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1 Introduction

Voronoi diagrams: a classic construction

120 PRINCIPIORUM PHILOSOPHIZ

Principia
Philosophiae
Descartes 1644
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1 Introduction

Voronoi diagrams: a classic construction

Water pump Voronoi cell

VS

deaths distribution in
London’s Broad Street
cholera outbreak of 1854

John Snow 1855
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1 Introduction

Voronoi diagrams: definition

One wants to compare distances.

e A metric space (E,d)
e Nuclei: a list of points (z;;7>1) € E

e Tiles:

Ci={weE; dw,z;) <d(w,z;), Vj > 1}.

The Voronoi diagram is Vor(z; : i > 1) = {C;; i > 1}.

Vor(z; : i > 1) is a Voronoi tessellation if it is locally-finite,
normal and face-to-face.
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1 Introduction

Poisson Point Processes

In applications (wireless networks, . ..) it is natural to assume some
complete randomness for the nuclei. A natural candidate is a
Poisson Point Process (PPP) of nuclei.

Def. A PPP on a measurable space S is 2 random countable sub-
set I C S s.t. the random variable N(A) = # {AN1I} satisfies:

e YACS, N(A) ~ Pois(u(A)), for a measure i (intensity);
e [f A, B C S are disjoint sets, N(A) L N(B).
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1 Introduction

Poisson—Voronoi tessellations
(See Mgiller 1992)

Def. A Poisson—Voronoi tessellation is the Voronoi tessellation
of a PPP of nuclei with intensity measure .

&Foday the PPP of nuclei has an infinite Radon measure
([1, =\ Lesz, A VOIM..., for A > 0)

The proportionality constant A is called intensity
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2 Motivations

Appearances of Poisson—Voronoi tessellations

1=; general case - s: Asmall - L: A large
1= Euclidean space motivated by crystal growth (Meijering 1953, Gilbert 1961)
= Hyperbolic plane (with Bernoulli percolation on cells) (Benjamini-Schramm 2000)
s Mean characteristics in hyperbolic plane and 3-space (Isokawa 2000)
s Bernoulli-Voronoi percolation on regular trees, hyperbolic plane (Bhupatiraju 2019)

L “Euclidean” limit on surfaces, Gauss—Bonnet Theorem (Calka—Chapron—Enriquez 2019)

s, L Critical probabilities in percolation on the hyperbolic plane  (Hansen—Miiller 2021)
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2 Motivations 6/42

“Pointless” Poisson—Voronoi tessellation and 2/7
(Budzinski—Curien—Petri Invent. Math.)

S,: a closed hyperbolic surface of genus g (large)

Cheeger’s constant:

def Perim(A)
h(S,) = Alggg {Area(A) ; 2 Area(A) < Area(S,)

bounded from above by 2/7.

@ limy o of Poisson—Voronoi tessellation of hyperbolic plane

* What happens as A | 0?7 And the 2/77?
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2 Motivations

Euclidean plane R?
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3 Abstract convergence result

|deal tessellations
Sketch of recipe

Tenet: one needs to compare “differences” of distances to nuclei.
However, these are oo quantities.

Two main deterministic ingredients as \ | 0:

'@' Convergence of the nuclei to the “boundary”;

N\

“Q" Convergence of difference of distances (proto-delays).

Probabilistic extension (convergence in distribution) if underlining
space has exponential volume growth (tightness of delays).
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3 Abstract convergence result

|deal tessellations
Abstract deterministic theorem (D’ACELU AOP)

Let (F,d, o0, pu) be a locally compact metric space with a special
oy

@

point o (origin) and an infinite Radon measure . Let nuclei =
be sorted according to d(o, xz(’\)). If the following hold:

l. xg)‘) Gr/%%ov 9, € OF (conv. to the boundary);
. d(o,zM) = d(o, 2 = 6V
Then (D'ACELU):

; of - )
ﬂ)@ (conv. of proto-delays);

Vor(x?)) i—}l; Vor((6;,0;);3 > 1) (Ideal tessellation)

Exponential volume growth: regular trees, hyperbolic space, etc...
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4 On the IPVT of hyperbolic spaces

Hyperbolic space H;

H,: d-dimensional Riemannian manifold of const. sectional curv. = —1
Mobg: the group of isometries of Hy

Ball model Upper-half space model
]EdZ{l‘ERd; |SC|<1} Ud:Rd_IXR>0

dz? + ...+ da? d82:dx%+...+dxfl_1+dz2
(1 - |2[2)? 2

N
@)

ds®> =4
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4 On the IPVT of hyperbolic spaces

