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Motivation

• The motivation of pushing higher-order perturbative calculations is to improve the 
accuracy and precision of predictions in QFTs

• We know that the perturbative series is asymptotic and not convergent

• Disclaimer: I have personal bias in presenting results, and references cited in this talk 
are also selective. I apologize for any omissions.
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• In a standard NLO QCD computation:

O(↵b
s) O(↵b+1

s ) O(↵b+1
s )

Born
cross section

Virtual
correction

Real
correction

Finite Divergent Divergent

Prominent issues:

2. IR divergences in real 
phase space integration

3. Virtual evaluation is (too) 
slow

1. Number of Feynman 
diagrams explodes as n!
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✅ Automated !
~ 2010s
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NkLO Challenges
• NkLO (k>1) challenges in traditional/standard approaches
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• Feynman integral reduction: intermediate expression swell
• Most integrals can be reduced to a (much) smaller basis of master integrals 

via integration-by-parts identities 

• Such as Laporta’s algorithm (an optimized Gauss elimination method)

• … simple and powerful but high computational costs 

Laporta (hep-ph/0102033)

• Active developments (syzygy equations, intersection numbers, finite field etc)

• Many public tools (AIR, FIRE, Reduze, KIRA, FiniteFlow, LiteRed, NeatIBP, Blade etc)

• A bottleneck for multiple-scale problems
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• Feynman integral reduction: intermediate expression swell
Badger et al. (arXiv:2409.08146)

• Two-loop QCD for 
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• DPzz family with NeatIBP

• 56 CPU threads & 1.5 TB RAM
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NkLO Challenges
• NkLO (k>1) challenges in traditional/standard approaches
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• Feynman integral reduction: intermediate expression swell

• Master integrals: special functions (not even mathematically well understood)

• Analytic structure becomes richer at two loops and beyond

• Number of classes of special functions grows, which are not known fully.
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M 3 multiple polylogarithms

+ dlog one-forms

Two-loop di-jet

Two-loop light-by-light

+ elliptic polylogarithms Two-loop top-quark pair
+ iterated integral on K3 surfaces Three-loop photon self-energy

+ …
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NkLO Challenges
• NkLO (k>1) challenges in traditional/standard approaches
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• Feynman integral reduction: intermediate expression swell

• Master integrals: special functions (not even mathematically well understood)

• Analytic structure becomes richer at two loops and beyond

• Number of classes of special functions grows, which are not known fully.

• Many new approaches (active subfield)

• Fully numerical: sector decomposition, loop-tree duality, integrand-level sub.

• Semi-numerical via DEs: DiffExp, Seasyde, AMFlow, LINE, …

• Full analtyic: differential equations, Mellin-Barnes, etc
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NkLO Challenges
• NkLO (k>1) challenges in traditional/standard approaches
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• Feynman integral reduction: intermediate expression swell

• Master integrals: special functions (not even mathematically well understood)

• IR divergences in phase space: IR subtraction counter-terms
• Because of IR divergences, cannot do Monte Carlo integration over PS directly
• The common wisdom is to introduce IR counter-terms

• Matching IR singularities of real MEs but simpler to integrate in dim reg.
• Challenges

• Separation of overlapping singularities 

• Too many counter-terms to be constructed

• Very high numerical accuracy required for phase-space mapping
• Methods & tools: STRIPPER, antenna (NNLOJet), nest soft-collinear (history), 

CoLoRFulNNLO (NNLOCal), Torino, P2B, …, also efforts to N3LO 



GDRQCD2026 Hua-Sheng Shao5

“Numbers” of NkLO Papers per year

Plots made by Claude Opus 5.5 (Extra)
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NNLO, N3LO & LI@NLO papers
• NNLO, N3LO & LI@NLO calculations between Sep 2025 - Oct 2026

Tables made by Claude Opus 5.5 (Extra)
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NNLO, N3LO & LI@NLO papers
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NNLO, N3LO & LI@NLO papers
• NNLO, N3LO & LI@NLO calculations between Sep 2025 - Oct 2026

Tables made by Claude Opus 5.5 (Extra)

I will only select a few examples to stress some of my points.

