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Motivation: toward precision waveforms beyond GR

As detectors become more sensitive, theoretical uncertainties are becoming more
and more prominent : it is crucial to improve waveform predictions.

There is currently an important gap for GW predictions beyond-GR

- scattered analytical/numerical results in different theories
- one IMR template in EsGB theories: SEOBNRvV5SPHM_ESGB

The aim is to improve analytical (PN) predictions for the inspiral phase in
scalar-tensor theories toward GR-like accuracy and implement these results in
IMR waveform templates.



Inspiral : Post-Newtonian (PN) formalism

- Valid for isolated, compact, slowly moving and weakly-self gravitating
systems

- Can be used to describe the inspiral phase of binary systems

- Provides an approximate but analytical solution to the Einstein field
equations

- Small parameter e = % ‘Z’;gt <1

C
- PN orders: nPN = ( )



Field equations

We consider the following action S = Sgy + Sy, where S, is the skeletonized
action for point-particles :

m
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A=1,2

We define
\/fggw = nHv 4 h*

Varying the action yields the following non-linear field equations :

O, h#v = 1636w — 1626 g Tuw 4 v [p]
duhH =0

where A* is at least quadratic in h, dh and 9%h.



Gravitational-wave (GW) generation formalism (1/2)
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Gravitational-wave (GW) generation formalism (2/2)

Near zone : post-Newtonian expansion
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Buffer region (in green) : matching of the asymptotic expansions
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[Blanchet, 2014]



Computational steps (1/2)

Dynamical sector

- Compute the Lagrangian L = L[ya,Va,...] with A=1,2

- Using the generalized Euler Lagrange equations, deduce the conservative
equations of motion (EOM) maaa cons = Fa(t)

- Compute the 10 Noetherian conserved quantities

Qcons € {Econs, Pcons, Jcons, Keons } such that % =0

aa, cons

- Results expanded in even PN orders :

1PN

1 1
N 2PN
A cons = Ay + 2 a, + & a, +...

1 1
Qcons = QY + EQWN + FQZPN +...



Computational steps (2/2)

Radiative sector
- Compute the radiation field h*” using the GW generation formalism

- Deduce the flux of energy F
- Assuming an energy balance equation, compute the orbital phase
wdE/dwdw

dE
a:—}'éqﬁ(t):/wdt:— Fo)

where w denotes the orbital frequency

- Deduce the GW phase ¢ew(t) = 2 ¢(t)
- State-of-the-art in GR : 45PN phase for circular orbits

[Blanchet et al., 2023a]



Radiation-reaction effects at 4.5PN
order in general relativity



4PN conserved energy for circular orbits

. 2/3
Introducing y = <%) , the 4PN conserved energy reads [Damour et al, 2015]
[Bernard et al,, 2018] :
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4.5PN flux of energy for circular orbits

The 4.5PN flux of energy at Z in terms of y reads [Blanchet et al, 2023b] :
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Energy balance equation in terms of the orbital frequency y

If we use the energy balance equation

dEcons(y)
dt

= —F(¥: bo)

the phasing will depend on by, hence will not be a gauge invariant quantity.
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Energy balance equation in terms of the waveform frequency x

. 2/3
We introduce Qy, the half-frequency of the (2,2) mode, define x = (%)
2/3
and recall thaty = (G’”C%t“’) /

The orbital and waveform frequencies start to differ at the 4PN order :

”fln(Gm)—mln(y>—”8m—32—256|n(z)”

X = 1 A —
y{ tyv c2bg 5 5 15 5

The energy flux in terms of x does not depend on by anymore but the energy
balance equation becomes

dEcons(X; bO)

a7

so the phase will still depend on by.

"



Conserved vs binding energy

The quantity entering the energy balance equation is the binding energy, defined
by
dEping
dt

- -F

Acons+adiss

The binding energy differs from the conserved energy by dissipative terms,
starting from 2.5PN order :

1 1 1 1
_ 2.5PN 3.5PN 4PN 4 5PN
Ebind = Econs + 5 Eaiss + Fhaiss + ghdiss T 5 Ediss

- {E3REN E3PN ERSPNY are the Schott (instantaneous) terms — they vanish on

circular orbits at the orders we consider ‘
. Egips’i is a pseudo-Schott (tail) term which does contribute to the energy
balance equation and reads [Trestini, 2025] :
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Coming back to the energy balance equation (1/2)

Considering the energy balance equation in the orbital frequency y

dEpina(Vi bo)

ar —F(v; bo),

one finds that the orbital phase is now given by

¢()/) — /y3/2dEbmd Y, bO /dy

)

and that the bg-scale drops out at 4.5PN order.
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Coming back to the energy balance equation (2/2)

Alternatively, one can also use the energy balance equation in the waveform
frequency x

dEping(X)
dt

- -7

to derive the half phase of the (2,2) mode

Y(x) = < /X3/2dlEbi;:d((j(())/clxGb(7

Gm

which is directly measurable by the GW detectors.
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The bg-dependence comes from various part of the computation, namely

- the dissipative part of the acceleration

- the pseudo-Schott term in the binding energy

- the link between the orbital frequency y and the waveform frequency x
- the tail term in the energy flux at 1.5PN order.

