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Leptonic Flavour Symmetry

The flavour puzzle(s):

Open
- Why 3 generations? questions
 How neutrinos get their masses?
» Are neutrinos Majorana or Dirac?
Do we really need so many parameters?
19 flavour parameters / 25 SM parameters
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Leptonic Flavour Symmetry

The flavour puzzle(s): Masses Hierarchy

Open answers

Open
- Why 3 generations? questions —— .
 How neutrinos get their masses?
« Are neutrinos Majorana or Dirac? Up quarks 1 ¢ ¢ 0
« Do we really need so many parameters? Down quarks | e o o

19 flavour parameters / 25 SM parameters

Charged leptons -

Neutrinos 1 4 &

CKM PM NS 10l_1 16' 163 llD’ 16" 1(‘)9 10.“

Masses in eV
b 'V1 ’V3

S
. ]
L v |

Oscillations
Hierarchy
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Leptonic Flavour Symmetry

[Feruglio, Romanino; 1912,06028]
Suggests a broken flavour symmetry group: [Altarelli, Feruglio; 1002,0211]
[Chauhan et a.l;; 2310,02068]
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Leptonic Flavour Symmetry

[Feruglio, Romanino; 1912,06028]
Suggests a broken flavour symmetry group: [Altarelli, Feruglio; 1002,0211]
[Chauhan et a.l;; 2310,02068]

- Smallness of m, similar to smallness of m,; ?

Exact chiral symmetry: m, =0 Approximate chiral symmetry: m,; < mys4rons™ APProximate symmetry
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Leptonic Flavour Symmetry

[Feruglio, Romanino; 1912,06028]
Suggests a broken flavour symmetry group: [Altarelli, Feruglio; 1002,0211]
[Chauhan et a.l;; 2310,02068]

- Smallness of m, similar to smallness of m,; ?

Exact chiral symmetry: m, =0 Approximate chiral symmetry: m,; < mys4rons™ APProximate symmetry

Approximate symmetry for m, <K m,?
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G Leptonic Flavour Symmetry

[Feruglio, Romanino; 1912,06028]

Suggests a broken flavour symmetry group: [Altarelli, Feruglio; 1002,0211]
[Chauhan et a.l;; 2310,02068]

- Smallness of m, similar to smallness of m,; ?

Exact chiral symmetry: m, =0 Approximate chiral symmetry: m,; < mys4rons™ APProximate symmetry
[ |2

3

1

1

3

1
V6 V3 V2

1

V3 V2

[ Approximate symmetry for m, <K m,? }

. PMNS ~

7

Tribimaximal pattern
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G Leptonic Flavour Symmetry

[Feruglio, Romanino; 1912,06028]

Suggests a broken flavour symmetry group: [Altarelli, Feruglio; 1002,0211]
[Chauhan et a.l;; 2310,02068]

- Smallness of m, similar to smallness of m,; ?

Exact chiral symmetry: m, =0 Approximate chiral symmetry: m,; < mys4rons™ APProximate symmetry

[ Approximate symmetry for m, <K m,? }

2 1
/ 3V 0
« PMNS =~ 11 ——) (Sin2(912),sin2(923),sin2(913))=(1,1,0>
% B2 32
1 1 1
"% B %

Tribimaximal pattern
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G Leptonic Flavour Symmetry

[Feruglio, Romanino; 1912,06028]

Suggests a broken flavour symmetry group: [Altarelli, Feruglio; 1002,0211]
[Chauhan et a.l;; 2310,02068]

- Smallness of m, similar to smallness of m,; ?

Exact chiral symmetry: m, =0 Approximate chiral symmetry: m,; < mys4rons™ APProximate symmetry

[ Approximate symmetry for m, <K m,? }

(21 )
3 V3
1 1 1 . . . 11
« PMNS = _ﬁ ﬁ _ﬁ mmmm) (sin“(0,,),sin“(6,3),sin“(0,3)) = §'E'O
1 1 1
\_\/E V3 2 / Special directions are invariant
: , under a discrete symmetry group

Tribimaximal pattern
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G Leptonic Flavour Symmetry

[Feruglio, Romanino; 1912,06028]

Suggests a broken flavour symmetry group: [Altarelli, Feruglio; 1002,0211]
[Chauhan et a.l;; 2310,02068]

- Smallness of m, similar to smallness of m,; ?

Exact chiral symmetry: m, =0 Approximate chiral symmetry: m,; < mys4rons™ APProximate symmetry

[ Approximate symmetry for m, <K m,? }

/ 1 Oe ~ EXp. excluded: broken discrete symmetry group
3 3
PMNS =~ L ! mmmmm)  (sin’(6,,),sin?(60,53),sin?(6,3)) = L1 0
=~ \/g \/§ \/E Sin 12),SIn 23),SINn 13 — 3; 2;
1 1 1
\_\/6 V3 2 / Special directions are invariant
. | under a discrete symmetry group

Tribimaximal pattern
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G Leptonic Flavour Symmetry

How to do in practice?

1. Choose a discrete flavour group Gs: A4, T, S;5,A(96),....

2. Fix transformations of the Standard Model fields: LgE—G’;p(g)L

3. Add a field ¢ called flavon whose vev breaks the symmetry.

4. Write every G¢-invariant operator in the Lagrangian.

5. The flavon takes a vev, mass matrices are determined.

6. Find a mechanism such that at < ¢ ># 0 PMNS and m,, m,, m, take the experimental values.

7. Possibility: when < ¢ >=0 - PMNS=Tribimaximal and m, = m, = 0.
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e Modular symmetry as a Flavour symmetry

Modular symmetry is inspired by compactification of extra-dim:

i o} ° 5 ° ° ® i Im(T)

| | | A

SRS JSSH: dute. dzuss dEuEd imgm | . Modulus
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: e o e @ ® ® : ‘ — T =

i [} o) @ 1 o o o | 4 - 2 l

i e 5] e ’C Bo 6} E >

: oo ——@—o | Re (1)
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e Modular symmetry as a Flavour symmetry
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e Modular symmetry as a Flavour symmetry

E o. o. n. o. o. Im(T)
(6] @ (6] (6] @ @ A

1 8
@) §+§l

o] & - @ @ @ _3 1, 1 1.

T-I_El‘ O Z-I_El

2 3 )
Re(T)

at+b

Two moduli T and 7’ describe the same torus < 1’ = s

 where (i 3) € SL(2,7)

Victor Saulquin IRN Terascale Heidelberg, 20/10/2026 6/15



e Modular symmetry as a Flavour symmetry

e e e e Je e Fundamental domain

° ° 20 ° e Im(r)
(6] Q@ (o] o (6] Q@ A

1 8.

‘§+§l

QZC @ @ @ _3 1, 1 1

PR ® it

2 3 )
Re(T)

at+b

Two moduli T and 7’ describe the same torus < 1’ = s

 where (i 3) € SL(2,7)
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e Modular symmetry as a Flavour symmetry

e e e e e e Fundamental domain
© ° 20 ® e Im(r)

_v .....1(:...‘. T‘1|‘8'

Modular symmetry = Redundancy of parametrization of the torus

at+b

Two moduli T and 7’ describe the same torus < 1’ = s

 where (i 3) € SL(2,7)
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Modular symmetry as a Flavour symmetry

. F lio; 1706.08749
Implementation of Modular symmetry: [Feruglio ]

1. Transformations of the SM fields under modular transformations:
at+ b
a b T ) L
y = (C d) € SL(2,7Z) ct+d Non-linear realisation!
-k
¢ - (ct+d) “¢pyp(y)d

p¢ representation of the finite modular group G, = SL(2,Z)/H

2. Write couplings as functions of t:
LY, Y(@LEH  with Y (y1) = (et + D)X p()Y¥ (1) (@)

(1) + Holomorphy = kaY are modular forms

3. Modular invariance of £ requires:

{ ky(n) =kL+kEC+kH
1cp®pLQpeeQ py

+ Modular forms - Very constrained: few Yukawa couplings allowed
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e Modular symmetry as a Flavour symmetry