Disclaimer: It is an active subfield. I will not go through one by one, but 
instead …



GDRQCD2026 Hua-Sheng Shao7

Computing Complexities
• At the borderline of  available computing resources for research

Czakon, Eschment, Generet & Poncelet (2604.12613)

• A fully differential N3LO calculation for an LHC process usually takes 
> million CPU hours

• For example, the first fully differential 2->2 N3LO calculation

• CPU hours:
<latexit sha1_base64="pttjKd1VwM6TXapmz9bZVDaYcIg=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIsgCGVGfC2LblxWsA/oDCWTZtrQPIYkIwxD/RU3LhRx64e4829M21lo64F7OZxzL7k5UcKoNp737ZRWVtfWN8qbla3tnd09d/+grWWqMGlhyaTqRkgTRgVpGWoY6SaKIB4x0onGt1O/80iUplI8mCwhIUdDQWOKkbFS360mSWBkMESco3k/7fbdmlf3ZoDLxC9IDRRo9t2vYCBxyokwmCGte76XmDBHylDMyKQSpJokCI/RkPQsFYgTHeaz4yfw2CoDGEtlSxg4U39v5IhrnfHITnJkRnrRm4r/eb3UxNdhTkWSGiLw/KE4ZdBIOE0CDqgi2LDMEoQVtbdCPEIKYWPzqtgQ/MUvL5P2Wd2/rF/cn9caN0UcZXAIjsAJ8MEVaIA70AQtgEEGnsEreHOenBfn3fmYj5acYqcK/sD5/AG4yZTT</latexit>

pp ! �� +X

• RRV: 2.7M
• RRR: 5.2M
• RVV: 0.6M

• Statistical uncertainties are 
comparable as NNLO scale 
uncertainties and are larger than 
N3LO scale uncertainties. 

• Improvements are possible, such 
as using a local N3LO IR 
subtraction scheme.
Challenges: e.g., huge expressions for CTs

Del Duca et al. (1912.06425, 2007.05345)
https://people.phys.ethz.ch/~pheno/quadruple_collinear/



GDRQCD2026 Hua-Sheng Shao8

Community Efforts
• How can a given computation be useful in experiments ?
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Community Efforts
• How can a given computation be useful in experiments ?

Chen et al. (JHEP’26)

• Fully differential N3LO in heavy-top 
limit

• NNLOJet+MG5aMC+ggxy+qT 
slicing

• 1-2 week run w/ ~6000 threads

• Inclusive N3LO and N3LO+N3LL 
known earlier
Chen et al. (PLB’20,JHEP’20), 
Ajjath et al. (JHEP’23)
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Community Efforts
• How can a given computation be useful in experiments ?

Table remade by Claude Opus 5.5 (Extra)

Bi et al. (PRL’24)
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Community Efforts
• How can a given computation be useful in experiments ?

Ajjath et al. (arXiv:2609.04868)

A new recommendation
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Local Unitarity
• A promising alternative: Local Unitarity Capatti et al. (JHEP’20, JHEP’22)

• Leveraging the Kinoshita-Lee-Nauenberg theorem at integrand level
Talk by Valentin Hirschi at MadGraph 2025 Meeting

• One stone three birds
• No need of Feynman integral reduction
• No need of special functions (Monte Carlo integration instead)

• No need of (final-state) IR divergence subtraction counter-terms

• Fully differential (in principle, if threshold singularities are under control)
Capatti et al. (JHEP’26, arXiv:2509.13439)