Nuclei and delays

Recipe of probabilistic extension for Hy

e Nuclei:
XM = (XM i >1) a PPP of intensity measure A% - Volg,

Animation credit: Russ Lyons
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4 On the IPVT of hyperbolic spaces

Nuclei and delays

Recipe of probabilistic extension for Hy
¢ Nuclei:
XN = (XM i >1) a PPP of intensity measure A% - Voly,

With this choice of intensity measure, the point closest to o is
roughly at distance log (1/A) as A — 0 in any dimension d.

e Delays:
DY = du,(0, XY) —log (1/3), i=1,...

The delays (D(A))izl form an a.s. strictly increasing sequence.

)
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4 On the IPVT of hyperbolic spaces

Convergence of (proto-)delays

W Convergence of (proto-)delays (D’ACELU AOP)

A law, . .
(DZ( ))izl /\_w> (Di)i1, @ PPP on R of intensity measure

_ _da T
cqe' P D3ds , g =472 ——

L)

Equivalently: the set (R;),., & (ﬁe(d”)Di)N is a rate-
> i>

N i

1 homogeneous PPP on R,.
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4 On the IPVT of hyperbolic spaces

Extended ideal boundary and corona

Let us work in the ball model B, in “spherical coordinates™:

7

xV=( 6, du,(0,XV) —log(1/)) = D)
d—1 angles
¢ Conditionally on DZ(’\), (@E)‘)> L, are i.i.d. uniform on 0By = S4_;.
e A.s. converg. (@EA), D(’\)) — (©;, D;) via Skorokhod (or “dilations”).

(2

Vor(XW) jﬁ Vor(®, D) Vd ideal Poisson—Voronoi tessellation

Equivalently, (©,R) (recall R; = Se(=DPi for all i) is a PPP
on on S4_1 X R, (corona) of intensity measure

Hd = Unllcgd_1 & Lebﬂh o
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4 On the IPVT of hyperbolic spaces

Mobius action extended to the corona

Let ¢ € Mdb, and (6;,7;) be a point in the corona S;_1 x R,.

WEquivariant action of Méb, (D’ACELU AOP)

Let ¢:Sy—1 X Ry — Sy—1 x Ry be defined by

010170 = (0000 15175557

2y d—1
where K(z,0) = (\12_—5}2) is hyperbolic Poisson kernel.

Then ¢ provides a transitive group action that leaves the
measure (14 invariant under the action of Méby.
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4 On the IPVT of hyperbolic spaces

The IPVT V;: a pointless tessellation

\We can canonically assign 2 z € H, to a cell without a nucleus!

Given two points (61,71), (6, 72) in the corona, solve

T1 ? T2

K(z,0,) ~ K(z,0,)

Perpendicular bisectors 2re Euclidean semi-spheres:

1
2(d—1)

1
2 = 6]

= |z — Os|r; , 2 €By.
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4 On the IPVT of hyperbolic spaces

Topological properties of V;,

ﬁ’vd is a tessellation (D’ACELU AOP)

Almost surely, V; is:
e |ocally finite;

e face-to-face: the intersection of two cells will always be
a face of each cell, or empty;

e normal: each k-face is the intersection of exactly
d—k+1 cells.
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4 On the IPVT of hyperbolic spaces

Geometry of perpendicular bisectors

L et us focus on the cell C; C V,; containing the origin o € H,.

WPerpendicular bisector in U; (D’ACELU AOP)

In Uy where 0y is put at oo and @ writes (C,0,...,0), the
(d — 1)-hyperplane bisecting (64,71) and (0,7) is a
half-sphere centered at (C,0,...,0) with radius

1
. m()” .

r
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4 On the IPVT of hyperbolic spaces

The deposition model for Cy

W'Description of C; (D’ACELU AOP)

Cyq is the complement of all open half-balls whose centers
and radii are a2 PPP of intensity measure

Hd = 2- Sd - dx pliQddp 1p§\/1—i-7 on Rdil X R+ .
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4 On the IPVT of hyperbolic spaces

The deposition model for Cy

W'Description of C; (D’ACELU AOP)

Cyq is the complement of all open half-balls whose centers
and radii are a2 PPP of intensity measure

pg=2-E;- da pt~dp 1, /izez ON R xR, .