Very first model: [Feruglio; 1706.08749]

- Based on 4, = SL(2,Z)/T'(3) irreps are: 1,1',1,3
* Neutrino masses generated by seesaw mechanism

EC
1@1n®1l

1
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e Modular symmetry as a Flavour symmetry

Very first model: [Feruglio; 1706.08749]

- Based on 4, = SL(2,Z)/T'(3) irreps are: 1,1',1,3
* Neutrino masses generated by seesaw mechanism

EC
1@1n®1l

1

) Yukawa terms
Invariant operators: |
| \

@ @ @
L. > a(EfLy®) H+p(EsLY,”) H+y (EsLy?) H ) — Ko+ et K

1lcp®pL O ppe Q py

Ly > 9 ((N "'L)s,sYg(Z))l H+ g, ((N CL)g,AYg(Z))l H+A (NCNCYS(Z))l

\ J \ )
! |

Dirac terms Majorana terms

Only one
Y2 (1) = (et + d)?ps ()Y, 2 (1)
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e Modular symmetry as a Flavour symmetry

Mass matrices: [Feruglio; 1706.08749]

aY; aY; aY, 2917, (=91 +92)Ys (91— 92)Y> 2, -3 =Y,
Me = | BY, PBY; pBY; |v Mp =1 (=91 — 92)Y3 29:Y, (—g1+92)" |v My=|-Ys 2Y, -1 |A
Yz v, vh (=91 +92)Y> (—g1—9)Y 2013 =Y, -V 213
Seesaw formula: - Y;
2
Y = Y = Yz
— — 3
M, = —MIMytM, Y,
9/15
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e Modular symmetry as a Flavour symmetry

[Feruglio; 1706.08749]

Mass matrices:

aY, al; a¥, 20111 (—g1 +92)Y5 (g1 — g2)Y> 2y, -Y; Y,
Me = | BY, PBY; pBY; |v Mp = (=91 — 92)Y3 29.Y, (—g1+9)Y1 |v My=|-Ys 2Y, -1 |A
Y3 vY, vh (=91 +92)Y> (=91 —9g)"1 201Y3 =Y, -1 2V
Seesaw formula: - Y;
2
Y - Y - Yz
_ - 3
Mv - _MgMNlMD Y3
2
M, M, - (me My Ama, sin?(0;,),sin?(03),sin?(0,3), 5013) depend on T,%,é,%
1

) ) 2
m, " mg Amjz,
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e Modular symmetry as a Flavour symmetry

Mass matrices:

M<

Seesaw formula:

M, M, —>(

2
me My Amy,

) ) 2
m, " mg Amjz,

sin?(0;,),sin?(03),sin?(0,3), 5013) depend on T,%, i
1

B g2

[Feruglio; 1706.08749]

aY, al; a¥, 20111 (—g1 +92)Y5 (g1 — g2)Y> 2y, -Y; Y,
pY, BY; BY; |v Mp = (=91 — 92)Y3 29.Y, (—g1+9)Y1 |v My=|-Ys 2Y, -1 |A

Y3 vY, vh (=91 +92)Y> (=91 —9g)"1 201Y3 =Y, -1 2V
@ "

2

Y, =Y =| Y.
M, = —MIMy* M) 3 v
3

Best fit point in parameter space:

4 T = 0.008 + 0.98i )
a/y = 15.3
/vy = 0.054

L g>/91 = 0.029i )

Victor Saulquin

EE——)

7

\.

me/m, = 0.0048
my/m; = 0.0567
Am3,/Am5; = 0.0292

\
sin?(6,,) = 0.459
sin2(6y5) = 0.001
sin?(0,3) = 0,749

SCP = 1.25m
Y,
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° Modular Hierarchy

[Novichkov, Penedo, Petcov; 2102.07488]

T fully breaks modular symmetry
» T at special points = residual symmetry

Re(1)
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Modular Hierarchy

[Novichkov, Penedo, Petcov; 2102.07488]

T fully breaks modular symmetry
» T at special points = residual symmetry

Re(1)

>

[ Our approximative symmetry ]
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° Modular Hierarchy

[Novichkov, Penedo, Petcov; 2102.07488]

* Finite modular group G; = SL(2,7Z)/H fixed
T fully breaks modular symmetry
» T at special points = residual symmetry

Re(1)

>

[ Our approximative symmetry ]
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° Modular Hierarchy

[Novichkov, Penedo, Petcov; 2102.07488]
* Finite modular group G; = SL(2,7Z)/H fixed
T fully breaks modular symmetry
» T at special points = residual symmetry * L~ (pkp), E€ ~ (p kge), their mass term is: EfM(z);;L;

Re(1)

>

[ Our approximative symmetry ]
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° Modular Hierarchy

[Novichkov, Penedo, Petcov; 2102.07488]

* Finite modular group G; = SL(2,7Z)/H fixed
T fully breaks modular symmetry

T at special points = residual symmetry * L~(pkp), E€ ~ (p kge), their mass term is: EfM(z);;L;
[00 « Near 7 ~ i, e = e~2rIM@/N deviation function measures symmetry
I ® breaking (N depends on G,)
Im(7)

Re(1)

>

[ Our approximative symmetry ]
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° Modular Hierarchy

T fully breaks modular symmetry

[Novichkov, Penedo, Petcov; 2102.07488]

* Finite modular group G; = SL(2,7Z)/H fixed

T at special points = residual symmetry * L~(pkp), E€ ~ (p kge), their mass term is: EfM(z);;L;
[00 « Near 7 ~ i, e = e~2rIM@/N deviation function measures symmetry
In ® breaking (N depends on G,)
A
Im(1) « p,p° decomposed as irreps of the residual symmetry group Z:

p=1q, D1, D1y, p°=15cD 15D 1y

Re(1)

>

[ Our approximative symmetry ]
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Modular Hierarchy

[Novichkov, Penedo, Petcov; 2102.07488]

* Finite modular group G; = SL(2,7Z)/H fixed
T fully breaks modular symmetry

T at special points = residual symmetry * L~(pkp), E€ ~ (p kge), their mass term is: EfM(z);;L;
[00 « Near 7 ~ i, e = e~2rIM@/N deviation function measures symmetry
In ® breaking (N depends on G,)
A

Im(1) « p,p° decomposed as irreps of the residual symmetry group Z:

p=1q, D1, D1y, p°=15cD 15D 1y

i « Modular Invariance of the mass term: M(z);; ~ el with
‘%‘\ lij +q; + qf = 0 mod N (Charge Conservation)
2
L3
Re(1)
>

[ Our approximative symmetry ]
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Modular Hierarchy

[Novichkov, Penedo, Petcov; 2102.07488]

* Finite modular group G; = SL(2,7Z)/H fixed
T fully breaks modular symmetry

T at special points = residual symmetry * L~(pkp), E€ ~ (p kge), their mass term is: EfM(z);;L;
[00 « Near 7 ~ i, e = e~2rIM@/N deviation function measures symmetry
In ® breaking (N depends on G,)
A

Im(1) « p,p° decomposed as irreps of the residual symmetry group Z:

p=1q, D1, D1y, p°=15cD 15D 1y

i « Modular Invariance of the mass term: M(z);; ~ el with
‘%.\ lij +q; + qf = 0 mod N (Charge Conservation)
2
L3 - Order of each entry of mass matrix > (m;,m,,mz) ~ (€% €?,€°)
Re(1) where 0 < a,b,c <N — 1.
>

[ Our approximative symmetry ]
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Modular Hierarchy

[Novichkov, Penedo, Petcov; 2102.07488]

« Finite modular group: G; =TI = SL(2,Z)/T(5) (N=5)
L~3,E“~3

 Decomposition under Zs:
L:10®11®14, EC:10®12®13

* Charge Conservation:

1 €* €
Me(t)~ (€3 €2 ¢* (E = e—ZnIm(‘L')/S)
€2 e €3

>(mg,my,me) ~ (1,€,€*)
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Modular Hierarchy

[Novichkov, Penedo, Petcov; 2102.07488]

« Finite modular group: G; =T =S

5) (N=5)