+ 137 other forward scattering graphs

https://indico.cern.ch/event/1452599/contributions/6301189/attachments/3008416/5303534/04_02_2025_MG_workshop_CERN.pdf
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What if NkLO behaves surprisingly
• We might learn something new
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What if NkLO behaves surprisingly
• We might learn something new
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<latexit sha1_base64="I/g7E5uh7t/6B3V2numpyexCHgs=">AAACA3icbVBNS8NAEN34WetX1JteFotQLyUpVj0WvXisYD+gKWGy3bRLN8myuxFLKXjxr3jxoIhX/4Q3/43bNgdtfTDweG+GmXmB4Expx/m2lpZXVtfWcxv5za3tnV17b7+hklQSWicJT2QrAEU5i2ldM81pS0gKUcBpMxhcT/zmPZWKJfGdHgraiaAXs5AR0Eby7UMPuOiDr4rlyCenHgghkwfslMoV3y44JWcKvEjcjBRQhppvf3ndhKQRjTXhoFTbdYTujEBqRjgd571UUQFkAD3aNjSGiKrOaPrDGJ8YpYvDRJqKNZ6qvydGECk1jALTGYHuq3lvIv7ntVMdXnZGLBappjGZLQpTjnWCJ4HgLpOUaD40BIhk5lZM+iCBaBNb3oTgzr+8SBrlknteqtyeFapXWRw5dISOURG56AJV0Q2qoToi6BE9o1f0Zj1ZL9a79TFrXbKymQP0B9bnDwSklno=</latexit>

↵s(2mc) ⇡ 0.25
<latexit sha1_base64="cRCi6nhg4lEuG5xt54BoB3j+ntc=">AAACA3icbVDLSsNAFJ34rPVVdaebwSLUTUmKjy6LblxWsA9oQriZTtqhk2SYmYglFNz4K25cKOLWn3Dn3zh9LLT1wIXDOfdy7z2B4Exp2/62lpZXVtfWcxv5za3tnd3C3n5TJakktEESnsh2AIpyFtOGZprTtpAUooDTVjC4HvuteyoVS+I7PRTUi6AXs5AR0EbyC4cucNEHX5UqkR+cuiCETB6wXXaqfqFol+0J8CJxZqSIZqj7hS+3m5A0orEmHJTqOLbQXgZSM8LpKO+migogA+jRjqExRFR52eSHET4xSheHiTQVazxRf09kECk1jALTGYHuq3lvLP7ndVIdVr2MxSLVNCbTRWHKsU7wOBDcZZISzYeGAJHM3IpJHyQQbWLLmxCc+ZcXSbNSdi7K57dnxdrVLI4cOkLHqIQcdIlq6AbVUQMR9Iie0St6s56sF+vd+pi2LlmzmQP0B9bnDwYalns=</latexit>

↵s(2mb) ⇡ 0.18
<latexit sha1_base64="VGeMCmtdxseVIg4lxyrwjTM/JJM=">AAACA3icbVDLSsNAFJ3UV62vqjvdDBahbkJSfC2LblxWsA9oQriZTtuhk2SYmYilFNz4K25cKOLWn3Dn3zhts9DWAxcO59zLvfeEgjOlHefbyi0tr6yu5dcLG5tb2zvF3b2GSlJJaJ0kPJGtEBTlLKZ1zTSnLSEpRCGnzXBwPfGb91QqlsR3eiioH0EvZl1GQBspKB54wEUfAlWuRIE+8UAImTxgx3adoFhybGcKvEjcjJRQhlpQ/PI6CUkjGmvCQam26wjtj0BqRjgdF7xUUQFkAD3aNjSGiCp/NP1hjI+N0sHdRJqKNZ6qvydGECk1jELTGYHuq3lvIv7ntVPdvfRHLBappjGZLeqmHOsETwLBHSYp0XxoCBDJzK2Y9EEC0Sa2ggnBnX95kTQqtntun92elqpXWRx5dIiOUBm56AJV0Q2qoToi6BE9o1f0Zj1ZL9a79TFrzVnZzD76A+vzBxYsloU=</latexit>

