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Map: gluing of polygons along their edges <= graph embedded in a surface
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e Faces: the original polygons
e Vertices, edges: the ones of the polygons, with identifications

e Planar map: embedded into the sphere
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— the weight of a map depends on the set of spin configurations on it:
not uniform even given size/number of faces of each degree
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The Ising model on random maps: definitions

o Endow map m with spin configuration o € {®, O} ™
e On a given map, pick o proportionally to its weight vFmene(@) (1, > ()
e Joint generating function of maps coupled with Ising model:

Z (t,{ti}s<i<a,v) = Z £V Ht?(myE"““(”)

(m,o) %

— the weight of a map depends on the set of spin configurations on it:
not uniform even given size/number of faces of each degree
— new behaviors, influence of boundary conditions
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The Ising model on random maps with a boundary: definitions

e Boundary: distinguished “outer” face that will not carry a spin

e Boundary condition: impose spins on each edge of the outer face, that will
impact the weights of configurations o of internal spins

e Types of boundary conditions: free, monochromatic, Dobrushin, alternating

1 )
A(w;t, {ti}a<i<a, V) i= Z — Z £V Htf‘(m)uEm"“(”)

r>0 (m,0)EL, i

— natural for antiferromagnetic (v < 1) regime (and hyperbolic lattices...)

[Gandolfo—Ruiz—Shlosman 2015]
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Background on the monochromatic boundary

e B(z):= B(w;t, {ti},v) generating function of Ising maps with a
monochromatic boundary

e Y(z):= B(x) — 239501 %azl

Theorem (Eynard 2003)

The function Y is algebraic: it satisfies E(z,Y (z)) = 0, where E is an explicit
non-trivial polynomial with coefficients algebraic in ¢, {¢;}, v.

Moreover, it admits an explicit rational parametrization: 3z(z), y(z) explicit
rational functions of a formal variable z with coefficients algebraic in ¢, {t;}, v,
such that Y (z(z)) = y(2).



Earlier results on pure m-angulations with an alternating boundary

e “Frozen antiferromagnetic limit": v — 0
e t;=0fori#m
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Earlier results on pure m-angulations with an alternating boundary

e “Frozen antiferromagnetic limit": v — 0
e ti=0fori#m

The function A(w;t, tm,v = 0) is algebraic over all its parameters. Moreover,
it admits an explicit rational parametrization (w(z), a(z)) that can be
expressed as rational functions of the monochromatic case:

y(2)? 2"t

w(z) = W,

These expressions satisfy the relation: w(A — 1) +zY = 0.
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Earlier results on pure m-angulations with an alternating boundary

e “Frozen antiferromagnetic limit": v — 0
e ti=0fori#m

The function A(w;t, tm,v = 0) is algebraic over all its parameters. Moreover,
it admits an explicit rational parametrization (w(z), a(z)) that can be
expressed as rational functions of the monochromatic case:

_ y(®? z(2)""
U}(Z) - 33(21)7"72, :
These expressions satisfy the relation: w(A — 1) +zY = 0.

— What happens for v > 07
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Main results

Theorem (Baillard—C.—Eynard 2026+)

e For general face degree parameters {t;}, A(w;t,{t;},v) is algebraic over all
its parameters. Moreover, we have an explicit strategy to obtain such a
polynomial.

e For Ising quadrangulations (¢; = 0 for ¢ # 4), A(w) admits an explicit
rational parametrization: 3 a(h),w(h) explicit rational functions of a formal
variable h with coefficients algebraic in ¢, {t;}, v, such that A(w(h)) = a(h).

e In that case, (w, A(w)) can no longer be expressed as rational functions of
(z,Y (x)) satisfying w(1 — A) + zY = 0.



Proof idea 1: Correspondence with hypermaps

e Hypermap: map with properly bicolored faces, allowing digons
e Can also impose boundary condition such as alternating (like for pure
m-angulations)

o H(wit,t2, {ti}sciza) = 3,50 5771 Zomen, T 15° [scicati’
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Proof idea 1: Correspondence with hypermaps

e Hypermap: map with properly bicolored faces, allowing digons

e Can also impose boundary condition such as alternating (like for pure
m-angulations)
. . . 1 vV, Fy F;
o H(wit,ta2, {ti}s<i<a) = Zrzo wr T ZmG’Hrt 2} H3§i§d ti
e Contract digons:

o = H(w;t(1 —v*),t2 = v, {t:(1 = v*)}sci<d) = =z A(w;t, {t:},v)
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Rely on the much better known monochromatic case Y (z):

e Write recursive Tutte-type equations on mixed boundary conditions

Leads to: Q(z,Y (z)) = 0 where Q(z,y) is a polynomial in z, y, A(w),w
and some auxiliary generating functions fi;(w), 1 <i4,j <d

(and algebraic in t, {t;},v)

e Deduce that Q(z,y) = E(z,y) where E is the annihilating polynomial from
: only depends on z,y, t,{t;},v

Write [2*y°]Q = [z*y*]E: polynomial system S on A(w), {fi;(w)}
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Rely on the much better known monochromatic case Y (z):
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e Show that the system is non-degenerate i.e.
det(Jac(S))(A(w), {fij(w)}) # 0: means that we can eliminate the f;;:
success!
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Proof idea 2: Tutte equations and mixed boundary

Rely on the much better known monochromatic case Y (z):

e Write recursive Tutte-type equations on mixed boundary conditions

e Leads to: Q(z,Y (z)) = 0 where Q(z,y) is a polynomial in z, y, A(w),w
and some auxiliary generating functions fi;(w), 1 <i4,j <d
(and algebraic in t, {t;},v)

e Deduce that Q(z,y) = E(z,y) where E is the annihilating polynomial from

: only depends on z,y, t,{t;},v

o Write [z"4°]Q = [z"y*]E: polynomial system S on A(w), { fi;(w)}

e Show that the system is non-degenerate i.e.
det(Jac(S))(A(w), {fij(w)}) # 0: means that we can eliminate the f;;:

success!

N.B. Elimination of 2 catalytic variables (z and y) without any use of kernel
method/generalization thereof
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Apply this general strategy to Ising quadrangulations:

e Elimination of the f;;: only linear equations to solve!

In the case of quadrangulations, (w, A(w)) satisfies a polynomial equation P;

of degrees 7 and 3. It induces an equation P, on { = w + E‘g% A=w(A-1)
of degrees 2 and 3, with v, « some explict algebraic functions of ¢, t4, v.

e P, satisfies the “one-cut property”: its discriminant (seeing P, as quadratic
equation on ¢) writes A(\) = P(A\)2(A —a)(A — b)

e —> Can use the Zhukovsky transformation:
A=t pazbgr by N —a)(A—b) = 25 (s — 1)

e w also satisfies quadratic equation depending on (: a second one-cut!

e — Explicit rational parametrization of w, A(w)



Perspectives

WIP with Bertrand Eynard and Thomas Lejeune:

Exact enumeration:

e Bijective proofs through slice decomposition (see Thomas's talk this
afternoon!)

e ~~ “explicit” equation in general case, involving relation A\ + zy = 0

e ~- Other rational parametrizations?

Asymptotics for Ising quadrangulations:

e On the critical line of Ising quadrangulations without a boundary (v,t.(v)):
not quite typical behavior for Ising maps with a boundary



Thank you for your attention!