;o ql—d/2,d/2
r(d/2)

e &;: random variable of law Exp(c)), ¢, =
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4 On the IPVT of hyperbolic spaces

The deposition model for Cy

W'Description of C; (D’ACELU AOP)

Cyq is the complement of all open half-balls whose centers
and radii are a2 PPP of intensity measure

Hd = 2- Sd - dx pliQddp 1p§\/1—i-7 on Rdil X R+ .

. i , ;o 41-dj2;d/2
e &, random variable of law Exp(c), ¢, = T

o dxz: Lebesgue on R%~! for the centers of the half-balls;
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4 On the IPVT of hyperbolic spaces

The deposition model for Cy

WDescription of C; (D’ACELU AOP)

Cyq is the complement of all open half-balls whose centers
and radii are a2 PPP of intensity measure

Hd = 2- Sd - dx pliQddp 1p§\/1—i-7 on Rdil X R+ .

. i , ;o 41-dj2;d/2
e &, random variable of law Exp(c), ¢, = T

e dz: Lebesgue on R?~! for the centers of the half-balls;

e p'724dp on R, for the radii of the half-balls;

IPVTs: convergence and face volume densities Matteo D'Achille



4 On the IPVT of hyperbolic spaces

The deposition model for Cy

WDescription of C; (D’ACELU AOP)

Cgq is the complement of all open half-balls whose centers
and radii are a PPP of intensity measure

pa =2+ do pdp 1, grm on RTTX Ry

. - / ) 4l=d/27d/2
&4: random variable of law Exp(d)), ¢, = TR

dx: Lebesgue on R?-1 for the centers of the half-balls:

p'~24dp on R, for the radii of the half-balls;

1, /isz2: condition of origin exclusion.
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4 On the IPVT of hyperbolic spaces

Portrait of Cs

B,

cw—1q

p(z) =i p~H(w) =iy
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4 On the IPVT of hyperbolic spaces

Portrait of Cs in Us (view from above)

Interactive version at sketchfab.com/foam
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4 On the IPVT of hyperbolic spaces

Portrait of 0C3 in Uy

Interactive version at sketchfab.com/foam
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4 On the IPVT of hyperbolic spaces

Portrait of 0C3 in Uy

Interactive version at sketchfab.com/foam
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4 On the IPVT of hyperbolic spaces

Portrait of 0C3 in Uy

Interactive version at sketchfab.com/foam
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4 On the IPVT of hyperbolic spaces

Portrait of C5 in Us (view from the side)

Interactive version at sketchfab.com/foam
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4 On the IPVT of hyperbolic spaces

Portrait of C3 in B3

Interactive version at sketchfab.com/jewel (or in your hands)

0
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4 On the IPVT of hyperbolic spaces

Local properties of C;: hole probability

Hole probability: the law of the distance of o to 9V
(i) Conditional on Ry = s,

P (B,(0) CCq | R1 =s) =exp(—sly(r)) ;

(i) Averaging on the value of Ry, (recall Ry ~ Exp(1))

1

P(By(0) CCg) = —

( ( ) d) 1+Id(7")

where
1 dx
L+ L) = [ —
Cq JRA—1 2 9 .
<\/cosh T+ |z| —smhr)
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4 On the IPVT of hyperbolic spaces

Local properties of C;: hole probability

oed=2
T

4 (arctan (er) cosh? r + 2sinh r)

P(B,(0) C Cp) =

e d > 2 odd: a rational function of €", e.g. ford =3

36727“

P(B,(o) C C5) = 21 e
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5 Towards face densities

Counting face intensities and face densities

Let V; = IPVT(H,).

Let V; 5 = collection of k-faces of cells of V;. Consider the fol-
lowing random measures

fag = Y Ocentsy and fgp= > Vs

EEVdJC EEdek

where vy is the k-dimensional hyperbolic measure on s.
Since V; is isometry invariant in law,

Euar] = lag - Volg, and E[igx] = Day - Volg,
(Dax = id,k of D'ACELU AOP /measure face intensities)

i Similar definitions hold for I ;(A\) and Dg (\)
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5 Towards face densities

Isokawa and rolling balls

e Isokawa computed Dy x()\) ford = 2,3 and all k € {0,...,d—1}
via expert knowledge of hyperbolic trigonometry.