↵s(2mt) ⇡ 0.10
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What if NkLO behaves surprisingly
• We might learn something new
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<latexit sha1_base64="I/g7E5uh7t/6B3V2numpyexCHgs=">AAACA3icbVBNS8NAEN34WetX1JteFotQLyUpVj0WvXisYD+gKWGy3bRLN8myuxFLKXjxr3jxoIhX/4Q3/43bNgdtfTDweG+GmXmB4Expx/m2lpZXVtfWcxv5za3tnV17b7+hklQSWicJT2QrAEU5i2ldM81pS0gKUcBpMxhcT/zmPZWKJfGdHgraiaAXs5AR0Eby7UMPuOiDr4rlyCenHgghkwfslMoV3y44JWcKvEjcjBRQhppvf3ndhKQRjTXhoFTbdYTujEBqRjgd571UUQFkAD3aNjSGiKrOaPrDGJ8YpYvDRJqKNZ6qvydGECk1jALTGYHuq3lvIv7ntVMdXnZGLBappjGZLQpTjnWCJ4HgLpOUaD40BIhk5lZM+iCBaBNb3oTgzr+8SBrlknteqtyeFapXWRw5dISOURG56AJV0Q2qoToi6BE9o1f0Zj1ZL9a79TFrXbKymQP0B9bnDwSklno=</latexit>

↵s(2mc) ⇡ 0.25
<latexit sha1_base64="cRCi6nhg4lEuG5xt54BoB3j+ntc=">AAACA3icbVDLSsNAFJ34rPVVdaebwSLUTUmKjy6LblxWsA9oQriZTtqhk2SYmYglFNz4K25cKOLWn3Dn3zh9LLT1wIXDOfdy7z2B4Exp2/62lpZXVtfWcxv5za3tnd3C3n5TJakktEESnsh2AIpyFtOGZprTtpAUooDTVjC4HvuteyoVS+I7PRTUi6AXs5AR0EbyC4cucNEHX5UqkR+cuiCETB6wXXaqfqFol+0J8CJxZqSIZqj7hS+3m5A0orEmHJTqOLbQXgZSM8LpKO+migogA+jRjqExRFR52eSHET4xSheHiTQVazxRf09kECk1jALTGYHuq3lvLP7ndVIdVr2MxSLVNCbTRWHKsU7wOBDcZZISzYeGAJHM3IpJHyQQbWLLmxCc+ZcXSbNSdi7K57dnxdrVLI4cOkLHqIQcdIlq6AbVUQMR9Iie0St6s56sF+vd+pi2LlmzmQP0B9bnDwYalns=</latexit>

↵s(2mb) ⇡ 0.18
<latexit sha1_base64="VGeMCmtdxseVIg4lxyrwjTM/JJM=">AAACA3icbVDLSsNAFJ3UV62vqjvdDBahbkJSfC2LblxWsA9oQriZTtuhk2SYmYilFNz4K25cKOLWn3Dn3zhts9DWAxcO59zLvfeEgjOlHefbyi0tr6yu5dcLG5tb2zvF3b2GSlJJaJ0kPJGtEBTlLKZ1zTSnLSEpRCGnzXBwPfGb91QqlsR3eiioH0EvZl1GQBspKB54wEUfAlWuRIE+8UAImTxgx3adoFhybGcKvEjcjJRQhlpQ/PI6CUkjGmvCQam26wjtj0BqRjgdF7xUUQFkAD3aNjSGiCp/NP1hjI+N0sHdRJqKNZ6qvydGECk1jELTGYHuq3lvIv7ntVPdvfRHLBappjGZLeqmHOsETwLBHSYp0XxoCBDJzK2Y9EEC0Sa2ggnBnX95kTQqtntun92elqpXWRx5dIiOUBm56AJV0Q2qoToi6BE9o1f0Zj1ZL9a79TFrzVnZzD76A+vzBxYsloU=</latexit>