L~3,

 Decomposition under Zs:

L:10®11®14, EC:10®12®13

* Charge Conservation:

Victor Saulquin

1 €* €
Me(t)~ (€3 €2 ¢* (E = e—ZnIm(‘L')/S)
€2 e €3

>(mg,my,me) ~ (1,€,€*)

é N
Exp.values b
(mg,my,,me) ~ (1,€%¢€?) p—>a ~ 2,89
a>1,b>3
\_ y,
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° Modular Hierarchy

[Novichkov, Penedo, Petcov; 2102.07488]

« Finite modular group: G; =T =S 5) (N=5)

L~3,

 Decomposition under Zs:
L:10®11®14, EC:10®12®13

* Charge Conservation:

1 €* €
Me(t)~ (€3 €2 ¢* (E = e—ZnIm(T)/S)
e e ¢ Re(1)
>(mg,my,me) ~ (1,€,€*) >
Same game when 7 ~ i, w with some subtelties (depend on the weight)
and 0 < a,b,c < 1(resp. 2) - -

Exp.val b
(mg,my,,me) ~ (1,€%¢€?) SXDVAHESD o 2,89

a
a>1,b>3
\_ y,
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Modular Hierarchy

[Novichkov, Penedo, Petcov; 2102.07488]

« Finite modular group: G; =T =S 5) (N=5)

N I Pattern Sym. point Viable r® r®

L~ 3, 2 S (Leéd) Tmw 2e10e1e 10 @17
. T>w e ®1.@1,]®[1; @ 1; & 13]
 Decomposition under Zs: 3 A, (Leé)
_ _ c T~ oo [l ®1, ©14] ® [1, ® 1, @ 1] with 1, # (1p)*
L=1,1,b1,; E‘=1,81, P 15 m*’
(1,e,€?) 7~w Ba,or2@1Y or2@1 J@ 1@ 1, @ 1))
* Charge Conservation: 4 5 Led) reix 3eReloalelel] ¥e)2el, olal’ el
1 €* ¢ o YoepRel,oaieciei],depRkei aiegi ai]
_ ,—2nIMm()/s
Me(T)"' <E3 €2 64) (E =e " ™/ ) 5 AL (L€' Tx~ico 33
€2 € €3

[Novichkov, Penedo, Petcov; 2102.07488]

>(mg,my,me) ~ (1,€,€*)

Same game when 7 ~ i, w with some subtelties (depend on the weight)
and 0 < a,b,c < 1(resp. 2) - -

Exp.val b
(mg,my,,me) ~ (1,€%¢€?) SXDVAHESD o 2,89

a
a>1,b>3
\_ y,
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Modular Hierarchy

[Novichkov, Penedo, Petcov; 2102.07488]

« Finite modular group: G; =T =S 5) (N=5)

N I Pattern Sym. point Viable r® r®

L~ 3, 2 S (Leéd) Tmw 2e10e1e 10 @17
. T>w e ®1.@1,]®[1; @ 1; & 13]
 Decomposition under Zs: 3 A, (Leé)
_ _ c T~ oo [l ®1, ©14] ® [1, ® 1, @ 1] with 1, # (1p)*
L=1,1,b1,; E‘=1,81, P 15 m*’
(1,e,€?) 7~w Ba,or2@1Y or2@1 J@ 1@ 1, @ 1))
* Charge Conservation: 4 5 Led) reix 3eReloalelel] ¥e)2el, olal’ el
1 €* ¢ o YoepRel,oaieciei],depRkei aiegi ai]
_ ,—2nIMm()/s
Me(T)"' <E3 €2 64) (E =e " ™/ ) 5 AL (L€' Tx~ico 33
€2 € €3

[Novichkov, Penedo, Petcov; 2102.07488]

>(mg,my,me) ~ (1,€,€*)

ith some subtelties (depend on the weight)

é )

Exp.val b
(mg,my,,me) ~ (1,€%¢€?) SXDVAHESD o 2,89

a
a>1,b>3
\_ y,
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Finite modular groups: G; = SL(2,Z)/H

Modular Hierarchy

Normal subgroups ker(p) Finite modular groups ['/ ker(p) = Im(p)
Index | Label Additional relators Group structure GAP Id
6 ['(2) T? Ss [6, 1]
19 - 5°T? Zyx Zy = 2Ds [12,1]
+I'(3) SETE Ay 112, 3]
18 - ST-2ST? Sy x Z3 18, 3]
. 73
Sy T 5 PIND)
- S% (ST'ST)? Ay x Zy [24,13]
36 — S*T2ST* (Z3 % Zy) x Z3 36, 6]
T6 (ST-1S\2TST-1ST2
v T
- ST 20 48, 28]
- T®, STIST GL(2,3) [48,29]
18 I'(4) T? AyxZy =S [48,30]
- (STIST)? Ay x Zy 48,31
— SY(ST-1ST)* T' x Zy 48,32
— T ST°ST3 ((Zy X Z3) X Zo) % Z3 48,33
54 - TS, (ST-1ST)? (Z3 x Z3) 1 Zg [54, 5]
60 | £I'(5) e As 60, 5]
7 - T, STiST! Sy x Z3 [72,42]
+0(6) | 8%, T°, (ST 'STST'S)’T* Ay x S [72,44]

Victor Saulquin

[Liu, Ding; 2112.14761]
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Modular Hierarchy

Finite modular groups: G, = SL(2,Z)/H Why only the red ones?

Normal subgroups ker(p) Finite modular groups ['/ ker(p) = Im(p)
Index | Label Additional relators Group structure GAP Id
6 ['(2) T? Ss [6, 1]
19 - 5°T? Zyx Zy = 2Ds [12,1]
+I'(3) SETE Ay 112, 3]
18 - ST-2ST? Sy x Z3 18, 3]
. 73
Sy T 5 PIND)
- S% (ST'ST)? Ay x Zy [24,13]
36 — S*T2ST* (Z3 % Zy) x Z3 36, 6]
T6 (ST-1S\2TST-1ST2
v T
- ST 20 48, 28]
- T®, STIST GL(2,3) [48,29]
18 I'(4) T? AyxZy =S [48,30]
- (STIST)? Ay x Zy 48,31
— SY(ST-1ST)* T' x Zy 48,32
— T ST°ST3 ((Zy X Z3) X Zo) % Z3 48,33
54 - TS, (ST-1ST)? (Z3 x Z3) 1 Zg [54, 5]
60 | £I'(5) e As 60, 5]
7 - T, STiST! Sy x Z3 [72,42]
+0(6) | 8%, T°, (ST 'STST'S)’T* Ay x S [72,44]

[Liu, Ding; 2112.14761]
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Modular Hierarchy

Finite modular groups: G, = SL(2,Z)/H Why only the red ones?

Normal subgroups ker(p) Finite modular groups ['/ ker(p) = Im(p) e ~N
Index | Label Additional relators Group structure GAP Id
6 | I I S (6.1 Difficulty to build modular forms!
b - ST 7y % 74 = 2D, 12,1] ) . .
£(3) SET° Ay [12,3] Y Y(vt) = (cTt + d)*Y Y*Y (1
R’ - ST 2577 Sy x Zs [18,3] P (r1) = )7p) P ()
. 73
e s T 24,9 \. ~
Sy T 5 PIND)
- S% (ST 'ST)? Ay X Zy [24,13]
E ST25T? (Zs % Z1) X Zs 136, 6]
. - TS, (ST-1S)*TST-1ST* .
S N R T R Zin Z [42,1]
- ST 20 [48,95]
- %, STIST ™ GL2.3) [13,99]
g 1@ T A%, 23, [18,30]
- (STIST)? Ay x Zy 48,31
- S(ST15T)? T x Z, 18,32
- T, ST*ST® ((Zy % Zy) % Zy) X Z3 48,33
I %, (ST 'STF (Zs % Z3) % Zg 54, 5]
60 | £I'(5) S2 T3 As [60, 5]
o |- T, ST'ST Sy % Zs [72, 2]
IT(6) | 5% T°, (ST 'STST 'S)’T 1, x5 (72, 4]

[Liu, Ding; 2112.14761]
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Modular Hierarchy

Finite modular groups: G, = SL(2,Z)/H Why only the red ones?

