting plain diffusion models (i.e., no reacceleration, no
galactic wind) to the observed data, the B/C ratio in the Galactic
cosmic-ray flux suggests for particles with rigidities ζ = c p/|q|
a diffusion coefficient of the form

κ‖ =






κ0

(
ζ
ζ0

)0.6
for ζ ! ζ0

κ0

(
ζ
ζ0

)−a

for ζ < ζ0.
(2)

The exponent a is a number between 0 and 0.5. This corresponds
to a constant or decreasing diffusion coefficient for ζ < ζ0.

The normalization κ0 depends on the particular model used
to fit the observational data; for example, Büsching & Potgieter
(2008) obtain a value of κ0 = 0.027 (kpc)2 (Myr)−1 for ζ0 =
4 GV, whereas Ptuskin et al. (2006) obtain a value of κ0 =
0.073 (kpc)2 (Myr)−1 for ζ0 = 3 GV for their plain diffusion
model. The diffusion coefficients obtained in these empirical
plain diffusion models of cosmic-ray propagation are compared
with the new theoretical results in Figure 2.

In the physics of cosmic-ray propagation, there are several
problems that have to be solved. Three of them are as follows.

1. What causes the break in the rigidity dependence in the
observed ratio of secondary-to-primary cosmic-ray nuclei
at ζ = ζ0 ≈ 3 GV?

2. At intermediate particle rigidities with ζ > ζ0, the rigidity
dependence of the parallel mean free path should be
λ‖ ∼ ζ 0.6. This is not in accord with the prediction of
the quasilinear theory (QLT) of cosmic-ray transport which
yields λ‖ ∝ ζ 1/3 for a Kolmogorov (1941) spectrum.

3. At very high energies, the Larmor radii of the particles could
exceed the largest scale of the turbulence. In this case, it is
unclear whether the particles still experience scattering or
not.

Most previous attempts to solve those problems were based
on models with distributed stochastic acceleration (e.g., Jones
et al. 2001). In the past few years, alternative solutions have been
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Figure 2. Theoretical results for the parallel diffusion coefficient of galactic
protons vs. their magnetic rigidity (solid line). The first change (break-point)
in the rigidity dependence can be found at ζ0 ≈ 3–4 GV and the second one at
ζ ≈ 106 GV. Our new results are compared with the phenomenological results
of Ptuskin et al. (2006, dashed line) and those obtained by Büsching & Potgieter
(2008, dotted line).

In cosmic-ray diffusion theory, we usually compute λ‖(R)
with the dimensionless rigidity defined as R = RL/lslab =
v/(Ωlslab). Physical parameters without units are usually pre-
ferred by theorists. Observers, however, prefer to measure the
kinetic energy Ekin in GeV and the magnetic rigidity ζ in GV.
The diffusion coefficients are often computed in (pc)2 yr−1.
Thus, we have to convert the physical parameters. Kinetic ener-
gies can easily be related to the parameter R via

Ekin =
√

E2
0 + (αR)2 − E0 (11)

with the rest energy E0 = mc2 and the parameter

α =| q | B0lslab. (12)

For the parameter values shown in Table 1, we have for galactic
protons α(p+) ≈ 3.6 × 106 GeV. The magnetic rigidities can
be related to R via

ζ = αR

|q|
. (13)

The diffusion coefficient can then be computed using

κ‖(ζ ) = 0.1
(kpc)2

Myr
v

c

λ‖

lslab

= 0.1
(kpc)2

Myr
λ‖

lslab

ζ
√

ζ 2 + ζ 2
0

(14)

with the parameter ζ0 = E0/|q|. Here we have used again
lslab = 1 pc and measure the diffusion coefficient in kiloparsec
(kpc) and megayears (Myr).

According to Figure 2, there are two break-points in the
energy dependence of the parallel diffusion coefficient. The
first one is related to the turnover between the dissipation range
and the inertial range in the wave spectrum (see Figure 1) and
can be found at ζ0 ≈ 3–4 GV. The second break-point is related
to the turnover between the inertial range and the energy range
of the spectrum and can be found at ζ ≈ 106 GV. As shown
in Shalchi et al. (2009), there could be a further break-point at
ζ ≈ 1018 eV associated with the largest scale of turbulence.

In Figure 2, we also show the diffusion coefficients obtained
by Ptuskin et al. (2006) and Büsching & Potgieter (2008) in

empirical plain diffusion models of cosmic-ray propagation.
According to this comparison, there is a quite good agreement
between our new theoretical results and the phenomenological
models so long as we consider rigidities with ζ < ζ0 and
ζ ≈ ζ0. In particular, the agreement between the model
suggested by Büsching & Potgieter (2008) and our theory is
excellent for those rigidities. For ζ % ζ0, the theoretical rigidity
dependence disagrees with the phenomenological models. The
reason for this disagreement is that in this paper we restricted
our investigation to slab turbulence. Real turbulence, however,
does not consist of purely slab fluctuations. For a simple
turbulence model which assumes a superposition of slab and
two-dimensional modes, Shalchi & Schlickeiser (2005) have
shown that we find indeed λ‖ ∼ ζ 0.6 for ζ % ζ0. In this paper,
we employed SOQLT to investigate the diffusion coefficient at
low rigidities. A second-order theory for non-slab turbulence is
not yet available. Thus, we cannot provide a complete theoretical
description of interstellar transport for all particle rigidities.
We believe that for ζ < ζ0 and ζ ≈ ζ0 one has to apply the
results obtained in this paper, whereas we have to use the results
of Shalchi & Schlickeiser (2005) for higher particle energies/
rigidities.