↵s(2mt) ⇡ 0.10

What’s wrong here ?
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<latexit sha1_base64="I/g7E5uh7t/6B3V2numpyexCHgs=">AAACA3icbVBNS8NAEN34WetX1JteFotQLyUpVj0WvXisYD+gKWGy3bRLN8myuxFLKXjxr3jxoIhX/4Q3/43bNgdtfTDweG+GmXmB4Expx/m2lpZXVtfWcxv5za3tnV17b7+hklQSWicJT2QrAEU5i2ldM81pS0gKUcBpMxhcT/zmPZWKJfGdHgraiaAXs5AR0Eby7UMPuOiDr4rlyCenHgghkwfslMoV3y44JWcKvEjcjBRQhppvf3ndhKQRjTXhoFTbdYTujEBqRjgd571UUQFkAD3aNjSGiKrOaPrDGJ8YpYvDRJqKNZ6qvydGECk1jALTGYHuq3lvIv7ntVMdXnZGLBappjGZLQpTjnWCJ4HgLpOUaD40BIhk5lZM+iCBaBNb3oTgzr+8SBrlknteqtyeFapXWRw5dISOURG56AJV0Q2qoToi6BE9o1f0Zj1ZL9a79TFrXbKymQP0B9bnDwSklno=</latexit>

↵s(2mc) ⇡ 0.25
<latexit sha1_base64="cRCi6nhg4lEuG5xt54BoB3j+ntc=">AAACA3icbVDLSsNAFJ34rPVVdaebwSLUTUmKjy6LblxWsA9oQriZTtqhk2SYmYglFNz4K25cKOLWn3Dn3zh9LLT1wIXDOfdy7z2B4Exp2/62lpZXVtfWcxv5za3tnd3C3n5TJakktEESnsh2AIpyFtOGZprTtpAUooDTVjC4HvuteyoVS+I7PRTUi6AXs5AR0EbyC4cucNEHX5UqkR+cuiCETB6wXXaqfqFol+0J8CJxZqSIZqj7hS+3m5A0orEmHJTqOLbQXgZSM8LpKO+migogA+jRjqExRFR52eSHET4xSheHiTQVazxRf09kECk1jALTGYHuq3lvLP7ndVIdVr2MxSLVNCbTRWHKsU7wOBDcZZISzYeGAJHM3IpJHyQQbWLLmxCc+ZcXSbNSdi7K57dnxdrVLI4cOkLHqIQcdIlq6AbVUQMR9Iie0St6s56sF+vd+pi2LlmzmQP0B9bnDwYalns=</latexit>

↵s(2mb) ⇡ 0.18
<latexit sha1_base64="VGeMCmtdxseVIg4lxyrwjTM/JJM=">AAACA3icbVDLSsNAFJ3UV62vqjvdDBahbkJSfC2LblxWsA9oQriZTtuhk2SYmYilFNz4K25cKOLWn3Dn3zhts9DWAxcO59zLvfeEgjOlHefbyi0tr6yu5dcLG5tb2zvF3b2GSlJJaJ0kPJGtEBTlLKZ1zTSnLSEpRCGnzXBwPfGb91QqlsR3eiioH0EvZl1GQBspKB54wEUfAlWuRIE+8UAImTxgx3adoFhybGcKvEjcjJRQhlpQ/PI6CUkjGmvCQam26wjtj0BqRjgdF7xUUQFkAD3aNjSGiCp/NP1hjI+N0sHdRJqKNZ6qvydGECk1jELTGYHuq3lvIv7ntVPdvfRHLBappjGZLeqmHOsETwLBHSYp0XxoCBDJzK2Y9EEC0Sa2ggnBnX95kTQqtntun92elqpXWRx5dIiOUBm56AJV0Q2qoToi6BE9o1f0Zj1ZL9a79TFrzVnZzD76A+vzBxYsloU=</latexit>

↵s(2mt) ⇡ 0.10

What’s wrong here ?