Normal subgroups ker(p) Finite modular groups ['/ ker(p) = Im(p) e ~N
Index | Label Additional relators Group structure GAP Id
. 1) - L 6.1 Difficulty to build modular forms!
Lo 12 ) = (ex + DRI )
e 1 T) = (cT T
R’ - ST 2577 Sy x Zs [18,3] p VY PR p
I3 T?
e - T 24,3 \. J
Sy T 5 PIND) . _
- 5, (ST 5T Ay x Iy [24,13] [Liu, Ding; 2112.14761]1+ mathematical litterature:
36 | - S°T2ST Zs % Z9) X Z 36,6
T STISTSTIST s x Z) x % 2.9 Theory of modular forms for every group
S N R T R Zin Z [42,1]
- 5271 20 [48, 28]
- T%, STIST T GL(2,3) [48,20]
s 1D T7 A xZ, =8 [48, 30]
- (ST'ST)? Ay X Zy 18,31
- S(STTST)? T X Z 18,32
- TZ ST°ST (Zs X Z3) % Z3) % Zs 18,33
G T% (ST-1ST) (Zy % Z3) % Zg 54, 5]
60 | £I(5) ST Ay [60, 3]
o |- T STTST Sy X Z3 [72,42]
£T(6) | S%T7, (ST 'STST '5)°T7 AL X 5 [72, 4]

[Liu, Ding; 2112.14761]
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Finite modular groups: G; = SL(2,Z)/H

Modular Hierarchy

Why only the red ones?

Normal subgroups ker(p) Finite modular groups ['/ ker(p) = Im(p) e ~N
Index | Label Additional relators Group structure GAP Id
. 1) - L 6.1 Difficulty to build modular forms!
D e 724 m) = ex + PP
o1 4 T) = (cT T
R’ - ST 2577 Sy x Zs [18,3] p VY PR p
: 73
Sy T 5 PIND) . _
- S, (ST ST A x 7 24.13] [Liu, Ding; 2112.14761]+ mathematical litterature:
%L - ST ST (s Z) x 2y 2.9 Theory of modular forms for every grou
o |- | TST SPTST ST 7 o y y group
— | T%,.ST 'ST(ST 'S)°T? et [42,1]
- S7TT 20 [48, 28]
- T%, ST'ST™ GL23) 148, 29] This theory + resolution of practical issues:
s 1@ T1 A X2, =8, [48,30] Al ithmi . F F
- TSP dix Zn B gorithmic construcion of every modular form
- ST(STTST)? T X Z, 1832
— T ST3ST 3 (71 X Z2) % Za) % Zs 1833 [Bonnefay, Rausch de Traubenberg, V.S.; 2611.Xxxxx]
5 | - T (ST-TST)? (Zs % Z3) % Zg [54, 5]
60 | £I(5) STTT As 60, 5]
o |- T STTST Sy x Zs [72, 4]
'“ I'ET(6) [ 57,17, (ST 'STST "SI A xSy [72, 4]

Victor Saulquin

[Liu, Ding; 2112.14761]
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Finite modular groups: G; = SL(2,Z)/H

Modular Hierarchy

Normal subgroups ker(p) Finite modular groups ['/ ker(p) = Im(p)
Index | Label Additional relators Group structure GAP Id
6 ['(2) T? Ss [6, 1]
19 - 5°T? Zyx Zy = 2Ds [12,1]
+I'(3) SETE Ay 112, 3]
18 - ST-2ST? Sy x Z3 18, 3]
. 73
Sy T 5 PIND)
- S% (ST'ST)? Ay x Zy [24,13]
36 — S*T2ST* (Z3 % Zy) x Z3 36, 6]
T6 (ST-1S\2TST-1ST2
el e v o I 2.
- ST 20 48, 28]
- T®, STIST GL(2,3) [48,29]
18 I'(4) T? AyxZy =S [48,30]
- (STIST)? Ay x Zy 48,31
— SY(ST-1ST)* T' x Zy 48,32
— T ST°ST3 ((Zy X Z3) X Zo) % Z3 48,33
54 - TS, (ST-1ST)? (Z3 x Z3) 1 Zg [54, 5]
60 | £I'(5) e As 60, 5]
7 - T, STiST! Sy x Z3 [72,42]
+0(6) | 8%, T°, (ST 'STST'S)’T* Ay x S [72,44]

Victor Saulquin

[Liu, Ding; 2112.14761]

Why only the red ones?

7

\_

Difficulty to build modular forms!
Y (1) = (et + ) p()Y, " (0)

[Liy, Ding; 2112.14761]+ mathematical litterature:
Theory of modular forms for every group

This theory + resolution of practical issues:
Algorithmic construcion of every modular form

[Bonnefay, Rausch de Traubenberg, V.S.; 2611.Xxxxx]

7

\.

~N

Every model can be evaluated!

IRN Terascale Heidelberg, 20/10/2026
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Results and Perspectives

[Bonnefoy, Rausch de Traubenberg, V.S.; 26xXX.XXxxx]

« Number of choices of re P resentations: 188 559 Normal subgroups ker(p) Finite modular groups I'/ker(p) = Im(p)

Index | Label Additional relators Group structure GAP Id
N E) T2 A 6,1]
o |- ST 7y % 712 2D, [12,1]
EYE) [VE a4 [12,3]

8| - ST 25T Sy x 73 13,3
[G) r T 1.3

9 — 278

() T S PL12]
- S7 [ST-ISTY A %7 1 13]

3% | - ST25T? (s % Zs) x Zs [36,6]

—-1¢12 -1

e B 2.
- ST 20 48, 2§]
- T5 STIST* GL(2.9) 43, 20]
s 10 T™ A N7, =9, /483, 30]
- (STIST)? A x 7y 48, 31]
- SA(ST-1ST)? T x Z, 48, 32]
- T2, ST3ST 3 (Zix Zo)w Zy) % Zs | 48,33)

G — T¢, (ST 15T (Zs X Zs) % Zg 54,5
60 | £I(5) (R s [60, 5]
o |- T, ST25T Sy x 73 [72,42]
ZT(6) | 5% 1%, (ST 'STST'S)°T? A X 53 72,4

Victor Saulquin IRN Terascale Heidelberg, 20/10/2026
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Results and Perspectives

[Bonnefoy, Rausch de Traubenberg, V.S.; 26xXX.XXxxx]

« Number of choices of representations: 188 559 Normal subgroups ker(p) Finite modular groups I'/ ker(p) = Im(p)
Index | Label Additional relators Group structure GAP Id
_ _ 6 | I T" S; 6.1]
 Producing a charged leptons hierarchy: 5 848 2 L= ST Zs % 2~ 2Dy [12,1]
IT(3) RV A [12,3]
8 | - ST 2577 Sy % Zs [18,3]
e r T 24,3)
»+ Exp.values b 2 5523; S, L 1Y)
a —~ ] s
(me,my,me) ~ (1,€%€) L 2,89 - S, (ST'ST)? A% 7 P1,13]
36 | - S3T-25T7 (Zsx Z3) x Z [36,6]
az1bz=3 — | T°.(STTS?*TST13T* e
L 7 stsrsr e Zax Zs [42,1]
- 5271 20 [48. 23]
- T% ST'ST? GL(2.3) (48 20]
s [T T™ A 02, 28] [43.30]
- (ST IST)? A, X 7, 48 31]
- S(ST-ST)? T x Z, [48.32]
- T ST°ST? (Zs X Z2) % 7o) % Zs [48,33]
5| - TS (ST IST) (Zs % Z3) % Zg [54,5]
60 | =I(5) ST T" As [60,5]
o |- T STTST* Sy % Zs [72, 42]
IT(6) | S%.T°, (ST "STST '5)°T” A, X S5 72, 41]

[Liu, Ding; 2112.14761]
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Results and Perspectives

[Bonnefoy, Rausch de Traubenberg, V.S.; 26xXX.XXxxx]

