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The flavour puzzle(s):

• Why 3 generations?

• How neutrinos get their masses?

• Are neutrinos Majorana or Dirac?

• Do we really need so many parameters?

19 flavour parameters / 25 SM parameters
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How to do in practice?

1. Choose a discrete flavour group 𝐺𝑓: 𝐴4, 𝑇′, 𝑆3, Δ 96 , . . . .

2. Fix transformations of the Standard Model fields: 𝐿
𝑔∈𝐺𝑓

𝜌 𝑔 𝐿

3. Add a field 𝜙 called flavon whose vev breaks the symmetry.

4. Write every 𝑮𝒇-invariant operator in the Lagrangian.

5. The flavon takes a vev, mass matrices are determined. 

6. Find a mechanism such that at < 𝜙 >≠ 0 PMNS and 𝑚𝑒 , 𝑚𝜇 , 𝑚𝜏 take the experimental values.

7. Possibility: when < 𝜙 >= 0 → PMNS=Tribimaximal and 𝒎𝒆 = 𝒎𝝁 = 𝟎.
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Modular symmetry is inspired by compactification of extra-dim:
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Modular symmetry = Redundancy of parametrization of the torus
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1. Transformations of the SM fields under modular transformations:

𝜏 →
𝑎𝜏 + 𝑏

𝑐𝜏 + 𝑑

𝜙 → 𝑐𝜏 + 𝑑 −𝑘𝜙𝜌𝜙 𝛾 𝜙

𝛾 =
a b
c d

∈ 𝑆𝐿 2, ℤ Non-linear realisation!

𝜌𝜙 representation of the finite modular group 𝐺𝑑 = 𝑆𝐿 2, ℤ /𝐻

2. Write couplings as functions of τ:

ℒ ⊃ 𝑌𝜌
𝑘𝑌 𝜏 𝐿𝐸𝑐𝐻 with 𝑌𝜌

𝑘𝑌 𝛾𝜏 = 𝑐𝜏 + 𝑑 𝑘𝑌𝜌 𝛾 𝑌𝜌
𝑘𝑌 𝜏 (1)

(1) + Holomorphy ⇒ 𝑌𝜌
𝑘𝑌 are modular forms

Implementation of Modular symmetry:

3. Modular invariance of ℒ requires:

𝑘𝑌 𝑛 = 𝑘𝐿 + 𝑘𝐸𝑐 + 𝑘𝐻

1 ⊂ 𝜌 ⊗ 𝜌𝐿 ⊗ 𝜌𝐸𝑐 ⊗ 𝜌𝐻

+ Modular forms → Very constrained: few Yukawa couplings allowed

[Feruglio; 1706.08749]

IRN Terascale Heidelberg, 20/10/2026



Modular symmetry as a Flavour symmetry2

Victor Saulquin 8/15

Very first model:

• Based on 𝐴4 = 𝑆𝐿 2, ℤ /Γ 3 irreps are: 𝟏, 𝟏′, 𝟏", 𝟑
• Neutrino masses generated by seesaw mechanism

𝐸𝑐 𝐿 𝑁𝑐 𝐻

𝜌𝜙 𝟏 ⊕ 𝟏" ⊕ 𝟏′ 𝟑 𝟑 𝟏

𝑘𝜙 1 1 1 0

[Feruglio; 1706.08749]

IRN Terascale Heidelberg, 20/10/2026



Modular symmetry as a Flavour symmetry2

Victor Saulquin 8/15

Very first model:

• Based on 𝐴4 = 𝑆𝐿 2, ℤ /Γ 3 irreps are: 𝟏, 𝟏′, 𝟏", 𝟑
• Neutrino masses generated by seesaw mechanism

𝐸𝑐 𝐿 𝑁𝑐 𝐻

𝜌𝜙 𝟏 ⊕ 𝟏" ⊕ 𝟏′ 𝟑 𝟑 𝟏

𝑘𝜙 1 1 1 0

[Feruglio; 1706.08749]