Logs ? Renormalons ? N3LO ? Or we should abandon perturbation theory for quarkonium ? 
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• We might learn something new
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What if NkLO behaves surprisingly
• We might learn something new

• Like PDF in pQCD factorization, long-distance matrix elements in 
NRQCD factorization requires renormalization

• A natural/minimal one is the minimal subtraction
<latexit sha1_base64="TXA5ShnCCWnLo2iLlGSfQ6/CzCk=">AAACV3icbVFNSwMxEM2uVWv9qnr0EiyCp7Irfl0E0YsXsaJVsVuX2XRag9nskmSFsuyfFC/+FS+abYv40YHA4715mcxLlAqujee9O+5MZXZuvrpQW1xaXlmtr63f6iRTDNssEYm6j0Cj4BLbhhuB96lCiCOBd9HzWanfvaDSPJE3ZphiN4aB5H3OwFgqrMtAgBwIpEEM5omByC+LMA9UTCNQWARqrB7T6X2JvbscPXJcXBffhodQP06Rw3rDa3qjov+BPwENMqlWWH8NegnLYpSGCdC643up6eagDGcCi1qQaUyBPcMAOxZKiFF381EuBd22TI/2E2WPNHTE/nTkEGs9jCPbWW6l/2olOU3rZKZ/1M25TDODko0H9TNBTULLkGmPK2RGDC0Aprh9K2VPoIAZ+xU1G4L/d+X/4Ha36R8096/2GienkziqZJNskR3ik0NyQs5Ji7QJI2/kw5lxKs678+nOudVxq+tMPBvkV7lrX7TxtrA=</latexit>
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What if NkLO behaves surprisingly
• We might learn something new

• Like PDF in pQCD factorization, long-distance matrix elements in 
NRQCD factorization requires renormalization

• A natural/minimal one is the minimal subtraction
<latexit sha1_base64="TXA5ShnCCWnLo2iLlGSfQ6/CzCk=">AAACV3icbVFNSwMxEM2uVWv9qnr0EiyCp7Irfl0E0YsXsaJVsVuX2XRag9nskmSFsuyfFC/+FS+abYv40YHA4715mcxLlAqujee9O+5MZXZuvrpQW1xaXlmtr63f6iRTDNssEYm6j0Cj4BLbhhuB96lCiCOBd9HzWanfvaDSPJE3ZphiN4aB5H3OwFgqrMtAgBwIpEEM5omByC+LMA9UTCNQWARqrB7T6X2JvbscPXJcXBffhodQP06Rw3rDa3qjov+BPwENMqlWWH8NegnLYpSGCdC643up6eagDGcCi1qQaUyBPcMAOxZKiFF381EuBd22TI/2E2WPNHTE/nTkEGs9jCPbWW6l/2olOU3rZKZ/1M25TDODko0H9TNBTULLkGmPK2RGDC0Aprh9K2VPoIAZ+xU1G4L/d+X/4Ha36R8096/2GienkziqZJNskR3ik0NyQs5Ji7QJI2/kw5lxKs678+nOudVxq+tMPBvkV7lrX7TxtrA=</latexit>
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The pole of soft contributions from (p)NRQCD
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What if NkLO behaves surprisingly
• We might learn something new

• Like PDF in pQCD factorization, long-distance matrix elements in 
NRQCD factorization requires renormalization

• A natural/minimal one is the minimal subtraction
<latexit sha1_base64="TXA5ShnCCWnLo2iLlGSfQ6/CzCk=">AAACV3icbVFNSwMxEM2uVWv9qnr0EiyCp7Irfl0E0YsXsaJVsVuX2XRag9nskmSFsuyfFC/+FS+abYv40YHA4715mcxLlAqujee9O+5MZXZuvrpQW1xaXlmtr63f6iRTDNssEYm6j0Cj4BLbhhuB96lCiCOBd9HzWanfvaDSPJE3ZphiN4aB5H3OwFgqrMtAgBwIpEEM5omByC+LMA9UTCNQWARqrB7T6X2JvbscPXJcXBffhodQP06Rw3rDa3qjov+BPwENMqlWWH8NegnLYpSGCdC643up6eagDGcCi1qQaUyBPcMAOxZKiFF381EuBd22TI/2E2WPNHTE/nTkEGs9jCPbWW6l/2olOU3rZKZ/1M25TDODko0H9TNBTULLkGmPK2RGDC0Aprh9K2VPoIAZ+xU1G4L/d+X/4Ha36R8096/2GienkziqZJNskR3ik0NyQs5Ji7QJI2/kw5lxKs678+nOudVxq+tMPBvkV7lrX7TxtrA=</latexit>
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The pole of soft contributions from (p)NRQCD
Why not the finite term ?
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What if NkLO behaves surprisingly
• We might learn something new