« Number of choices of representations: 188 559 Normal subgroups ker(p) Finite modular groups I'/ ker(p) = Im(p)
Index | Label Additional relators Group structure GAP Id
_ _ 6 | I T" S; 6.1]
 Producing a charged leptons hierarchy: 5 848 2 L= ST Zs % 2~ 2Dy [12,1]
IT(3) RV A [12,3]
8 | - ST 2577 Sy % Zs [18,3]
i) o T 24,3)
Exp.values b 2 7
b N £(1) ST S 21, 12]
(me,my,me) ~ (1,€%€) L 2,89 - S, (ST'ST)? 7 P1,13]
36 | - S3T-25T7 (Zsx Z3) x Z [36,6]
az1bz=3 — | T°.(STTS?*TST13T* e
L 7 stsrsr e Zax Zs [42,1]
. . - ST 20 [48, 28]
« PMNS matrix entries of order 1: 220 - T%,STiST GL(23) [48,29]
o _ . () T™ A 02, 28] [43.30]
[Reyimuaji, Romanino; 1801.10530]  for Weinberg operator 48— STISTY" 1% 7, 8.31]
- S(ST-ST)? T x Z, [48.32]
- T ST°ST? (Zs X Z2) % 7o) % Zs [48,33]
5| - TS (ST IST) (Zs % Z3) % Zg [54,5]
60 | =I(5) ST T" As [60,5]
o |- T STTST* Sy % Zs [72, 42]
IT(6) | S%.T°, (ST "STST '5)°T” A, X S5 72, 41]

[Liu, Ding; 2112.14761]
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[Bonnefoy, Rausch de Traubenberg, V.S.; 26xx.XXXXX]

 Number of choices of representations: 188 559

 Producing a charged leptons hierarchy: 5 848

* PMNS matrix entries of order 1: 220

[Reyimuaji, Romanino; 1801.10530]

« Correct neutrino mass hierarchy:

Normal subgroups ker(p)

Finite modular groups I'/ ker(p) = Im(p)

Index | Label Additional relators Group structure GAP Id
§ ['(2) T? S5 6, 1]
19 — S22 Ty X Zy 22D [12,1]

+I'(3) SET? Ay [12, 3]
18 — ST—2ST? S3 X 73 [18, 3]
T 73
[3) I T 24,3
Y 5L _
+I'(4) ST Sy [24,12]
— S? (STIST)? Ay X 7y 24, 13]
36 — S3T-25T? (Z3 X\ Zy) x Z3 [36, 6]
_ T® (ST-18V2TST-1972
21— ;ﬁ. [51?-151“]({;?' 5;2;“ ZinZy [42,1]
— 27 20 48, 28]
— T8, ST*ST— GL(2,3) 48, 29]
18 ['(4) 1" AyxZy = 5] [48, 30]
— (ST71ST)? Ay x 7y [48, 31]
- SYHST-1ST)? T' x Zy [48, 32]
— T ST35T3 ((Zy X Za) 0 Za) % Zs 48, 33]
54 — T, (ST-1ST)? (Zg % Z3) X Zg [54, 5]
60 | =I'(5) S T° As [60, 5]
7 — T= STYST Sy x 73 [72,42]
' £I'(6) | %, T°, (ST 'STST'S)’T* Ay x 53 [72,44]

[Liu, Ding; 2112.14761]




[Bonnefoy, Rausch de Traubenberg, V.S.; 26xx.XXXXX]

 Number of choices of representations: 188 559

 Producing a charged leptons hierarchy: 5 848

* PMNS matrix entries of order 1: 220

[Reyimuaji, Romanino; 1801.10530]

« Correct neutrino mass hierarchy:
4 representations from (Z; < Z,) X Z; and A, X Z,

Normal subgroups ker(p)

Finite modular groups I'/ ker(p) = Im(p)

Index | Label Additional relators Group structure GAP Id
§ ['(2) T? S5 6, 1]
19 — S22 Ty X Zy 22D [12,1]

+I'(3) SET? Ay [12, 3]
18 — ST—2ST? S3 X 73 [18, 3]
, 73
[3) I T 24,3
Y - 5L _
+I'(4) ST Sy [24,12]
— S? (STIST)? Ay X 7y 24, 13]
36 — S3T-25T? (Zg % Zy) x Zg [36, 6]
_ T® (ST-18V2TST-1972
21— ;ﬁ. [51?-151“]({;?' 5;2;“ ZinZy [42,1]
— 27 20 48, 28]
— T8, ST*ST— GL(2,3) 48, 29]
18 ['(4) 1" AyxZy = 5] [48, 30]
— (ST71ST)? Ay % Z, [48, 31]
- SYHST-1ST)? T' x Zy [48, 32]
— T ST35T3 ((Zy X Za) 0 Za) % Zs 48, 33]
54 — T, (ST-1ST)? (Zg % Z3) X Zg [54, 5]
60 | =I'(5) S T° As [60, 5]
7 — T= STYST Sy x 73 [72,42]
' £I'(6) | %, T°, (ST 'STST'S)’T* Ay x 53 [72,44]

[Liu, Ding; 2112.14761]




Results and Perspectives

No irreducible triplet:

«  General Fact? PMNS impossible at w
[Feruglio; 2302.11580]

» Depends on our hypothesis?

\
CP phase:

* Most models predict 6., = 0,7 - Exceed 3o

» Predictable? Criterion on the choice of representations?

~N

Inverted Hierarchy:

«  Latest JUNO result: Normal hierarchy is favoured.
[JUNO collaboration; 2609.37895]
« Weinberg operator? Same result if seesaw mechanism?

Victor Saulquin IRN Terascale Heidelberg, 20/10/2026 14/15



0 Results and Perspectives

Conclusion:

« The flavour puzzle suggests a broken discrete symmetry.

« Modular symmetry is a constraining candidate - few parameters predict the observables.
* Near fixed points, the mass hierarchy is naturally produced.

«  Classification of models predicting all observed hierarchies in the leptonic sector of SM.

« Constructed model fit the observables with order 1 coefficients.

«  Latest experiments suggest hypothesis revisions.

Victor Saulquin IRN Terascale Heidelberg, 20/10/2026
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0 Results and Perspectives

Conclusion:

The flavour puzzle suggests a broken discrete symmetry.

« Modular symmetry is a constraining candidate - few parameters predict the observables.
* Near fixed points, the mass hierarchy is naturally produced.

«  Classification of models predicting all observed hierarchies in the leptonic sector of SM.

« Constructed model fit the observables with order 1 coefficients.

«  Latest experiments suggest hypothesis revisions.

Thank you for your attention!
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° Back-up slide: Modular group presentation

s12m) ={(2 Mlabedezad-be =1} s=(0 1) gl
= <S,T|S* = (ST)% = S2TS2T~1 = 1 > ‘11 10 T
T=(0 1) Tt=1+1

Finite modular group: G; = SL(2,Z)/H =< S,T|S* = (ST)3 = S?TS7?T~! = 1 + other relations >

G4 finite > N such that TV =1

/ In the fundamental domain:\

e Tioco = joo

L W
Si=1i .ﬁz.\

e STw=w

\_ J Re(1)

Victor Saulquin IRN Terascale Heidelberg, 20/10/2026 16/15

Fixed points: 7 such thatyr =1




e Back-up slide: CP symmetry

Unique transformation of r under CP:
T—->—T
Then if Re(r) =0,1/2,—1/2 or |[t] =1, tis CP-invariant

CP-invarjant

Build models which spontaneously break CP! In(T)

 Impose CP-symmetry: free parameters of the Lagrangian are
reals

« 71 takes a value not CP-invariant-> spontaneously breaks CP

« §cp is not trivial \

[Novichkov, Penedo, Petcov, Titov; 1905.11970] Re (T)

Victor Saulquin IRN Terascale Heidelberg, 20/10/2026 17/15



e Back-up slide: A, theory

) [Bonnefoy, Rausch de Traubenberg, V.S.; 26xXX.xxxxX]
A, the group of even permutations of even elements

= SL(2,7)/T(3) =< S, T|S* = (ST)3 = S2TS2T-1=T3 =1 >

Four irreducible représentations: 1,1',1", 3 (1+1+1+32=12=| A,|)

I A T R

1 1 1
1’ 1 W
1" 1 w?
/-1 2 2 1 0 0
3 §< 2 -1 2 ) (0 w 0 )
2 2 -1 0 0 w?