4.2. Influence of the Dissipation Wavenumber

In the previous subsection, we used kd = 3 × 106l−1
slab for

the dissipation wavenumber. The turbulence dissipation scale
in the ISM, however, is an unknown parameter. Therefore,
we now compute the parallel spatial diffusion coefficient for
different values of lslabkd = lslab/ld . The results are shown in
Figure 3. It can easily be seen that the dissipation scale ld controls
the location of the break-point in the rigidity dependence
of the parallel diffusion coefficient. For smaller values of
ld, we find the break-point at lower particle rigidities. This
behavior is predictable since even in SOQLT the most important
effect leading to cosmic-ray scattering is gyroresonance. Since
dissipation effects do exist in reality and can be observed in the
solar wind (see, e.g., Denskat & Neubauer 1982; Leamon et al.
1998; Bale et al. 2005; Alexandrova et al. 2009), the break-point
in the rigidity dependence of the parallel diffusion coefficient
does exist. The only question that has to be answered is where do
we find this break-point? This question is related to the search
for the realistic value of ld. If we choose lslab/ld = 3 × 106, we
find the break-point at ζ0 ≈ 3–4 GeV.

4.3. Influence of the Dissipation Range Spectral Index

We have explored the influence of the dissipation scale ld on
the energy dependence of the parallel diffusion coefficient. This
study is motivated by the fact that we do not know the correct
value of this parameter in the ISM. Another unknown parameter
is the dissipation range spectral index ρ which controls the form
of the turbulence spectrum at small scales; see Figure 1. Thus,
we study the influence of this parameter by computing κ‖(ζ ) for
different values of ρ. The value ρ = 3 is motivated by solar
wind studies and observations (see, e.g., Denskat & Neubauer
1982). In Figure 4, we show the parallel diffusion coefficient for
ρ = 2, ρ = 3, and ρ = 4. As shown, the spectral index of the
small scales influences the shape of the rigidity dependence but
not the position of the break-point.

4.4. Influence of the Particle Species

Further parameters which have an influence on the diffusion
coefficient are the rest energy E0 and the parameter α, which is

κ� = 0.073 (kpc)2(Myr)−1 ≈ 2.3 · 1028(cm)2(s)−1
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ABSTRACT

The propagation of cosmic rays in the Galaxy is controlled by spatial diffusion coefficients. Since parallel scattering
is the strongest scattering effect, it is believed that the diffusion coefficient along the mean magnetic field controls
the confinement of charged cosmic particles in the Galaxy. In this paper, we combine a turbulence spectrum with
dissipation range with a nonlinear particle diffusion theory to compute transport parameters. We find a decreasing
parallel diffusion coefficient for increasing particle energy for particles having rigidities lower than 3 GeV. Our
approach provides an explanation of the observed boron-to-carbon ratio at these particle energies without the need
to introduce stochastic acceleration.

Key words: diffusion – magnetic fields – turbulence

1. INTRODUCTION

The diffusion of cosmic rays in the Galaxy has been discussed
and investigated in numerous papers. Schlickeiser (2002), for
instance, has explained how the diffusion coefficient along the
mean magnetic field controls the residence time τ of charged
cosmic particles in the Galaxy and thus the observed ratio of
secondary-to-primary cosmic-ray nuclei.

The interstellar medium (ISM) is transversed by a large-scale
ordered magnetic field (mean magnetic field) "B0 = B0"ez with
superposed magnetic turbulence δ "B. The turbulent field has a
broad spectrum of scales, the largest being 10–100 pc (see, e.g.,
Beck 2007). Charged cosmic particles in such turbulent plasmas
are scattered and accelerated through resonant and non-resonant
interactions with the turbulent electromagnetic fields (see, e.g.,
Shalchi 2009).

The observed ratio of secondary-to-primary cosmic-ray nu-
clei indicates that primary cosmic rays at relativistic energies
penetrate a total column density of matter X = n0τv during
their residence time τ in the Galaxy, where n0 is the average
density of the interstellar gas traversed and v is the cosmic-
ray velocity (see, e.g., Schlickeiser 2002 for a more detailed
description). For diffusive propagation, we have by definition
κ‖ = 〈(∆z)2〉/(2t). In this case, the mean residence time τ can
be expressed by the system size L (i.e., the height of the galactic
halo over the disk) and the parallel spatial diffusion coefficient
κ‖ as τ ≈ L2/κ‖, so that

X(R) ≈ n0vL2

κ‖(R)
= 3n0L

2

λ‖(R)
, (1)

where we used the parallel mean free path λ‖ = 3κ‖/v.
The rigidity dependence of X(R) is controlled by the rigidity
dependence of the inverse parallel mean free path X ∼ λ−1

‖ .
The measured boron-to-carbon (B/C) ratio in the Galactic

cosmic-ray flux shows a maximum at particle rigidities ζ =
c p/|q| of about ζ0 ≈ 3–4 GV/c. To model this behavior, one
either has to include stochastic reacceleration of particles in
the ISM and assume the presence of a Galactic wind carrying
low-energy particles away from the disk, or resort to the ad hoc
assumption of a break in the energy dependence of the spatial
diffusion coefficient. In this paper, we show that a break in

the energy dependence of the parallel diffusion coefficient can
be explained by combining a realistic form of the turbulence
spectrum with a nonlinear diffusion theory and parameter values
which should be valid for interstellar transport.

Fitting plain diffusion models (i.e., no reacceleration, no
galactic wind) to the observed data, the B/C ratio in the Galactic
cosmic-ray flux suggests for particles with rigidities ζ = c p/|q|
a diffusion coefficient of the form

κ‖ =






κ0

(
ζ
ζ0

)0.6
for ζ ! ζ0

κ0

(
ζ
ζ0

)−a

for ζ < ζ0.
(2)

The exponent a is a number between 0 and 0.5. This corresponds
to a constant or decreasing diffusion coefficient for ζ < ζ0.

