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General context
• Bondi-Sachs formalism

→ Bondi et al. 1962, Sachs 1962
• Global quantities as Noether charges of asymptotic BMS symmetries at null infinity

→ Observables such as energy and angular momentum
• Can one extract local quantities such as a stress-energy tensor ?

Specific context
• Recent analysis of the covariance of BMS charges and currents

→ Rignon-Bret, Speziale 2024
• Takes into account arbitrary cross-sections of null infinity

Results presented here
• Identification of a tensorial formulation for the integrands
• Comparison with a stress-energy tensor
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Bondi-Sachs Formalism
• Coordinate system (u, r, θA) adapted to null geodesics

→ Foliation by null hypersurfaces u = cst
→ Set conditions guu = 0, guA = 0 and det (gAB) = r4 det (qAB)

• Used to describe future null infinity I+ as r → ∞
→ Asymptotic flatness defined as approaching Minkowski
→ Metric expansion in 1

r

gµν =

(︄
0 −1 0

0 0
r2qAB

)︄
+

(︄
0 0 0

0 0
rCAB

)︄

+

(︄
−1 ∗ ∗

0 0
∗

)︄
+

(︄ 2
r

GM ∗ 2
3r

GJA + ∗
0 0

∗

)︄
+ ...

Mass aspect

Shear

Angular momentum aspect

Sphere metric

Remark
There is some overlap
with the term aspect
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BMS symmetry group
• Asymptotic symmetry group:

coordinates transformations that preserve the asymptotic behaviour of the metric
• Associated algebra:

ξ = T ∂u +
1
2

u(DAY A)∂u + Y A∂A + O(Ω) with Ω I+
= 0 (1)

T ({θA}) supertranslations
Infinite dimensions !

Y A({θA}) Lorentz transformations
Conformal Killing Vectors

6 dimensions

S1

S2

I+
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Associated charges
On a section S of I+ at u = cst that is a round sphere :
→ Supermomentum charge:

QBMS
T =

1
4π

∮︂
S

T MϵS (2)

→ Lorentz charge:

QBMS
Y =

1
8π

∮︂
S

(︁
Y AJA + u(DAY A)M

)︁
ϵS (3)

Flux-balance laws

Qξ[S2] − Qξ[S1] ≈
∫︂

∆I+
jξ (4)

→ Conserved in the absence of radiation

S1

S2

∆I+

Local formula

dqξ ≈ jξ (5)
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Conformal transformation and non round spheres
→ Change of the conformal factor Ω linked to the unphysical metric ĝ′

µν = Ω′2gµν with :

Ω′ = ωΩ with ω(θA) arbitrary (6)

→ Higher order terms to keep adapted Bondi coordinates:

Ω′ =ωΩ+ 1
2 Ω2α u′ =ωu− Ω

2ω
(∂Cω)(∂Cω)u2+ 1

2 Ω2β θ′A =θA− Ω
ω

(∂Aω)u+ 1
2 Ω2γA

(7)

Geroch tensor
→ Tensor ρAB

→ Conformal transformation ρ′
AB is known

→ Is simply Ricci curvature ρAB = 1
2 RqAB

for round spheres
→ Used to make the news NAB = ĊAB + ρ⟨AB⟩
conformally invariant

S
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Covariance of the charges and the currents
• Currents and charges for two BMS transforms verified before improvement:

{ȷ̄ξ, ȷ̄χ}∗ ≈ ȷ̄[ξ,χ] {Q̄ξ, Q̄χ}∗ ≈ Q̄[ξ,χ] + K̄(ξ,χ) with ∂uK̄(ξ,χ) = 0 (8)

• Cocyle K̄ removed by adding a new term:

θBMS = θBT + δlG with lG = −
1

32π
ρABCABϵI (9)

→ Note that lG = 0 for round spheres
• Change of the charges:

QBMS
ξ =

1
8π

∮︂
S

(2T Mρ + u(DAY A)Mρ + Y AJA)ϵI (10)

Mρ = M − 1
8 ρABCAB instead of M

Note that Mρ = M for round spheres
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Determination of the charge aspects
→ Start from the Noether current:

jBMS
ξ =

1
32π

NAB(δξCAB)ϵI (11)

→ Identify qA
ξ writing it as a total divergence:

8πjBMS
ξ ≈ (Daqa

ξ )ϵI ≈
(︁

(∂uqu
ξ ) + (DAqA

ξ )
)︁

ϵI with qu
ξ known (12)

→ We obtain qξ as a 3d vector (Hodge dual of a 2-form) on I+

Integration over an arbitrary surface

Qξ[S̃] =
∫︂

S̃

1
2

qu
ξ ϵI uABdθA ∧ dθB

+
∫︂

S̃

qA
ξ ϵI AuBdu ∧ dθB

(13)
S̃
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Result for the BMS charge aspect qξ

qξ
u = 2ξ

u
Mρ + Y

A
JA

qξ
A =

1
2

ξ
u(DBN

AB)+
1
2

Y
B

N
AC

CBC −
1
8

Y
A

NBCC
BC

+
1
4

Y
B(DADC

CBC)−
1
4

Y
B(DBDC C

AC )−
1
2

Y
B

ρBCC
AC −Y

A
Mρ

−
1
2

(DBξ
u)N

AB +
1
4

(DB
Y

A)(DC
CBC)−

1
4

(DA
Y

B)(DC
CBC)

−
1
4

(DBDCY
C )C

AC

(14)

Comparison with stress-energy tensor
→ Standard Noether formulation:

Qξ =
∫︂

S

T µ
νξνdSµ (15)

→ Here presence of derivatives of ξ:

Qξ =
∮︂

S

(︂
T µ

(0)νξν + T µρ
(1)ν(Dρξν) + T µρσ

(2) ν(DρDσξν)
)︂

dSµ (16)
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Conclusion
• Identification of a charge aspect as a tensor at null infinity
• Corresponds to a notion of charge density
• Presence of 2d derivatives of the symmetry vector

→ Not a stress-energy tensor per se
• Residual freedom of the charge aspects as 3d total derivatives

→ Doesn’t change this last characteristic

Thank you
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