Clebsch-Gordan coefficients:

¢4 (72}
b, | Q| Y, | = (@191 + P23 + P3Y) 1D (P33 + 1Yy + PoP1)1, DB (D292 + P3Py + P1P3)1e

P3/5 \V3/3 | (20191 — davps — 3, B3 — b3y
® 7| 20503 — datbo — bty | @ | bath — bty
2022 — ¢t — diths) . \ st — daths/

Victor Saulquin IRN Terascale Heidelberg, 20/10/2026 18/15



° Back-up slide: Model based on A, X Z,

Irreps of Ay, X Z,: 1,1, 1"y, 3, kK = 0,1,2,3

Model predicting correct hierarchies:

L:11,$11’@13 EC:11®13’@13’
Mass matrices:

”II)::: kg (l"l )14-21_, kg (1;)’1‘7':‘ kg gt )"llz,k-l"l !]HYI‘:L' FkL, _(/f,YIA;:i: +kL,
. ”,2)1;/: ‘:/:"_' “;,_)),124:7'!\:1._‘3 ();),1"“’-,1.3*#:/-3‘_, vy M, = g,’l),-l’::‘.; tkr, gf'.’)—f’:l,z qt,))l/-”;i, Ly %\,2
b A nf;)"fn""* heg nf,)'lk.'.l'“ " e e .f/:i)']";‘;’i“‘
For example: k, = (3,5,1) kge =(1,1,1) /7~ N
x%? =0,55
/ T=0,21+2,58i \ Pyc = 2,44
a, = —0,68 dpr = 1,78 4 N
a. = 4,39 sin?(8+,) = 0.306
. 3° o6 \_ Y, me/m, = 0.00474 _ 2(912) 0,022
Y — my/m, = 00588 on(01a) =0
as = —14,58 P sin?(8,3) = 0,449
gz — 1’43 Am21/Am31 = 00296 6CP — 1157_[
gs = 0,19 \_ Y,

\ ga = 1,94 /

Victor Saulquin IRN Terascale Heidelberg, 20/10/2026 19/15
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   N c


  H


   𝜌 𝜙


  𝟏 ⊕ 𝟏 " ⊕ 𝟏 ′


  𝟑


  𝟑


  𝟏


   k 𝜙


   ℒ e ⊃ 𝛼    (  E 1 c L  Y 3   ( 2 ) ) 1 H + 𝛽    (  E 2 c L  Y 3   ( 2 ) ) 1 H + 𝛾    (  E 3 c L  Y 3   ( 2 ) ) 1 H


   ℒ 𝜈 ⊃  g 1    (    (  N c L )  3 , S  Y 3   ( 2 ) ) 1 H +  g 2    (    (  N c L )  3 , A  Y 3   ( 2 ) ) 1 H + Λ    (  N c  N c  Y 3   ( 2 ) ) 1


   k Y  ( n ) =  k L +  k   E c +  k H


  1 ⊂ 𝜌 ⊗  𝜌 L ⊗  𝜌   E c ⊗  𝜌 H


   Y 3   ( 2 )  ( 𝛾 𝜏 ) =    ( c 𝜏 + d ) 2  𝜌 3  ( 𝛾 )  Y 3   ( 2 )  ( 𝜏 )


   M e =  (    𝛼  Y 1  𝛼  Y 3  𝛼  Y 2   𝛽  Y 2  𝛽  Y 1  𝛽  Y 3   𝛾  Y 3  𝛾  Y 2  𝛾  Y 1 ) v


   M D =  (    2  g 1  Y 1   ( −  g 1 + g 2 )  Y 3   ( −  g 1 −  g 2 )  Y 2    ( −  g 1 −  g 2 )  Y 3  2  g 1  Y 2   ( −  g 1 +  g 2 )  Y 1    ( −  g 1 +  g 2 )  Y 2   ( −  g 1 −  g 2 )  Y 1  2  g 1  Y 3 ) v


   M N =  (    2  Y 1  −  Y 3  −  Y 2   −  Y 3  2  Y 2  −  Y 1   −  Y 2  −  Y 1  2  Y 3 ) Λ


   M 𝜈 = −  M D T  M N  − 1  M D


   Y 3   ( 2 ) = Y =  (     Y 1    Y 2    Y 3 )


   M e =  (    𝛼  Y 1  𝛼  Y 3  𝛼  Y 2   𝛽  Y 2  𝛽  Y 1  𝛽  Y 3   𝛾  Y 3  𝛾  Y 2  𝛾  Y 1 ) v


   M D =  (    2  g 1  Y 1   ( −  g 1 + g 2 )  Y 3   ( −  g 1 −  g 2 )  Y 2    ( −  g 1 −  g 2 )  Y 3  2  g 1  Y 2   ( −  g 1 +  g 2 )  Y 1    ( −  g 1 +  g 2 )  Y 2   ( −  g 1 −  g 2 )  Y 1  2  g 1  Y 3 ) v


   M N =  (    2  Y 1  −  Y 3  −  Y 2   −  Y 3  2  Y 2  −  Y 1   −  Y 2  −  Y 1  2  Y 3 ) Λ


   M 𝜈 = −  M D T  M N  − 1  M D


   M e ,  M 𝜈 →  (    m e   m 𝜇 ,    m 𝜇   m 𝜏 ,   Δ  m 21 2  Δ  m 31 2 ,    sin 2 ⁡   (  𝜃 12 ) ,    sin 2 ⁡   (  𝜃 13 ) ,    sin 2 ⁡   (  𝜃 23 ) ,  𝛿  C P )


  𝜏 ,  𝛼 𝛾 ,  𝛽 𝛾 ,    g 2   g 1


   Y 3   ( 2 ) = Y =  (     Y 1    Y 2    Y 3 )


   M e =  (    𝛼  Y 1  𝛼  Y 3  𝛼  Y 2   𝛽  Y 2  𝛽  Y 1  𝛽  Y 3   𝛾  Y 3  𝛾  Y 2  𝛾  Y 1 ) v


   M D =  (    2  g 1  Y 1   ( −  g 1 + g 2 )  Y 3   ( −  g 1 −  g 2 )  Y 2    ( −  g 1 −  g 2 )  Y 3  2  g 1  Y 2   ( −  g 1 +  g 2 )  Y 1    ( −  g 1 +  g 2 )  Y 2   ( −  g 1 −  g 2 )  Y 1  2  g 1  Y 3 ) v


   M N =  (    2  Y 1  −  Y 3  −  Y 2   −  Y 3  2  Y 2  −  Y 1   −  Y 2  −  Y 1  2  Y 3 ) Λ


   M 𝜈 = −  M D T  M N  − 1  M D


   M e ,  M 𝜈 →  (    m e   m 𝜇 ,    m 𝜇   m 𝜏 ,   Δ  m 21 2  Δ  m 31 2 ,    sin 2 ⁡   (  𝜃 12 ) ,    sin 2 ⁡   (  𝜃 13 ) ,    sin 2 ⁡   (  𝜃 23 ) ,  𝛿  C P )


  𝜏 ,  𝛼 𝛾 ,  𝛽 𝛾 ,    g 2   g 1


  𝜏 = 0 . 008 + 0 . 98 i


  𝛼 / 𝛾 = 15 . 3


  𝛽 / 𝛾 = 0 . 054


   g 2 /  g 1 = 0 . 029 i


   m e /  m 𝜇 = 0 . 0048


   m 𝜇 /  m 𝜏 = 0 . 0567


  Δ  m 21 2 / Δ  m 31 2 = 0 . 0292


     sin 2 ⁡   (  𝜃 12 ) = 0 . 459


     sin 2 ⁡   (  𝜃 13 ) = 0 . 001


     sin 2 ⁡   (  𝜃 23 ) = 0 , 749


   𝛿  C P = 1 . 25 𝜋


   Y 3   ( 2 ) = Y =  (     Y 1    Y 2    Y 3 )
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   G d = S L  ( 2 , ℤ ) / H