The normalization κ0 depends on the particular model used
to fit the observational data; for example, Büsching & Potgieter
(2008) obtain a value of κ0 = 0.027 (kpc)2 (Myr)−1 for ζ0 =
4 GV, whereas Ptuskin et al. (2006) obtain a value of κ0 =
0.073 (kpc)2 (Myr)−1 for ζ0 = 3 GV for their plain diffusion
model. The diffusion coefficients obtained in these empirical
plain diffusion models of cosmic-ray propagation are compared
with the new theoretical results in Figure 2.

In the physics of cosmic-ray propagation, there are several
problems that have to be solved. Three of them are as follows.

1. What causes the break in the rigidity dependence in the
observed ratio of secondary-to-primary cosmic-ray nuclei
at ζ = ζ0 ≈ 3 GV?

2. At intermediate particle rigidities with ζ > ζ0, the rigidity
dependence of the parallel mean free path should be
λ‖ ∼ ζ 0.6. This is not in accord with the prediction of
the quasilinear theory (QLT) of cosmic-ray transport which
yields λ‖ ∝ ζ 1/3 for a Kolmogorov (1941) spectrum.

3. At very high energies, the Larmor radii of the particles could
exceed the largest scale of the turbulence. In this case, it is
unclear whether the particles still experience scattering or
not.

Most previous attempts to solve those problems were based
on models with distributed stochastic acceleration (e.g., Jones
et al. 2001). In the past few years, alternative solutions have been
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Figure 6. Transport of protons in the ISM: the diffusion coefficients vs. the
magnetic rigidity in physical units. To obtain these results we have employed
the correlation tensor of CLV02. For the parallel diffusion coefficient we have
used the phenomenological model. Shown is the parallel diffusion coefficient
(dotted line) and the perpendicular diffusion coefficient (solid line).

With the parameter

α = |q|B0lslab, (28)

we can relate the magnetic rigidities ζ to the parameter R via

ζ = αR

|q|
. (29)

For the parameter values shown in Table 1, we have for galactic
protons α(p+) ≈ 3.6 × 106 GeV. Therefore, the diffusion
coefficient can be converted by using

κ‖(ζ ) = 0.1
(kpc)2

Myr
λ‖

lslab

ζ
√

ζ 2 + ζ 2
0

(30)

with the parameter ζ0 = E0/|q| and the rest energy E0.
In Figure 6, we have shown the parallel and perpendicular

diffusion coefficients for the phenomenological model by using
the units described above and by employing the turbulence
correlation tensor of CLV02. In Figure 7, we have plotted the
ratio κ⊥/κ‖ for the same models and parameters. As shown,
the perpendicular diffusion coefficient becomes approximately
constant for high particle energies. For all considered energies/
rigidities, the perpendicular diffusion coefficient is much smaller
than the parallel diffusion coefficient.

5.4. Interplanetary Diffusion Coefficients in Standard Units

Above we have investigated cross-field diffusion of charged
particles in the ISM. Here we revisit the problem of perpen-
dicular diffusion in the solar system which has been explored
previously by employing standard NLGC theory and by assum-
ing two-component turbulence (see, e.g., Bieber et al. 2004;
Shalchi et al. 2006, 2010).

In solar wind physics, we usually measure the magnetic
rigidity in MV = Megavolts instead of GV. Furthermore, one
usually plots the mean free paths of the charged particles in AU
instead of the diffusion coefficient in (kpc)2 Myr−1. By using
the same notation as used in the previous section, we now have
for interplanetary protons α(p+) ≈ 4 × 103 MeV.

10
1

10
2

10
3

10
4

10
5

10
6

10
−4

10
−3

10
−2

10
−1

Rigidity ζ in GV

κ ⊥ / 
κ ||

Figure 7. Transport of protons in the ISM: the ratio κ⊥/κ‖ vs. the magnetic
rigidity in physical units (solid line). To obtain these results we have employed
the correlation tensor of CLV02. For the parallel diffusion coefficient we have
used the phenomenological model.
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Figure 8. Interplanetary proton transport: the diffusion coefficients vs. the
magnetic rigidity in physical units. To obtain these results we have employed
the correlation tensor of CLV02. For the parallel diffusion coefficient we have
used the quasilinear formula. Shown is the parallel mean free path (dotted line)
and the perpendicular mean free path (solid line). The theoretical results are
compared with those derived from solar wind observations. Shown is the value
suggested by Palmer (1982, gray line) and the value derived by Burger et al.
(2000, dots).

In Figure 8, we have shown the parallel and perpendicular
mean free path for the quasilinear parallel diffusion coefficient
by using the units described above and by employing the
turbulence correlation tensor of CLV02. In Figure 9, we have
plotted the ratio λ⊥/λ‖ for the same models and parameters.

The application of SQLT to compute the diffusion coefficient
is questionable. Although for the considered particle energies/
rigidities the magnetostatic approximation can be used, it is
unclear whether quasilinear theory is valid. There are indications
that 2D modes can scatter particles due to nonlinear effects (see
Shalchi et al. 2004); there are newer investigations showing that
this scattering could be subdiffusive (see Shalchi et al. 2008).
In any case, SQLT as used here agrees approximately with solar
wind observations and can, therefore, be used for our estimations
of perpendicular diffusion coefficients.