IRN Terascale Heidelberg, 20/10/2026

ℒ𝑒 ⊃ 𝛼 𝐸1
𝑐𝐿𝑌3

2

1
𝐻 + 𝛽 𝐸2

𝑐𝐿𝑌3
2

1
𝐻 + 𝛾 𝐸3

𝑐𝐿𝑌3
2

1
𝐻

ℒ𝜈 ⊃ 𝑔1 𝑁𝑐𝐿 3,𝑆𝑌3
2

1
𝐻 + 𝑔2 𝑁𝑐𝐿 3,𝐴𝑌3

2

1
𝐻 + Λ 𝑁𝑐𝑁𝑐𝑌3

2

1

𝑘𝑌 𝑛 = 𝑘𝐿 + 𝑘𝐸𝑐 + 𝑘𝐻

1 ⊂ 𝜌 ⊗ 𝜌𝐿 ⊗ 𝜌𝐸𝑐 ⊗ 𝜌𝐻

Invariant operators:

Only one

 𝑌3
2

𝛾𝜏 = 𝑐𝜏 + 𝑑 2𝜌3 𝛾 𝑌3
2

𝜏

Yukawa terms

Dirac terms Majorana terms
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𝑀e =

𝛼𝑌1 𝛼𝑌3 𝛼𝑌2

𝛽𝑌2 𝛽𝑌1 𝛽𝑌3

𝛾𝑌3 𝛾𝑌2 𝛾𝑌1

𝑣 𝑀D =

2𝑔1𝑌1 −𝑔1 + 𝑔2 𝑌3 −𝑔1 − 𝑔2 𝑌2

−𝑔1 − 𝑔2 𝑌3 2𝑔1𝑌2 −𝑔1 + 𝑔2 𝑌1

−𝑔1 + 𝑔2 𝑌2 −𝑔1 − 𝑔2 𝑌1 2𝑔1𝑌3

𝑣 𝑀N =

2𝑌1 −𝑌3 −𝑌2

−𝑌3 2𝑌2 −𝑌1

−𝑌2 −𝑌1 2𝑌3

Λ

IRN Terascale Heidelberg, 20/10/2026

Mass matrices:

Seesaw formula:

𝑀𝜈 = −𝑀𝐷
𝑇𝑀𝑁

−1𝑀𝐷
𝑌3

2
= 𝑌 =

𝑌1

𝑌2

𝑌3

[Feruglio; 1706.08749]
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2
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𝑚𝜇
,

𝑚𝜇

𝑚𝜏
,

Δ𝑚21
2

Δ𝑚31
2 , sin2 𝜃12 , sin2 𝜃13 , sin2 𝜃23 , 𝛿𝐶𝑃 depend on 𝜏,

𝛼

𝛾
,

𝛽

𝛾
,

𝑔2

𝑔1

𝜏 = 0.008 + 0.98𝑖
𝛼/𝛾 = 15.3

𝛽/𝛾 = 0.054
𝑔2/𝑔1 = 0.029𝑖

𝑚𝑒/𝑚𝜇 = 0.0048

𝑚𝜇/𝑚𝜏 = 0.0567

Δ𝑚21
2 /Δ𝑚31

2 = 0.0292

sin2 𝜃12 = 0.459
sin2 𝜃13 = 0.001
sin2 𝜃23 = 0,749

𝛿𝐶𝑃 = 1.25𝜋

Best fit point in parameter space:

𝑌3
2

= 𝑌 =
𝑌1

𝑌2

𝑌3

[Feruglio; 1706.08749]
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• τ fully breaks modular symmetry

• τ at special points = residual symmetry

[Novichkov, Penedo, Petcov; 2102.07488]
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• Near 𝜏 ∼ 𝑖∞, 𝜖 = 𝑒−2𝜋Im 𝜏 /𝑁 deviation function measures symmetry 

breaking (N depends on 𝐺𝑑)

IRN Terascale Heidelberg, 20/10/2026

Our approximative symmetry



Modular Hierarchy3

Victor Saulquin 10/15

Im(τ)

Re(τ)

𝜔
𝑖

𝑖∞

ℤ3

ℤ2

ℤN

• τ fully breaks modular symmetry

• τ at special points = residual symmetry

[Novichkov, Penedo, Petcov; 2102.07488]

• Finite modular group 𝐺𝑑 = 𝑆𝐿 2, ℤ /𝐻 fixed

• 𝐿 ∼ 𝜌, 𝑘𝐿 , 𝐸𝑐 ∼ 𝜌𝑐 , 𝑘𝐸𝑐 , their mass term is: 𝐸𝑖
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• Near 𝜏 ∼ 𝑖∞, 𝜖 = 𝑒−2𝜋Im 𝜏 /𝑁 deviation function measures symmetry 

breaking (N depends on 𝐺𝑑)