  Im ( τ )


  Re ( τ )


  𝜔


  i


  i ∞


   ℤ 3


   ℤ 2


   ℤ N


   G d = S L  ( 2 , ℤ ) / H


  L ∼  ( 𝜌 ,  k L ) ,


   E c ∼  (  𝜌 c ,  k   E c )


   E i c M    ( 𝜏 )  i j  L j


  Im ( τ )


  Re ( τ )
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   ℤ N


   G d = S L  ( 2 , ℤ ) / H


  L ∼  ( 𝜌 ,  k L ) ,


   E c ∼  (  𝜌 c ,  k   E c )


   E i c M    ( 𝜏 )  i j  L j


  𝜏 ∼ i ∞ , 𝜖 =  e  − 2 𝜋 Im  ( 𝜏 ) / N


   G d


  Im ( τ )


  Re ( τ )


  𝜔


  i


  i ∞


   ℤ 3
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   ℤ N


   G d = S L  ( 2 , ℤ ) / H


  L ∼  ( 𝜌 ,  k L ) ,


   E c ∼  (  𝜌 c ,  k   E c )


   E i c M    ( 𝜏 )  i j  L j


  𝜏 ∼ i ∞ , 𝜖 =  e  − 2 𝜋 Im  ( 𝜏 ) / N


   G d


  𝜌 ,  𝜌 c


   ℤ N


  𝜌 =  1   q 1 ⊕  1   q 2 ⊕  1   q 3


   𝜌 c =  1   q 1 c ⊕  1   q 2 c ⊕  1   q 3 c


  Im ( τ )


  Re ( τ )


  𝜔
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  i ∞
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   ℤ N


   G d = S L  ( 2 , ℤ ) / H


  L ∼  ( 𝜌 ,  k L ) ,


   E c ∼  (  𝜌 c ,  k   E c )


   E i c M    ( 𝜏 )  i j  L j


  𝜏 ∼ i ∞ , 𝜖 =  e  − 2 𝜋 Im  ( 𝜏 ) / N


   G d


  𝜌 ,  𝜌 c


   ℤ N


  𝜌 =  1   q 1 ⊕  1   q 2 ⊕  1   q 3


   𝜌 c =  1   q 1 c ⊕  1   q 2 c ⊕  1   q 3 c


  M    ( 𝜏 )  i j ∼  𝜖   l  i j


   l  i j +  q i +  q j c = 0    mod ⁡ N  


  Im ( τ )


  Re ( τ )


  𝜔
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  i ∞


   ℤ 3
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   ℤ N


   G d = S L  ( 2 , ℤ ) / H


  L ∼  ( 𝜌 ,  k L ) ,


   E c ∼  (  𝜌 c ,  k   E c )


   E i c M    ( 𝜏 )  i j  L j


  𝜏 ∼ i ∞ , 𝜖 =  e  − 2 𝜋 Im  ( 𝜏 ) / N


   G d


  𝜌 ,  𝜌 c


   ℤ N


  𝜌 =  1   q 1 ⊕  1   q 2 ⊕  1   q 3


   𝜌 c =  1   q 1 c ⊕  1   q 2 c ⊕  1   q 3 c


  M    ( 𝜏 )  i j ∼  𝜖   l  i j


   l  i j +  q i +  q j c = 0    mod ⁡ N  


   (  m 1 ,  m 2 ,  m 3 ) ∼  (  𝜖 a ,  𝜖 b ,  𝜖 c )


  0 ≤ a , b , c ≤ N − 1


   G d =  Γ 5 ′ = S L  ( 2 , ℤ ) / Γ  ( 5 )


  L ∼ 𝟑 ,  E c ∼  𝟑 ′


   ℤ 5 :


  L =  1 0 ⊕  1 1 ⊕  1 4 ;              E c =  1 0 ⊕  1 2 ⊕  1 3


   M e  ( 𝜏 ) ~    (    1   𝜖 4  𝜖    𝜖 3   𝜖 2   𝜖 4    𝜖 2  𝜖   𝜖 3 )            ( 𝜖 =  e  − 2 𝜋 Im  ( 𝜏 ) / 5 )


   (  m 𝜏 ,  m 𝜇 ,  m e ) ∼  ( 1 , 𝜖 ,  𝜖 4 )


   G d =  Γ 5 ′ = S L  ( 2 , ℤ ) / Γ  ( 5 )


  L ∼ 𝟑 ,  E c ∼  𝟑 ′


   ℤ 5 :


  L =  1 0 ⊕  1 1 ⊕  1 4 ;              E c =  1 0 ⊕  1 2 ⊕  1 3


   M e  ( 𝜏 ) ~    (    1   𝜖 4  𝜖    𝜖 3   𝜖 2   𝜖 4    𝜖 2  𝜖   𝜖 3 )            ( 𝜖 =  e  − 2 𝜋 Im  ( 𝜏 ) / 5 )


   (  m 𝜏 ,  m 𝜇 ,  m e ) ∼  ( 1 , 𝜖 ,  𝜖 4 )


   (  m 𝜏 ,  m 𝜇 ,  m e ) ∼  ( 1 ,  𝜖 a ,  𝜖 b )  →    Exp.   values  b a ≈ 2 , 89


  a ≥ 1 , b ≥ 3


   G d =  Γ 5 ′ = S L  ( 2 , ℤ ) / Γ  ( 5 )


  L ∼ 𝟑 ,  E c ∼  𝟑 ′


   ℤ 5 :


  L =  1 0 ⊕  1 1 ⊕  1 4 ;              E c =  1 0 ⊕  1 2 ⊕  1 3


   M e  ( 𝜏 ) ~    (    1   𝜖 4  𝜖    𝜖 3   𝜖 2   𝜖 4    𝜖 2  𝜖   𝜖 3 )            ( 𝜖 =  e  − 2 𝜋 Im  ( 𝜏 ) / 5 )


   (  m 𝜏 ,  m 𝜇 ,  m e ) ∼  ( 1 , 𝜖 ,  𝜖 4 )


  𝜏 ∼ i , 𝜔


  0 ≤ a , b , c ≤ 1 ( resp .   2 )


  Im ( τ )


  Re ( τ )


  𝜔
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   ℤ N


   (  m 𝜏 ,  m 𝜇 ,  m e ) ∼  ( 1 ,  𝜖 a ,  𝜖 b )  →    Exp.   values  b a ≈ 2 , 89


  a ≥ 1 , b ≥ 3


   G d =  Γ 5 ′ = S L  ( 2 , ℤ ) / Γ  ( 5 )


  L ∼ 𝟑 ,  E c ∼  𝟑 ′


   ℤ 5 :


  L =  1 0 ⊕  1 1 ⊕  1 4 ;              E c =  1 0 ⊕  1 2 ⊕  1 3


   M e  ( 𝜏 ) ~    (    1   𝜖 4  𝜖    𝜖 3   𝜖 2   𝜖 4    𝜖 2  𝜖   𝜖 3 )            ( 𝜖 =  e  − 2 𝜋 Im  ( 𝜏 ) / 5 )


   (  m 𝜏 ,  m 𝜇 ,  m e ) ∼  ( 1 , 𝜖 ,  𝜖 4 )


  𝜏 ∼ i , 𝜔


  0 ≤ a , b , c ≤ 1 ( resp .   2 )


   (  m 𝜏 ,  m 𝜇 ,  m e ) ∼  ( 1 ,  𝜖 a ,  𝜖 b )  →    Exp.   values  b a ≈ 2 , 89


  a ≥ 1 , b ≥ 3


   G d =  Γ 5 ′ = S L  ( 2 , ℤ ) / Γ  ( 5 )


  L ∼ 𝟑 ,  E c ∼  𝟑 ′


   ℤ 5 :