κ⊥1 ≈ κ⊥2 ≈ (0.1− 0.01) · κ�

[A. Shalchi, I. Büsching, A. Lazarian, and R. Schlickeiser, 2010, ApJ]
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Fig. 6. Time evolution of azimuthal magnetic flux and total magnetic energy for different values of SN rate applied in simulation series C, together
with run B4, in the presence of temporal modulations of SN-rate. Line assignments are respectively: fSN = 15 (C1), fSN = 30 (C2), fSN = 60 (C3),
fSN = 130 (B4), fSN = 250 (C4), and fSN = 500 (C5) supernova explosions per squared kpc per Myr.

Fig. 7. Time evolution of the ratio of energies of vertical to horizontal
magnetic field components for different (modulated) SN rates fSN = 15
(C1), fSN = 130 (B4) and fSN = 250 (C4) supernova explosions per
squared kpc per Myr.

4.5. Dependence of magnetic-field amplification
on CR-diffusion coefficients

The aim of simulation series E is to examine the effect of varia-
tions in the CR-diffusion coefficients on magnetic-field amplifi-
cation. All simulations in series E are performed with resolution
(20 pc)3. This lower grid resolution makes it possible to enlarge
the CR diffusion coefficients to realistic values, while preserving
acceptable timesteps in the explicit integration algorithm of the
CR diffusion-advection equation.

In the present simulation series E, we vary both the parallel
and perpendicular diffusion coefficients, choosing different pairs
from the set of K‖ = 1 × 104, 3 × 104 and 1 × 105 pc2 Myr−1,

and K⊥ = 1 × 103, 3 × 103 and 1 × 104 pc2 Myr−1. The results
of these new simulations compared with those of simulation D1
are presented in Fig. 9.

The results of simulation series E can be summarized as fol-
lows. We note that the magnetic-field growth rate and the satu-
ration values of magnetic flux and energy depend in particular
on the choice of K‖ and K⊥. When K‖ is increased by a fac-
tor of 3 and 10 with respect to D1, the initial growth in the
magnetic field increases slightly, and the saturation level de-
creases by a factor of 2−3, provided that K⊥ is not too high.
For K‖ = 3 × 104 pc2 Myr−1, the amplification holds for K⊥ =
1 × 103 pc2 Myr−1 and 3 × 103 pc2 Myr−1, but for K⊥ = 1 × 104,
the magnetic field decays. Similarly, for K‖ = 1×105 pc2 Myr−1,
amplification holds for K⊥ = 1 × 103pc2 Myr−1 and K⊥ =
3×103 pc2 Myr−1, but for K⊥ = 1×104 pc2 Myr−1, we detect an
initial growth only until t = 450 Myr and decay thereafter. The
present results indicate that magnetic-field amplification is pos-
sible only for K⊥ ≤ 3×103 pc2 Myr−1 & 1027 cm2 s−1. Therefore,
the anisotropy in the CR diffusion seems to be a crucial condition
for magnetic-field amplification in the process of the CR-driven
dynamo.

In the subsequent Fig. 10, we show the energy ratio of verti-
cal to azimuthal magnetic-field components for simulations E4,
E5 and E6, corresponding to three different values of K⊥ and
K‖ = 1 × 105 pc2 Myr−1. Comparing Figs. 9 and 10 we find
that in the case of two simulation runs E4 and E5 (two lower
values of K⊥) the energy ratio of vertical to azimuthal magnetic-
field components varies in the range ∼0.3 ÷ 2, corresponding to
an efficient growth in magnetic energy. For the highest value of
K⊥ = 104, the magnetic-energy ratio increases occasionally by
an order of magnitude, and the magnetic field decays.

4.6. The issue of energy equipartition

The results presented so far demonstrate that magnetic fields am-
plified by the CR-driven dynamo saturate close to the equipar-
tition of magnetic and gas kinetic energies. It is commonly ex-
pected that CRs also remain in energetic equipartition with the
gas and magnetic field.
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ABSTRACT

Aims. We present a parameter study of the magnetohydrodynamical-dynamo driven by cosmic rays in the interstellar medium (ISM),
focusing on the efficiency of magnetic-field amplification and the issue of energy equipartition between magnetic, kinetic, and cosmic-
ray (CR) energies.
Methods. We perform numerical CR-MHD simulations of the ISM using an extended version of ZEUS-3D code in the shearing-
box approximation and taking into account the presence of Ohmic resistivity, tidal forces, and vertical disk gravity. CRs are sup-
plied in randomly-distributed supernova (SN) remnants and are described by the diffusion-advection equation, which incorporates an
anisotropic diffusion tensor.
Results. The azimuthal magnetic flux and total magnetic energy are amplified in the majority of models depending on a particular
choice of model parameters. We find that the most favorable conditions for magnetic-field amplification correspond to magnetic dif-
fusivity of the order of 3 × 1025 cm2 s−1, SN rates close to those observed in the Milky Way, periodic SN activity corresponding to
spiral arms, and highly anisotropic and field-aligned CR diffusion. The rate of magnetic-field amplification is relatively insensitive to
the magnitude of SN rates spanning a range of 10% to 100% of realistic values. The timescale of magnetic-field amplification in the
most favorable conditions is 150 Myr, at a galactocentric radius equal to 5 kpc, which is close to the timescale of galactic rotation.
The final magnetic-field energies reached in the efficient amplification cases fluctuate near equipartition with the gas kinetic energy.
In all models CR energy exceeds the equipartition values by a least an order of magnitude, in contrast to the commonly expected
equipartition. We suggest that the excess of cosmic rays in numerical models can be attributed to the fact that the shearing box does
not permit cosmic rays to leave the system along the horizontal magnetic field, as may be the case for true galaxies.