• 𝜌, 𝜌𝑐 decomposed as irreps of the residual symmetry group ℤ𝑁:

𝜌 = 1𝑞1
⊕ 1𝑞2

⊕ 1𝑞3
,     𝜌𝑐 = 1𝑞1

𝑐 ⊕ 1𝑞2
𝑐 ⊕ 1𝑞3

𝑐

IRN Terascale Heidelberg, 20/10/2026
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• τ at special points = residual symmetry

[Novichkov, Penedo, Petcov; 2102.07488]

• Finite modular group 𝐺𝑑 = 𝑆𝐿 2, ℤ /𝐻 fixed

• 𝐿 ∼ 𝜌, 𝑘𝐿 , 𝐸𝑐 ∼ 𝜌𝑐 , 𝑘𝐸𝑐 , their mass term is: 𝐸𝑖
𝑐𝑀 𝜏 𝑖𝑗𝐿𝑗

• Near 𝜏 ∼ 𝑖∞, 𝜖 = 𝑒−2𝜋Im 𝜏 /𝑁 deviation function measures symmetry 

breaking (N depends on 𝐺𝑑)

• 𝜌, 𝜌𝑐 decomposed as irreps of the residual symmetry group ℤ𝑁:

𝜌 = 1𝑞1
⊕ 1𝑞2

⊕ 1𝑞3
,     𝜌𝑐 = 1𝑞1

𝑐 ⊕ 1𝑞2
𝑐 ⊕ 1𝑞3

𝑐

• Modular Invariance of the mass term: 𝑀 𝜏 𝑖𝑗 ∼ 𝜖𝑙𝑖𝑗 with

𝑙𝑖𝑗 + 𝑞𝑖 + 𝑞𝑗
𝑐 = 0 mod 𝑁 (Charge Conservation)

IRN Terascale Heidelberg, 20/10/2026

Our approximative symmetry



Modular Hierarchy3

Victor Saulquin 10/15

Im(τ)

Re(τ)

𝜔
𝑖

𝑖∞

ℤ3

ℤ2

ℤN

• τ fully breaks modular symmetry

• τ at special points = residual symmetry

[Novichkov, Penedo, Petcov; 2102.07488]

• Finite modular group 𝐺𝑑 = 𝑆𝐿 2, ℤ /𝐻 fixed

• 𝐿 ∼ 𝜌, 𝑘𝐿 , 𝐸𝑐 ∼ 𝜌𝑐 , 𝑘𝐸𝑐 , their mass term is: 𝐸𝑖
𝑐𝑀 𝜏 𝑖𝑗𝐿𝑗

• Near 𝜏 ∼ 𝑖∞, 𝜖 = 𝑒−2𝜋Im 𝜏 /𝑁 deviation function measures symmetry 

breaking (N depends on 𝐺𝑑)

• 𝜌, 𝜌𝑐 decomposed as irreps of the residual symmetry group ℤ𝑁:

𝜌 = 1𝑞1
⊕ 1𝑞2

⊕ 1𝑞3
,     𝜌𝑐 = 1𝑞1

𝑐 ⊕ 1𝑞2
𝑐 ⊕ 1𝑞3

𝑐

• Modular Invariance of the mass term: 𝑀 𝜏 𝑖𝑗 ∼ 𝜖𝑙𝑖𝑗 with

𝑙𝑖𝑗 + 𝑞𝑖 + 𝑞𝑗
𝑐 = 0 mod 𝑁 (Charge Conservation)

• Order of each entry of mass matrix → 𝑚1, 𝑚2, 𝑚3 ∼ 𝜖𝑎 , 𝜖𝑏 , 𝜖𝑐

where 0 ≤ 𝑎, 𝑏, 𝑐 ≤ 𝑁 − 1.
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• Finite modular group: 𝐺𝑑 = Γ5
′ = 𝑆𝐿 2, ℤ /Γ 5 (N=5)

𝐿 ∼ 𝟑, 𝐸𝑐 ∼ 𝟑′

• Decomposition under ℤ5:
𝐿 = 10 ⊕ 11 ⊕ 14; 𝐸𝑐 = 10 ⊕ 12 ⊕ 13

• Charge Conservation:

𝑀e 𝜏 ~
1 𝜖4 𝜖
𝜖3 𝜖2 𝜖4

𝜖2 𝜖 𝜖3

 𝜖 = 𝑒−2𝜋Im 𝜏 /5

→ 𝑚𝜏, 𝑚𝜇 , 𝑚𝑒 ∼ 1, 𝜖, 𝜖4

[Novichkov, Penedo, Petcov; 2102.07488]
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Exp.values 𝑏

𝑎
≈ 2,89

𝑎 ≥ 1, 𝑏 ≥ 3
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Same game when 𝜏 ∼ 𝑖, 𝜔 with some subtelties (depend on the weight) 
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Im(τ)

Re(τ)
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Finite modular groups: 𝐺𝑑 = 𝑆𝐿 2, ℤ /𝐻

IRN Terascale Heidelberg, 20/10/2026
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This theory + resolution of practical issues:

 Algorithmic construcion of every modular form

[Bonnefoy, Rausch de Traubenberg, V.S.; 2611.xxxxx]
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Finite modular groups: 𝐺𝑑 = 𝑆𝐿 2, ℤ /𝐻
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Difficulty to build modular forms!

𝑌𝜌
𝑘𝑌 𝛾𝜏 = 𝑐𝜏 + 𝑑 𝑘𝑌𝜌 𝛾 𝑌𝜌

𝑘𝑌 𝜏

+ mathematical litterature:

Theory of modular forms for every group

IRN Terascale Heidelberg, 20/10/2026

This theory + resolution of practical issues:

 Algorithmic construcion of every modular form

Every model can be evaluated!

[Bonnefoy, Rausch de Traubenberg, V.S.; 2611.xxxxx]

[Liu, Ding; 2112.14761]
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• Number of choices of representations:   188 559

[Liu, Ding; 2112.14761]
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• Number of choices of representations:   188 559

• Producing a charged leptons hierarchy: 5 848

• PMNS matrix entries of order 1: 220

    for Weinberg operator

• Correct neutrino mass hierarchy: 

 4 representations from ℤ3 ⋊ ℤ4 × ℤ3 and 𝐴4 × ℤ4

𝑚𝜏, 𝑚𝜇 , 𝑚𝑒 ∼ 1, 𝜖𝑎 , 𝜖𝑏
Exp.values 𝑏

𝑎
≈ 2,89

𝑎 ≥ 1, 𝑏 ≥ 3

Exp.values: 
Δ𝑚21

2

Δ𝑚31
2 ≈

𝑚𝜇

𝑚𝜏

[Liu, Ding; 2112.14761]

[Reyimuaji, Romanino; 1801.10530]

IRN Terascale Heidelberg, 20/10/2026

[Bonnefoy, Rausch de Traubenberg, V.S.; 26xx.xxxxx]
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No irreducible triplet:

• General Fact? PMNS impossible at 𝜔

• Depends on our hypothesis?

CP phase:

• Most models predict 𝛿𝐶𝑃 = 0, 𝜋 → Exceed 3𝜎

• Predictable? Criterion on the choice of representations?

Inverted Hierarchy:

• Latest JUNO result: Normal hierarchy is favoured.

• Weinberg operator? Same result if seesaw mechanism?

[JUNO collaboration; 2609.37895]

[Feruglio; 2302.11580] 

IRN Terascale Heidelberg, 20/10/2026
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Conclusion:

• The flavour puzzle suggests a broken discrete symmetry.

• Modular symmetry is a constraining candidate → few parameters predict the observables.

• Near fixed points, the mass hierarchy is naturally produced.

• Classification of models predicting all observed hierarchies in the leptonic sector of SM.

• Constructed model fit the observables with order 1 coefficients.

• Latest experiments suggest hypothesis revisions.