  L =  1 0 ⊕  1 1 ⊕  1 4 ;              E c =  1 0 ⊕  1 2 ⊕  1 3


   M e  ( 𝜏 ) ~    (    1   𝜖 4  𝜖    𝜖 3   𝜖 2   𝜖 4    𝜖 2  𝜖   𝜖 3 )            ( 𝜖 =  e  − 2 𝜋 Im  ( 𝜏 ) / 5 )


   (  m 𝜏 ,  m 𝜇 ,  m e ) ∼  ( 1 , 𝜖 ,  𝜖 4 )


  𝜏 ∼ i , 𝜔


  0 ≤ a , b , c ≤ 1 ( resp .   2 )


   (  m 𝜏 ,  m 𝜇 ,  m e ) ∼  ( 1 ,  𝜖 a ,  𝜖 b )  →    Exp.   values  b a ≈ 2 , 89


  a ≥ 1 , b ≥ 3


   G d = S L  ( 2 , ℤ ) / H


   G d = S L  ( 2 , ℤ ) / H


   G d = S L  ( 2 , ℤ ) / H


   Y 𝜌   k Y  ( 𝛾 𝜏 ) =    ( c 𝜏 + d )   k Y 𝜌  ( 𝛾 )  Y 𝜌   k Y  ( 𝜏 )


   G d = S L  ( 2 , ℤ ) / H


   Y 𝜌   k Y  ( 𝛾 𝜏 ) =    ( c 𝜏 + d )   k Y 𝜌  ( 𝛾 )  Y 𝜌   k Y  ( 𝜏 )


   G d = S L  ( 2 , ℤ ) / H


   Y 𝜌   k Y  ( 𝛾 𝜏 ) =    ( c 𝜏 + d )   k Y 𝜌  ( 𝛾 )  Y 𝜌   k Y  ( 𝜏 )


   G d = S L  ( 2 , ℤ ) / H


   Y 𝜌   k Y  ( 𝛾 𝜏 ) =    ( c 𝜏 + d )   k Y 𝜌  ( 𝛾 )  Y 𝜌   k Y  ( 𝜏 )


   (  m 𝜏 ,  m 𝜇 ,  m e ) ∼  ( 1 ,  𝜖 a ,  𝜖 b )  →    Exp.   values  b a ≈ 2 , 89


  a ≥ 1 , b ≥ 3


   (  m 𝜏 ,  m 𝜇 ,  m e ) ∼  ( 1 ,  𝜖 a ,  𝜖 b )  →    Exp.   values  b a ≈ 2 , 89


  a ≥ 1 , b ≥ 3


   (  m 𝜏 ,  m 𝜇 ,  m e ) ∼  ( 1 ,  𝜖 a ,  𝜖 b )  →    Exp.   values  b a ≈ 2 , 89


  a ≥ 1 , b ≥ 3


   (  ℤ 3 ⋊  ℤ 4 ) ×  ℤ 3


   A 4 ×  ℤ 4


   (  m 𝜏 ,  m 𝜇 ,  m e ) ∼  ( 1 ,  𝜖 a ,  𝜖 b )  →    Exp.   values  b a ≈ 2 , 89


  a ≥ 1 , b ≥ 3


  Exp.values:       Δ  m 21 2  Δ  m 31 2 ≈    m 𝜇   m 𝜏


  𝜔


   𝛿  C P = 0 , 𝜋


  3 𝜎


  S L  ( 2 , ℤ ) =  {  (    a  b   c  d ) | a , b , c , d ∈ ℤ , a d − b c = 1 }


  =  < S , T |  S 4 =    ( S T ) 3 =  S 2 T  S  − 2  T  − 1 = 1 >


  S =  (    0  1   − 1  0 )


  T =  (    1  1   0  1 )


  S 𝜏 = −  1 𝜏


  T 𝜏 = 𝜏 + 1


  𝜏


  𝛾 𝜏 = 𝜏


   G d = S L  ( 2 , ℤ ) / H = < S , T |  S 4 =    ( S T ) 3 =  S 2 T  S  − 2  T  − 1 = 1 + other relations >


   G d


   T N = 1


  Im ( τ )


  Re ( τ )


  𝜔


  i


  i ∞


   ℤ 3


   ℤ 2


   ℤ N


  T i ∞ = i ∞


  S i = i


  S T 𝜔 = 𝜔


  T i ∞ = i ∞


  S i = i


  S T 𝜔 = 𝜔


  𝜏


  𝜏 → −  𝜏 -


  Re  ( 𝜏 ) = 0 , 1 / 2 , − 1 / 2


   | 𝜏 | = 1 ,       𝜏


  Im ( τ )


  Re ( τ )


  𝜏


   𝛿  C P


   A 4


   A 4


  = S L  ( 2 , ℤ ) / Γ  ( 3 ) = < S , T |  S 4 =    ( S T ) 3 =  S 2 T  S  − 2  T  − 1 =  T 3 = 1 >


  𝟏 , 𝟏 ′ , 𝟏 " , 𝟑


   A 4 |


  𝟏


  𝟏 ′


  𝜔


  𝟏 "


   𝜔 2


  𝟑


   1 3  (    − 1  2  2   2  − 1  2   2  2  − 1 )


   (    1  0  0   0  𝜔  0   0  0   𝜔 2 )


     (     𝜙 1    𝜙 2    𝜙 3 ) 3 ⊗    (     𝜓 1    𝜓 2    𝜓 3 ) 3


  =    (  𝜙 1  𝜓 1 +  𝜙 2  𝜓 3 +  𝜙 3  𝜓 2 ) 1


  ⊕    (  𝜙 3  𝜓 3 +  𝜙 1  𝜓 2 +  𝜙 2  𝜓 1 )  1 ′


  ⊕    (  𝜙 2  𝜓 2 +  𝜙 3  𝜓 1 +  𝜙 1  𝜓 3 )  1 "


  ⊕  1   3    (    2  𝜙 1  𝜓 1 −  𝜙 2  𝜓 3 −  𝜙 3  𝜓 2   2  𝜙 3  𝜓 3 −  𝜙 1  𝜓 2 −  𝜙 2  𝜓 1   2  𝜙 2  𝜓 2 −  𝜙 3  𝜓 1 −  𝜙 1  𝜓 3 ) 3


  ⊕    (     𝜙 2  𝜓 3 −  𝜙 3  𝜓 2    𝜙 1  𝜓 2 −  𝜙 2  𝜓 1    𝜙 3  𝜓 1 −  𝜙 1  𝜓 3 ) 3


   A 4 ×  ℤ 4


  L =  𝟏 𝟏 ′ ⊕  𝟏 𝟏 ′ ⊕  𝟏 𝟑


   E c =  𝟏 𝟏 ⊕  𝟏 𝟑 ′ ⊕  𝟏 𝟑 ′


   A 4 ×  ℤ 4 :  𝟏 𝐤 ,  𝟏 𝐤 ′ , 𝟏  " 𝐤 ,  𝟑 𝐤 , k = 0 , 1 , 2 , 3


   k L =  ( 3 , 5 , 1 )        k   E c =  ( 1 , 1 , 1 )


  T i ∞ = i ∞


  S i = i


  S T 𝜔 = 𝜔


  𝜏 = 0 , 21 + 2 , 58 i


   𝛼 2 = − 0 , 68


   𝛼 3 = 4 , 39


   𝛼 4 = − 0 , 76


   𝛼 5 = − 14 , 58


   g 2 = 1 , 43


   g 3 = 0 , 19


   g 4 = 1 , 94


   m e /  m 𝜇 = 0 . 00474


   m 𝜇 /  m 𝜏 = 0 . 0588


  Δ  m 21 2 / Δ  m 31 2 = 0 . 0296


     sin 2 ⁡   (  𝜃 12 ) = 0 . 306


     sin 2 ⁡   (  𝜃 13 ) = 0 . 022


     sin 2 ⁡   (  𝜃 23 ) = 0 , 449


   𝛿  C P = 1 . 15 𝜋


   𝜒 2 = 0 , 55


   P  M G = 2 , 44


   d  F T = 1 , 78