Key words. galaxies: ISM – galaxies: magnetic fields – magnetohydrodynamics (MHD) – ISM: cosmic rays –
ISM: kinematics and dynamics – ISM: magnetic fields

1. Introduction

An attractive idea of fast galactic dynamo was proposed by
Parker (1992). The idea relies on two ingredients: (1) cosmic
rays (CR) continuously supplied to the disk by supernova (SN)
remnants and (2) fast magnetic reconnection, which operates in
current sheets and enables the dissipation and relaxation of the
random magnetic-field components at the limit of vanishing re-
sistivity. In the past decade, we have investigated the different el-
ements, physical properties, and consequences of Parker’s idea
and scenario by means of analytical calculations and numeri-
cal simulations (Hanasz & Lesch 1993, 1997, 1998, 2000, 2001,
2003a,b; Hanasz et al. 2002, 2004, 2006; Lesch & Hanasz 2003;
Otmianowska-Mazur 2003; Otmianowska-Mazur et al. 2007;
Kowal et al. 2003, 2006)

The first complete 3D numerical model of the CR-driven dy-
namo was developed by Hanasz et al. (2004, 2006). In this paper,
we perform a parameter study of the CR-driven dynamo model
by examining the dependence of magnetic-field amplification on
magnetic diffusivity, supernova rate determining the CR injec-
tion rate, temporal modulation of SN activity, grid resolution,
and CR diffusion coefficients.

The principle of action of the CR-driven dynamo is based on
the cosmic-ray energy supplied continuously by SN remnants.

Due to the anisotropic diffusion of cosmic rays and the horizon-
tal magnetic-field configuration, cosmic rays tend to accumu-
late within the disc volume. However, the configuration stratified
by vertical gravity is unstable with respect to the Parker insta-
bility. Buoyancy effects induce vertical and horizontal motions
of the fluid and formation of undulated patterns, such as mag-
netic loops in frozen-in, predominantly-horizontal magnetic-
fields. The presence of rotation in galactic disks implies a co-
herent twisting of the loops by means of the Coriolis force,
which leads to the generation of small-scale, radial magnetic-
field components. The next phase is merging of small-scale
loops by the magnetic-reconnection process to form large-scale,
radial magnetic-fields. Finally, the differential rotation stretches
the radial magnetic field to amplify the large-scale azimuthal
magnetic-field component. The coupling of amplification pro-
cesses of radial and azimuthal magnetic-field components results
in an exponential growth of the large-scale magnetic field. The
timescale of magnetic-field amplification, resulting from the ac-
tion of the CR-driven dynamo, was found (Hanasz et al. 2004,
2006) to be equal to 140–250 Myr, depending on the galactocen-
tric radius, which is comparable to the galactic rotation period.

The CR-dynamo experiments reported in the aforementioned
papers relied on the energy of CRs accelerated in SN rem-
nants. Gressel et al. (2008b,a) reported a series of non-ideal
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Numerical Model
Stochastic Differential Equations

Before transport equation (1) can be solved numerically with SDEs, it has
to be brought into forms of Eqns. (13) and (14), depending on whether a time-
forward or a time-backward integration is desired, leading to the following to
versions of the same transport equation:

• Time-forward equation:

∂f

∂t
= �∇ ·

�
�∇ ·

�
tKf

��
− �∇ ·

���
�∇ · tK

�
+ �U

�
f

�

+
∂2

∂q2

�
Dqqf

�
− ∂

∂q

��
∂Dqq

∂q
− Ω̂

�
f

�
− LF f + S (16)

• Time-backward equation:

∂f

∂t
= K :

�
�∇⊗ �∇f

�
+
��

�∇ · K
�
− �U

�
· �∇f

+ Dqq
∂2f

∂q2
+

�
∂Dqq

∂q
+ Ω̂

�
∂f

∂q
− LBf + S (17)

The abbreviations in the equations above are

�U = �V + �W,

Ω̂ = Ω+
2

q
Dqq,

LB = L+ �∇ · �V +
∂Ω

∂q
,

LF = L− �∇ · �W,

(�∇ · tK)i =
�

j

∂Kij

∂xj
,

(�∇ · K)i =
�

j

∂Kji

∂xj
.

The tensor derivatives are given here in Cartesian coordinates. In the time-
backward equation, the symbol⊗ indicates a tensor product, i.e. (�c⊗�d)ij = cidj ,
and the operator : is the scalar product of two tensors: C : D =

�
i,j

CijDji.

The SDEs resulting from these two version of the transport equation are:

• Time-forward equation:

d�r =

��
�∇ · tK

�
+ �U

�
dt+ B · d�ωr

dq =

�
∂Dqq

∂q
− Ω̂

�
dt+

�
2Dqqdωq (18)
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• Time-backward equation:

d�r =

��
�∇ · K

�
− �U

�
dt+ B · d�ωr

dq =

�
∂Dqq

∂q
+ Ω̂

�
dt+

�
2Dqqdωq (19)

As mentioned above, the loss and source terms do not occur in the SDE, but are
incorporated into a particle amplitude (and path weight). For both directions of
integration, the tensor B (which still has to be determined) denotes the square
root of the tensor (cf. Section 3.3):

CF/B = K + tK (20)

This summation, which symmetrises the diffusion tensor as mentioned above, as
well as the factor 2 in front ofDqq occur due to the factor

1
2 in front of the second

derivatives in Eqns. (13) and (14). This explained more in detail together with
the particle amplitude and the path weight in the following Section.

3. Implementation

This section is devoted to some technical details concerning the numerical
simulation of transport equation (1) by means of SDEs.

3.1. Random numbers

The advantages of unconditioned stability and independence of a spatial grid
are bought by the fact that a usually very large number of particles have to be
evaluated at each point of interest in the 5D (�r, p, t) domain. In contrast to
traditional, i.e. deterministic, numerical approaches with finite-difference or fi-
nite volume methods, SDEs contain the random part Eq. (3). Because random
numbers are needed for a large number of particles and at every single time-
step, special attention has to be dedicated to the generation of random numbers,
which in numerical realisations are usually referred to as pseudo random num-
bers.