W Measure face intensities Dg (D’ACELU AOP)
For all d > 2,

Daa- 1_—; ;E]P’(B( ) C Ca)

e=0

IPVTs: convergence and face volume densities Matteo D'Achille



Completing the picture, for all A > 0

%{ All face volume densities for \-PVT (H,) (D’A-Thile 26)

Ford>2and k€ {0,1,...,d— 1}, with ¢ =d — k,

)\Q-i-l

Dgy(N) = CE

Agy /OO e ginh =Dt (1) q - |
0

where

q
Ay, = Wd(q+1)—q " W41 * Wd—q+1
7q T :
Wd(g+1)—g+1

(Agq x ]E[ g-dim Euclidean vol of the simplex spanned by g + 1
i.i.d. Unif(Sq—1) points |
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m

(‘Zf Face volume densities for IPVT(H,;) (D’A-Thale 26)
Ford>2and k€ {0,1,...,d— 1}, with ¢ =d — k,

 Agg (d—1)1

dk =

qg+1 wZH

4

Proof: Laplace method as A | 0.
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6 First new result

Proof for finite intensity face densities

'\@/’ Sketch of Proof:
e New hyperbolic Blaschke—Petkantschin formula applied to
equidistant set L(x) of (¢ + 1) (generic) points;

e Multivariate Mecke equation applied onto 2 ball around any
point of L(x).

e Change of variables ...
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2T/s2

Remarks on Dg, link with Poisson-Voronoi perco

od=2 ! 5
Dyg=—<—==Dy,
T m
cd=3 16 8 4
s us
D3g=— < D31 =—-—>D35=—
3,0 35 317 18 32 = 3
ed>4

Dd70 > Dd71 > ... > Dd,d—l'

These constants appear in the ¢ of p.(\Hy) = ¢+ A+ o())
(Hansen—-Muller AOP).

= |s that true for Vd > 37
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7 Back to the abstract convergence theorem

|deal tessellations
Abstract deterministic theorem (D’ACELU AOP)

Let (F,d, o0, ) be a locally compact metric space with a special
(M)

i

point o (origin) and an infinite Radon measure . Let nuclei =
be sorted according to d(o0,z\V). If the following hold:

L Grﬁov 0; € OE (conv. to the boundary);
1. d(o,xz()‘)) —d(o, :c(é)) = s D d; (conv. of proto-delays);
Then (D'ACELU AOP):

Fell

Vor(mzw) o Vor((6;,9;);7 > 1) (Ideal tessellation)
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8 On IPVT(Ha X Ha, L1)

|PVT(H2 X HQ, Ll)

D'A 24

Fraczyk—Mellick—Wilkens 2023: let X an higher-rank symmetric space or a
product of trees. The cells of IPVT(X) share an unbounded border a.s. !

Let M = (H; x Hy, d) with distance d
d(z,y) = dm, (1, y1) + dm, (22, Y2)

and origin o = (op,, 0o, )-

gf Convergence towards IPVT(M) (D’A 24)

Let X = (XY ; i > 1) be a PPP() - Voly) (points of
X ranked by d(X™, 0)). Then

Vor(XM) IA:} Vor(©, ®,D) = IPVT(M)
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8 On IPVT(Ha X Ha, L1)

IPVT(M)

D’A 2412.00822

O =(0y,...)and ® = (Py,...) are i.i.d. uniform on 9Hy x OHy ~
S1 xSy ~ Ty and D = (Dy,...) is s.t. (7r2eDi),>1 Is a rate-1
homogeneous point process on Rs. N

Measure on OM:

p = Unif ® Unif ® Leb

5]\//1 déf BHQ X 8H2 X RZO
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8 On IPVT(Ha X Ha, L1)

On IPVT(M)

Transitive group action of isometries (D’A 24)
Let g = (g1, g2) be an isometry of (Hy x Hy, L'). Then

9(0,6,r) = (91(9)792(@’ K(g:"(0),0) - K (g5 " (o), ¢)>

is a transitive group action that leaves the corona mea-
sure u invariant. Consequently, the law of IPVT(M) is
invariant under all isometries of M.