• Like PDF in pQCD factorization, long-distance matrix elements in 
NRQCD factorization requires renormalization

• A natural/minimal one is the minimal subtraction
<latexit sha1_base64="TXA5ShnCCWnLo2iLlGSfQ6/CzCk=">AAACV3icbVFNSwMxEM2uVWv9qnr0EiyCp7Irfl0E0YsXsaJVsVuX2XRag9nskmSFsuyfFC/+FS+abYv40YHA4715mcxLlAqujee9O+5MZXZuvrpQW1xaXlmtr63f6iRTDNssEYm6j0Cj4BLbhhuB96lCiCOBd9HzWanfvaDSPJE3ZphiN4aB5H3OwFgqrMtAgBwIpEEM5omByC+LMA9UTCNQWARqrB7T6X2JvbscPXJcXBffhodQP06Rw3rDa3qjov+BPwENMqlWWH8NegnLYpSGCdC643up6eagDGcCi1qQaUyBPcMAOxZKiFF381EuBd22TI/2E2WPNHTE/nTkEGs9jCPbWW6l/2olOU3rZKZ/1M25TDODko0H9TNBTULLkGmPK2RGDC0Aprh9K2VPoIAZ+xU1G4L/d+X/4Ha36R8096/2GienkziqZJNskR3ik0NyQs5Ji7QJI2/kw5lxKs678+nOudVxq+tMPBvkV7lrX7TxtrA=</latexit>
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The pole of soft contributions from (p)NRQCD
Why not the finite term ?
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What if NkLO behaves surprisingly
• We might learn something new

• Like PDF in pQCD factorization, long-distance matrix elements in 
NRQCD factorization requires renormalization

• A natural/minimal one is the minimal subtraction
<latexit sha1_base64="TXA5ShnCCWnLo2iLlGSfQ6/CzCk=">AAACV3icbVFNSwMxEM2uVWv9qnr0EiyCp7Irfl0E0YsXsaJVsVuX2XRag9nskmSFsuyfFC/+FS+abYv40YHA4715mcxLlAqujee9O+5MZXZuvrpQW1xaXlmtr63f6iRTDNssEYm6j0Cj4BLbhhuB96lCiCOBd9HzWanfvaDSPJE3ZphiN4aB5H3OwFgqrMtAgBwIpEEM5omByC+LMA9UTCNQWARqrB7T6X2JvbscPXJcXBffhodQP06Rw3rDa3qjov+BPwENMqlWWH8NegnLYpSGCdC643up6eagDGcCi1qQaUyBPcMAOxZKiFF381EuBd22TI/2E2WPNHTE/nTkEGs9jCPbWW6l/2olOU3rZKZ/1M25TDODko0H9TNBTULLkGmPK2RGDC0Aprh9K2VPoIAZ+xU1G4L/d+X/4Ha36R8096/2GienkziqZJNskR3ik0NyQs5Ji7QJI2/kw5lxKs678+nOudVxq+tMPBvkV7lrX7TxtrA=</latexit>
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What if NkLO behaves surprisingly
• We might learn something new

• Like PDF in pQCD factorization, long-distance matrix elements in 
NRQCD factorization requires renormalization

• A natural/minimal one is the minimal subtraction
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What if NkLO behaves surprisingly
• We might learn something new
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What if NkLO behaves surprisingly
• We might learn something new
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• Precision QCD is an active subfield, which is particularly true since 
the LHC has turned into a precision machine

Conclusions and Outlook

Thank you for your attention !

• The current state-of-the-art is N3LO QCD, NNLO QCDxEW, and 
NLO EW.

• Computational challenges remain … some of which can potentially 
be addressed by LLMs.

• Next NkLO (k>1) revolution (by AI+) ? 