A common method to generate equally distributed pseudo random numbers
with large periods is the so-called Mersenne twister (Matsumoto & Nishimura,
1998), which we use to generate pseudo random numbers in the range (0, 1].
Subsequently, the Box-Muller (Box & Muller, 1958) algorithm is applied to
transform two equally distributed pseudo random numbers, R1 and R2, provided
by the Mersenne twister, into two normally distributed ones, η1 and η2:

η1 =
�

−2 ln(R1) cos(2πR2)

η2 =
�

−2 ln(R1) sin(2πR2), (21)

which, at least theoretically, can assume values in the entire range (−∞,∞).
From a practical point of view, however, one has to keep in mind the internal

8

SDE (backward):

Transport Equation:
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Simplified equation:

calculations confirm the findings of Shaviv (2003) for the
averaged CR flux in and outside spiral arms. In addition
we find spatial and temporal variations of the CR flux
inside spiral arms.

2. The spiral structure of the Galaxy and the distribution of
cosmic ray sources

As pointed out by Dragicevich et al. (1999), the SN dis-
tribution in galaxies is not axisymmetric. SN tend to cluster
in spiral arms and star forming regions (which themselves
often lie in spiral arms). Thus to get a more realistic distri-
bution of CR sources, a good understanding of the large
scale structure of our Galaxy is needed.

There have been many studies of the spiral structure of
our Galaxy on the basis of different kind of observations,
suggesting the number of spiral arms to be two, four or
six and a pitch angle in the range of 5–20! (see Vallee
(1995); Vallée (2002) for a review).

Vallée (2002) combined the available data to construct a
meta model of the Galaxy using statistical methods, assum-
ing spiral arms in the form of logarithmic spirals. He
obtains a model with four spiral arms having a pitch angle
of 12!.

As pointed out by Vallée (2002), direct proper-motion
measurements indicate that the distance of the Sun from
the galactic center (GC) is 7.2 ± 0.7 kpc (Reid, 1993). Fur-
ther, fitting H II and H I radial velocity data and others to
rotation curves, a consistent picture emerges only for a
Sun-GC distance of 7.1 ± 0.4 kpc (Olling and Merrifield,
1998). Favoring consistency models and direct measure-
ments, Vallée (2002) adopted a mean value of
7.2 ± 0.4 kpc, which is also used in our calculations. Nev-
ertheless, we note that also a value of 8.4 ± 0.4 has been
reported from direct measurements (Paczynski and Stanek,
1998).

For the thickness of the spiral arms, we use the value
given in the model of the distribution of free electrons in
the Galaxy from Taylor and Cordes (1993).

The origin of the spiral arms is not yet fully under-
stood. Lin and Shu (1964), Lin et al. (1969) developed
a model associating the spiral pattern with a density
wave that has a quasi-stationary spiral structure. This
way they are able to explain the persistent nature of
the spiral arms i.e. that they do not smear out due to
differential rotation. In this model, the motion of the
spiral arms is described by the pattern speed Xp. Thus
the frequency for the solar system crossing a spiral
arm is

X ¼ m XSun " Xp

!! !! ð1Þ

where m is the number of spiral arms and XSun is the
frequency of the Sun orbiting the GC. A summary for
XSun and Xp from different kind of observations can be
found in Shaviv (2003). This author finds X = 2p/
(146 Myr).

3. Calculation

The propagation of Galactic CR protons can be
described by the diffusion model. Omitting reacceleration
and effects due to a Galactic wind we have:

oN
ot

" S ¼ r kðpÞrNð Þ " o
op

BNð Þ " N
T

ð2Þ

where N is the CR density, k is the coefficient of spatial dif-
fusion, B is the rate of momentum loss and T is the time-
scale of catastrophic losses. As the code used is not capable
of dealing with continuous losses, we approximate them by
catastrophic losses. The loss time due to energy losses can
be approximate as

T contðpÞ ¼
p
B
: ð3Þ

Where we used for B a fit from a Monte Carlo model, as
given by Pohl and Schlickeiser (2000).

Taking into account the cylindrical geometry of our
Galaxy, we consider a cylindrical diffusion volume of
radius R = 15 kpc and height 2H = 4 kpc (e.g. Shaviv,
2003 and references therein). We further assume the gas
distribution X / n0

coshðzhgÞ with n0 = 1.24 cm"3, hg = 30 kpc"1

and the diffusion coefficient

k ¼
k0 f

f0

" #0:6

for f > f0

k0 f
f0

" #"0:48

for f < f0

8
><

>:
ð4Þ

(f is the particle rigidity) to be independent of r and u. The
values f0 = 4 GV/c and k0 = 0.027 kpc2 Myr"1, as well as
the height of the system, were obtained from fitting a sim-
ple steady state rotational symmetric model to boron to
carbon and 10Be to Be data.

The CR transport equation (2) can then be written in
cylindrical coordinates:

oN
ot

" S ¼ kðpÞ 1

r
oN
or

þ o2N
or2

þ 1

r2
o2N
ou2

þ o2N
oz2

$ %
" XðzÞ N

T cont
:

ð5Þ

We start by expanding the desired solution for N in a Fou-
rier series in u and a Fourier–Bessel series in r:

N ¼ 1

p

X

n

X

m

Anm & cos nuð Þ þ Bnm & sin nuð Þð Þ |n anmrð Þ
|n0 anmRð Þð Þ2

ð6Þ

with anm being the mth solution of |n(anmR) = 0 (in ascend-
ing order). For each SN event we assume a linear increase
with an exponential cut-off (s = 20 kyr) for the CR acceler-
ation. This particular form for the time dependence for the
sources was chosen mainly for practical purposes as the
scheme copes well with it and it is also possible to find ana-
lytical solutions for testing purposes in case the losses do
not depend on z. On the other hand this may be regarded
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Simplified equation:

calculations confirm the findings of Shaviv (2003) for the
averaged CR flux in and outside spiral arms. In addition
we find spatial and temporal variations of the CR flux
inside spiral arms.