WTopology of cells at OM (D’A 24)

Almost surely, each tile of IPVT(M) does not cover the
union of the two orthogonal circles through its ideal nucleus.
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8 On IPVT(Ha X Ha, L1)

On |PVT(H2 X Hg, Ll)

Topology of IPVT cells

Sketch of proof:

- 1
H22 = cst - 52 - dx Edp 1p4§(1+|x\2)(1+|y|2) on ]RQ X R+

Comparison with Biermé-Estrade Poisson random ball model (yellow) u
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8 On IPVT(Ha X Ha, L1)

The “double quarter-past-three” argument
D'A 24

Put € := 1 — tanh (¢/2). Then the separation to a generic corona point (6, ¢, ) is
d((Xe, o), (6, 6,7)) = r-[f1(e) + 2+ f2(e)(2 — cos 6 — cos ) + 4 - fa(€)(1 — cos O)(1 — cos &)

where f1(e) = O(e2) BUT fa(e) = f3(e) = O(1) when & — 0.
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8 On IPVT(Ha X Ha, L1)

Corollary: the tie break at infinity

g/ Tie-break at infinity (D’A 24)

Let (O, @y, R;) and (O, &y, Ry) be the 1% and 2°¢ corona
points. Let Cy 5 be the cell of (O, ®1, Ry). Then

1 2
P((©1,®;) € Cy2) = 5t == 0.70264" .

d((®1,<1>2),(@1,¢’1,R1)> <1

Proof. (01, ;) € Cop <~ <
d((@1,¢2),(@2,¢2,R2))

In this ratio of separations use:

e X,Y ~Exp(l) = <> ~ Unif([0, 1]);

X+Y

o O ~ Unif([-m,7]) = 3 (1 —cos©) ~ Beta (%7 %)
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9 On the IPVT of higher rank symmetric spaces

IPVT of higher rank symmetric spaces

Fraczyk—Mellick-Wilkens Ann. Math. proved that every pair of cells
shares an unbounded boundary and used this to answer Gaboriau's

fixed price question in some cases.

WVanishing unicity threshold for Poisson—Voronoi perco.
(D’A-Grebik-Khezeli-Recke-Wilkens 25)

Let M be the symmetric space of a connected and simply
connected higher rank semisimple real Lie group G. Then

pu(A) = 0 as A — 0.

Related ideas applied to (non-amenable, Cayley) graphs provided many
answers to a question of Pete—Rokob 25!
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10 Second new result

IPVT of higher rank symmetric spaces

Fraczyk—Mellick—=Wilkens Ann. Math. do not prove convergence of tes-
sellations in the low-intensity limit, see also Wilkens' lecture notes at
IHES summer school 2025.

WConvergence to a unique IPVT on symmetric spaces
(D’A-Khezeli 26)

In symmetric spaces, low-intensity Poisson—Voronoi diagrams
converge to a unique IPVT.
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10 Second new result

Full convergence of nuclei

Let F'(r) == p(B,(0)) be the volume function. F is log-regularly-
varying if F'olog is regularly-varying:

Vro € R lim, o0 F(r 4 79)/F(r) exists (= e"™).

WFUII convergence of nuclei (D’A-Khezeli 26)

X converges weakly (after a suitable shift) to a nontrivial
point process (0;, A;)i>1 in the extended boundary iff:

(i) F is log-regularly-varying with index b > 0;

(ii) F(r)_l,u|B (o) ( as a proba measure on E) converges
weakly to a proba measure OF.

Vor(X ™M) converges to Vor ((0;, A;)i>1).
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10 Second new result

Convergence towards IPVT(H,), again

In Hy:
F(r) = lgzrd—d//;)fg(sinhp)dfldp is log-regularly-varying with index
b= (d—-1),

The uniform probability measure on Br(o) converges to the har-
monic measure on OHj.

“New” proof for convergence to IPVT(H,) via low-intensity limit!
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10 Second new result

Elements of proof

SD(E)= space of shifted distance func. on E. Then z — (y —
d(x,y)) defines an homeo from E to SD(FE)/R, denoted by ;.

'\@/_ Sketch of Proof:

e FMW Ann. Math. prove that lim .. (F(t))"'¢;p has 2
unique subsequential limit;

e The limiting measure is diffuse under (i) - (ii);

e These are non-branching CAT(0) spaces = Vor is

non-degenerate.
[ |
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11 Perspectives

Some perspectives

. Many, actually!

e Var[Voly,(C4)] = cstq, via A | 0 limit (w.i.p. with Anna Gusakova)

Nuclei: other point processes (a-hyperbolic ens. as « | 0)

Limits of p.(\), pu(X) for Poisson—Voronoi percolation of Hy?

e 1-skeleton of IPVT(H,) vs Degree Constr. MST  (Russ Lyons)
e |IPVT(Complex hyperbolic spaces) (Greg Kuperberg)
e Dynamic version of IPVT(H,) (Itai Benjamini)
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