IRN Terascale Heidelberg, 20/10/2026
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IRN Terascale Heidelberg, 20/10/2026

Thank you for your attention!
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𝑆𝐿 2, ℤ =
a b
c d

|𝑎, 𝑏, 𝑐, 𝑑 ∈ ℤ, 𝑎𝑑 − 𝑏𝑐 = 1

= <𝑆, 𝑇|𝑆4 = 𝑆𝑇 3 = 𝑆2𝑇𝑆−2𝑇−1 = 1 >

𝑆 =
0 1

−1 0

T =
1 1
0 1

𝑆𝜏 = −
1

𝜏

𝑇𝜏 = 𝜏 + 1

Fixed points: 𝜏 such that 𝛾𝜏 = 𝜏 

Finite modular group: 𝐺𝑑 = 𝑆𝐿 2, ℤ /𝐻 =< 𝑆, 𝑇|𝑆4 = 𝑆𝑇 3 = 𝑆2𝑇𝑆−2𝑇−1 = 1 + other relations >

𝐺𝑑 finite → N such that 𝑇𝑁 = 1

Im(τ)

Re(τ)

𝜔
𝑖

𝑖∞

ℤ3

ℤ2

ℤN

• 𝑇𝑖∞ = 𝑖∞
• 𝑆𝑖 = 𝑖
• 𝑆𝑇𝜔 = 𝜔

• 𝑇𝑖∞ = 𝑖∞

• 𝑆𝑖 = 𝑖

• 𝑆𝑇𝜔 = 𝜔

In the fundamental domain:

16/15



Back-up slide: CP symmetryB
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Unique transformation of 𝜏 under CP:

    𝜏 → − ҧ𝜏
Then if Re 𝜏 = 0,1/2, −1/2 or 𝜏 = 1, 𝜏 is CP-invariant

Im(τ)

Re(τ)

CP-invariant

Build models which spontaneously break CP!

• Impose CP-symmetry: free parameters of the Lagrangian are 

reals

• 𝜏 takes a value not CP-invariant→ spontaneously breaks CP

• 𝛿𝐶𝑃 is not trivial

[Novichkov, Penedo, Petcov, Titov; 1905.11970]
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𝐴4 the group of even permutations of even elements 
= 𝑆𝐿 2, ℤ /Γ 3 =< 𝑆, 𝑇|𝑆4 = 𝑆𝑇 3 = 𝑆2𝑇𝑆−2𝑇−1 = 𝑇3 = 1 >

Four irreducible représentations: 𝟏, 𝟏′, 𝟏", 𝟑 (1+1+1+3²=12=|𝐴4|)

S T

𝟏 1 1

𝟏′ 1 𝜔

𝟏" 1 𝜔2

𝟑
1

3

−1 2 2
2 −1 2
2 2 −1

1 0 0
0 𝜔 0
0 0 𝜔2

Clebsch-Gordan coefficients:
𝜙1

𝜙2

𝜙3 3

⊗

𝜓1

𝜓2

𝜓3 3

= 𝜙1𝜓1 + 𝜙2𝜓3 + 𝜙3𝜓2 1⊕ 𝜙3𝜓3 + 𝜙1𝜓2 + 𝜙2𝜓1 1′ ⊕ 𝜙2𝜓2 + 𝜙3𝜓1 + 𝜙1𝜓3 1"

⊕
1

3

2𝜙1𝜓1 − 𝜙2𝜓3 − 𝜙3𝜓2

2𝜙3𝜓3 − 𝜙1𝜓2 − 𝜙2𝜓1

2𝜙2𝜓2 − 𝜙3𝜓1 − 𝜙1𝜓3 3

⊕

𝜙2𝜓3 − 𝜙3𝜓2

𝜙1𝜓2 − 𝜙2𝜓1

𝜙3𝜓1 − 𝜙1𝜓3 3

[Bonnefoy, Rausch de Traubenberg, V.S.; 26xx.xxxxx]
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𝐿 = 𝟏𝟏′ ⊕ 𝟏𝟏′ ⊕ 𝟏𝟑     𝐸𝑐 = 𝟏𝟏 ⊕ 𝟏𝟑′ ⊕ 𝟏𝟑′

Irreps of 𝐴4 × ℤ4: 𝟏𝐤, 𝟏𝐤′, 𝟏"𝐤, 𝟑𝐤, 𝑘 = 0,1,2,3

Model predicting correct hierarchies:

Mass matrices:

For example: 𝑘𝐿 = 3,5,1  𝑘𝐸𝑐 = 1,1,1

• 𝑇𝑖∞ = 𝑖∞
• 𝑆𝑖 = 𝑖
• 𝑆𝑇𝜔 = 𝜔

𝜏 = 0,21 + 2,58𝑖
𝛼2 = −0,68
𝛼3 = 4,39

𝛼4 = −0,76
𝛼5 = −14,58

𝑔2 = 1,43
𝑔3 = 0,19
𝑔4 = 1,94

𝑚𝑒/𝑚𝜇 = 0.00474

𝑚𝜇/𝑚𝜏 = 0.0588

Δ𝑚21
2 /Δ𝑚31

2 = 0.0296

sin2 𝜃12 = 0.306
sin2 𝜃13 = 0.022
sin2 𝜃23 = 0,449

𝛿𝐶𝑃 = 1.15𝜋

𝜒2 = 0,55
𝑃𝑀𝐺 = 2,44
𝑑𝐹𝑇 = 1,78
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  = S L  ( 2 , ℤ ) / Γ  ( 3 ) = < S , T |  S 4 =    ( S T ) 3 =  S 2 T  S  − 2  T  − 1 =  T 3 = 1 >


  𝟏 , 𝟏 ′ , 𝟏 " , 𝟑


   A 4 |


  𝟏


  𝟏 ′


  𝜔


  𝟏 "


   𝜔 2


  𝟑


   1 3  (    − 1  2  2   2  − 1  2   2  2  − 1 )


   (    1  0  0   0  𝜔  0   0  0   𝜔 2 )


     (     𝜙 1    𝜙 2    𝜙 3 ) 3 ⊗    (     𝜓 1    𝜓 2    𝜓 3 ) 3


  =    (  𝜙 1  𝜓 1 +  𝜙 2  𝜓 3 +  𝜙 3  𝜓 2 ) 1


  ⊕    (  𝜙 3  𝜓 3 +  𝜙 1  𝜓 2 +  𝜙 2  𝜓 1 )  1 ′


  ⊕    (  𝜙 2  𝜓 2 +  𝜙 3  𝜓 1 +  𝜙 1  𝜓 3 )  1 "


  ⊕  1   3    (    2  𝜙 1  𝜓 1 −  𝜙 2  𝜓 3 −  𝜙 3  𝜓 2   2  𝜙 3  𝜓 3 −  𝜙 1  𝜓 2 −  𝜙 2  𝜓 1   2  𝜙 2  𝜓 2 −  𝜙 3  𝜓 1 −  𝜙 1  𝜓 3 ) 3


  ⊕    (     𝜙 2  𝜓 3 −  𝜙 3  𝜓 2    𝜙 1  𝜓 2 −  𝜙 2  𝜓 1    𝜙 3  𝜓 1 −  𝜙 1  𝜓 3 ) 3


   A 4 ×  ℤ 4


  L =  𝟏 𝟏 ′ ⊕  𝟏 𝟏 ′ ⊕  𝟏 𝟑


   E c =  𝟏 𝟏 ⊕  𝟏 𝟑 ′ ⊕  𝟏 𝟑 ′


   A 4 ×  ℤ 4 :  𝟏 𝐤 ,  𝟏 𝐤 ′ , 𝟏  " 𝐤 ,  𝟑 𝐤 , k = 0 , 1 , 2 , 3


   k L =  ( 3 , 5 , 1 )        k   E c =  ( 1 , 1 , 1 )


  T i ∞ = i ∞


  S i = i


  S T 𝜔 = 𝜔


  𝜏 = 0 , 21 + 2 , 58 i


   𝛼 2 = − 0 , 68


   𝛼 3 = 4 , 39


   𝛼 4 = − 0 , 76


   𝛼 5 = − 14 , 58


   g 2 = 1 , 43


   g 3 = 0 , 19


   g 4 = 1 , 94


   m e /  m 𝜇 = 0 . 00474


   m 𝜇 /  m 𝜏 = 0 . 0588


  Δ  m 21 2 / Δ  m 31 2 = 0 . 0296


     sin 2 ⁡   (  𝜃 12 ) = 0 . 306


     sin 2 ⁡   (  𝜃 13 ) = 0 . 022


     sin 2 ⁡   (  𝜃 23 ) = 0 , 449


   𝛿  C P = 1 . 15 𝜋


   𝜒 2 = 0 , 55


   P  M G = 2 , 44


   d  F T = 1 , 78