2. The spiral structure of the Galaxy and the distribution of
cosmic ray sources

As pointed out by Dragicevich et al. (1999), the SN dis-
tribution in galaxies is not axisymmetric. SN tend to cluster
in spiral arms and star forming regions (which themselves
often lie in spiral arms). Thus to get a more realistic distri-
bution of CR sources, a good understanding of the large
scale structure of our Galaxy is needed.

There have been many studies of the spiral structure of
our Galaxy on the basis of different kind of observations,
suggesting the number of spiral arms to be two, four or
six and a pitch angle in the range of 5–20! (see Vallee
(1995); Vallée (2002) for a review).

Vallée (2002) combined the available data to construct a
meta model of the Galaxy using statistical methods, assum-
ing spiral arms in the form of logarithmic spirals. He
obtains a model with four spiral arms having a pitch angle
of 12!.

As pointed out by Vallée (2002), direct proper-motion
measurements indicate that the distance of the Sun from
the galactic center (GC) is 7.2 ± 0.7 kpc (Reid, 1993). Fur-
ther, fitting H II and H I radial velocity data and others to
rotation curves, a consistent picture emerges only for a
Sun-GC distance of 7.1 ± 0.4 kpc (Olling and Merrifield,
1998). Favoring consistency models and direct measure-
ments, Vallée (2002) adopted a mean value of
7.2 ± 0.4 kpc, which is also used in our calculations. Nev-
ertheless, we note that also a value of 8.4 ± 0.4 has been
reported from direct measurements (Paczynski and Stanek,
1998).

For the thickness of the spiral arms, we use the value
given in the model of the distribution of free electrons in
the Galaxy from Taylor and Cordes (1993).

The origin of the spiral arms is not yet fully under-
stood. Lin and Shu (1964), Lin et al. (1969) developed
a model associating the spiral pattern with a density
wave that has a quasi-stationary spiral structure. This
way they are able to explain the persistent nature of
the spiral arms i.e. that they do not smear out due to
differential rotation. In this model, the motion of the
spiral arms is described by the pattern speed Xp. Thus
the frequency for the solar system crossing a spiral
arm is

X ¼ m XSun " Xp

!! !! ð1Þ

where m is the number of spiral arms and XSun is the
frequency of the Sun orbiting the GC. A summary for
XSun and Xp from different kind of observations can be
found in Shaviv (2003). This author finds X = 2p/
(146 Myr).

3. Calculation

The propagation of Galactic CR protons can be
described by the diffusion model. Omitting reacceleration
and effects due to a Galactic wind we have:
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ot

" S ¼ r kðpÞrNð Þ " o
op

BNð Þ " N
T

ð2Þ

where N is the CR density, k is the coefficient of spatial dif-
fusion, B is the rate of momentum loss and T is the time-
scale of catastrophic losses. As the code used is not capable
of dealing with continuous losses, we approximate them by
catastrophic losses. The loss time due to energy losses can
be approximate as

T contðpÞ ¼
p
B
: ð3Þ

Where we used for B a fit from a Monte Carlo model, as
given by Pohl and Schlickeiser (2000).

Taking into account the cylindrical geometry of our
Galaxy, we consider a cylindrical diffusion volume of
radius R = 15 kpc and height 2H = 4 kpc (e.g. Shaviv,
2003 and references therein). We further assume the gas
distribution X / n0

coshðzhgÞ with n0 = 1.24 cm"3, hg = 30 kpc"1

and the diffusion coefficient

k ¼
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(f is the particle rigidity) to be independent of r and u. The
values f0 = 4 GV/c and k0 = 0.027 kpc2 Myr"1, as well as
the height of the system, were obtained from fitting a sim-
ple steady state rotational symmetric model to boron to
carbon and 10Be to Be data.

The CR transport equation (2) can then be written in
cylindrical coordinates:

oN
ot

" S ¼ kðpÞ 1

r
oN
or

þ o2N
or2

þ 1

r2
o2N
ou2

þ o2N
oz2

$ %
" XðzÞ N

T cont
:

ð5Þ

We start by expanding the desired solution for N in a Fou-
rier series in u and a Fourier–Bessel series in r:

N ¼ 1
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Anm & cos nuð Þ þ Bnm & sin nuð Þð Þ |n anmrð Þ
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with anm being the mth solution of |n(anmR) = 0 (in ascend-
ing order). For each SN event we assume a linear increase
with an exponential cut-off (s = 20 kyr) for the CR acceler-
ation. This particular form for the time dependence for the
sources was chosen mainly for practical purposes as the
scheme copes well with it and it is also possible to find ana-
lytical solutions for testing purposes in case the losses do
not depend on z. On the other hand this may be regarded
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Variation on Intermediate Timescales:

as a crude approximation for the product of shock velocity
times shock radius. Thus the source term can be written as

S ¼
X

i

q0i p
"s t " tið Þ exp t " ti

s

! "
%H t " tið Þd ~r "~rið Þ ð7Þ

¼
X

i

qi p; t; zð Þ 1
r
d r " rið Þ u" uið Þ; ð8Þ

where s = 2.1 is the spectral index, q0i is the source strenght
and ti is the ignition time of the ith source and ~ri with
~rðr; u; zÞ its position. S is then expanded into the same ser-
ies in r, u as N.