The fact that all by drop from the final phases is a strong consistency check !
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Radiation-reaction effects at 3PN
order in scalar-tensor theories




Scalar-tensor theories

Generalized Brans-Dicke theories : extra massless scalar field

Action in the Jordan frame :

w(®) o
S = 1o [ 45V |oR — “990,000| + 51 (m. 90
Conformal transformation (to decouple scalar and tensor degrees of freedom) :
v = %gw =¢©0u, With ¢y = ¢(c0) = const

Action in the Einstein frame :

c 34 2w(®) 4 1
= feon [ atxy/G [R= 2255090, 00,0 ] + 51 (m i Gs)

For S, we use the skeletonized matter action for point-particles



State-of-the-art (1/2)

In the dynamical sector :

- EOM, including dissipative contributions, to 3PN order
[Mirshekari and Will, 2013] [Bernard, 2018] :

1 1 1 1
__ SOPN 1PN 1.5PN 2PN 2.5PN _
aA—aA +?aA “y‘gaA +gaA +gaA A—1,2
1 3PN 1 3PN, tail
+ —a, "+ —-a,

C6 A co A

dissipative & instantaneous, dissipative & non-local in time
- conserved energy (and other Noetherian quantities) to 3PN order [Bernard,

2019] :

E _ EN 4 lETPN + lEZPN 4 lE3PN

cons — C2 CA C6



State-of-the-art (2/2)

In the radiative sector :

- total flux of energy F = Fy + Fs to 1.5PN order [Lang, 2015] [Bernard et al, 2022]:

1 0PN T ipn
1 _ 1
fs:CS(CZ.F;]PN—F.FSOPN‘F +§J—"S1PN+ )
instantaneous,

Towards GW to 3PN order in ST (~ to the 4PN accuracy in GR) :

- dissipative terms in Noetherian quantities to 3PN order
- energy flux to 2PN order
- GW phasing to 3PN order



Instantaneous Schott terms (1/2)

We deﬁn.e the binding quantities Q = Qcons + QIS (+QEL), with Q € {E, P,), G}.
They satisfy :
{ dQCOﬂS
dt
dGCOﬂS

where Fr = O(1/c3), F; = O(1/c3), F6 = O(1/¢), and Fp = O(1/c°).
The terms on the RHS can be written as total time derivatives

innSt

+Fq =—-0Fq forQ=EP,)
+Fg—P=—-0Fg

Acons tAdiss

Aconstadiss

0Fq=—3= forQ=EP,
57, _ 1002

dt
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Instantaneous Schott terms (2/2)

In the center-of-mass frame, we find [ED and Trestini, 2026 (in prep)] :

F1L5PN _ 4a?GPm3¢S_22

diss — 30312
1 8a3é3m['CS,V2
2.5PN - = —
B = [W(—Bs_ —5878- — 55 +5875_6 — 25:8 + 65_v)
a?2G2m31?

> ((74,3* 25— (S_% — (S_846 + 20S_2v)P
1 .
— 15 (-24— 6087 + 207 + 5¢S_2 4 20¢5S5_% — 15¢S_5.6 + 80<32V)v2)] P
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3PN inst _ 227¢G"M*S_“v

diss o (5 4+ (-85 45 (—1+2)))

Due to radiation-reaction, orbits are not perfectly circular, so r = (n-v) = O (1/c3).
The Schott terms will contribute to GW already at 3PN order !
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Non-local-in-time pseudo-Schott terms

To compute the pseudo-Schott terms, we need to consider

dQgyns
dt

+ F(t]all _ 75]_—5&[
s

for Q = E,P,J and G. The associated pseudo-Schott terms then will be

t
3PN, tail i
Qs = / dt' sFg(t') .
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Non-local-in-time pseudo-Schott terms : Energy

For the energy we have

1 1 Gamim
Ey = Ernm + 2m2v§ 2

262 3+2w0)(Ig/+ood In( )

3¢t

®) ©®)

E
by E(t—7)+E(t+7)

dt

1
+0(3)
T = Wls )/MdT{I" <2Cbo) H} IS)(U_THO( ) ’
After combination and integration, we find [ED and Trestini, 2026 (in prep)]
Eqee ™' = 262(3+2w°){/;O‘de(ig(t—p)/;mdﬂn(Zbo) { Biemp—r)— T t_p+7)]

3¢t
P /M drin (%) [42 (t—7)+ 13(t+7)}

o [ arn () [T )_(i%(t+7)]J%%(t)(%%(t)}
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Conclusion

- (Pseudo-) Schott terms are essential to ensure that PN predictions for the
phasing are gauge-invariant

- In this work, we are extending the derivation of radiation-reaction effects to
scalar-tensor theories.

- This will be crucial for computing the GW phase and amplitude at 3PN order,
to achieve a level of accuracy equivalent to that of GR.
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