Inserting Eq. (6) and the Fourier–Bessel coefficients of
Eq. (7) into Eq. (5) and using the orthonormality of sine
and cosine and the analogous property of the Bessel func-
tions (Watson, 1944) one obtains equations for the expan-
sion coefficients Anm

oAnm

ot
" SA

nm ¼ kðpÞ "a2nmAnm þ o2Anm

oz2

# $
" XðzÞ Anm

T cont
ð9Þ

with

SA
nm ¼

X

i

qiðp; t; zÞ cos nuið Þ |n anmrið Þ
|n0 anmað Þð Þ2

ð10Þ

where qi(p, t,z) is defind in Eq. 8, and similar equations for
Bnm (a detailed description of the method can be found in
Büsching et al. (2005)). Eq. (9) was solved numerically
using the framework described in Büsching et al. (2005).
We changed the numerical scheme from a Dufort Frankel
to a Crank Nicholson scheme which allowed for larger time
steps and thus a faster computation time. Also this new
scheme proved to be very robust, i.e. it copes much better
with large coefficients of the constant term in Eq. (9). This
is essential to achieve the desired high spatial resolution, as
then many terms of the double sum Eq. (6) have to be ta-
ken into account and the value of anm increases strictly
monotonic with m and n. Note that this method does not
use a grid in r, u and thus allows the placing of SN any-
where in the r, u plane.

4. Computational results

As the available CPU-time did not suffice to calculate
the comic ray distribution for a whole orbit of the Sun
around the Galactic center, we calculated the CR proton
density in our Galaxy for a timespan of 10 Myr assuming
the CR originate in SN 130001 events, which cluster in
the spiral arms. For the sake of siplicity we here keep the
spiral arm pattern fixed and calculate the CR proton flux
along the Sun’s path around the Galaxy. The total number
of SNR events was chosen to reproduce the observed local
SN rate of 20 Myr"1 kpc"2 (Grenier, 2000), while assuming
a radial distribution as given by Case and Bhattacharya
(1996) (for a Galactocentric distance of the Sun of
8.5 kpc) rescaled to a Galactocentric distance of the Sun
of 7.2 kpc as adopted in the model of the spiral structure.
The source distribution is shown in Fig. 1.

The time span of 10 Myr used for our calculation does
not guarantee the system to converge, we thus start our cal-
culations with initial conditions given by the steady state
solution of Eq. (5) for a continuous source with the shape
of the envelope of the source distribution and a source
strength being the total source strength averaged over time.
In doing so, we may overpredict the variations of the CR
proton flux on the Sun’s path due to the clustering of
sources in the spiral arms, as in the inter-arm regions we

Fig. 1. Distribution of CR sources. The CR density was calculated at the
positions marked by diamonds, in mathematical positive direction,
starting from the top at u = 0!, 18!, 30!, 36!, 48!, 66!.

Fig. 2. Temporal variation of the density of 1 GeV CR protons in the
inter-arm region: u = 0! (upper panel) and inside a spiral arm: u = 36!
(lower panel).
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steps and thus a faster computation time. Also this new
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with large coefficients of the constant term in Eq. (9). This
is essential to achieve the desired high spatial resolution, as
then many terms of the double sum Eq. (6) have to be ta-
ken into account and the value of anm increases strictly
monotonic with m and n. Note that this method does not
use a grid in r, u and thus allows the placing of SN any-
where in the r, u plane.

4. Computational results

As the available CPU-time did not suffice to calculate
the comic ray distribution for a whole orbit of the Sun
around the Galactic center, we calculated the CR proton
density in our Galaxy for a timespan of 10 Myr assuming
the CR originate in SN 130001 events, which cluster in
the spiral arms. For the sake of siplicity we here keep the
spiral arm pattern fixed and calculate the CR proton flux
along the Sun’s path around the Galaxy. The total number
of SNR events was chosen to reproduce the observed local
SN rate of 20 Myr"1 kpc"2 (Grenier, 2000), while assuming
a radial distribution as given by Case and Bhattacharya
(1996) (for a Galactocentric distance of the Sun of
8.5 kpc) rescaled to a Galactocentric distance of the Sun
of 7.2 kpc as adopted in the model of the spiral structure.
The source distribution is shown in Fig. 1.

The time span of 10 Myr used for our calculation does
not guarantee the system to converge, we thus start our cal-
culations with initial conditions given by the steady state
solution of Eq. (5) for a continuous source with the shape
of the envelope of the source distribution and a source
strength being the total source strength averaged over time.
In doing so, we may overpredict the variations of the CR
proton flux on the Sun’s path due to the clustering of
sources in the spiral arms, as in the inter-arm regions we
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Time-dependent source function:

[Büsching and Potgieter, 2008, Adv. in Space Res.]
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• Parameter study to estimate the influence of e.g. the strength of the 

perpendicular diffusion and the galactic scale height.

• More realistic galactic magnetic field models with parallel transport 

perpendicular to the disk.

• Time dependent sources and simulations.

• Connection with the heliospheric modulation model.

• Estimations of the climatic impact.

Outlook
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• Anisotropic Diffusion is important for Cosmic Ray transport on different 

scales and its proper treatment is needed to determine their actual 

distribution in the Galaxy and the modulation effects in the Heliosphere.

• Complementary numerical tools exist and are under development to 

investigate the properties of solutions to the Parker transport equation for 

various coordinate systems, setups and boundary conditions.

• The introduction of anisotropic diffusion shows some significant 

enhancement of cosmic ray flux variation along the suns orbit, especially in 

the 10 GeV range.

• Our model is principally capable of treating time dependent effects (in all 

four dimensions) and modeling a wide range of possible CR sources.

Conclusions


