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Overview

» Introduction to the topic
* Introduction to classical limits and motivations
« Lippmann-Schwinger equation —_ 2PM potentials from amplitudes

« Long range interactions and on-shell amplitudes

» Computation of amplitudes and potentials
 One-loop amplitudes in GR
* Results for the 2PM potentials in GR
« Beyon GR amplitudes on-shell: FFR, WWR and R3

« Results for the 2PM potentials beyond GR

» Observables in gravitational wave (GW) lensing
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Introduction to the problem

LS equation

—

Classical limit

Flat space scattering Wave deflection by a potential

QFT amplitude Solution of EOM
Why3 Well known techniques for analytical amplitude computations, extentable to higher
. PM orders (higher loops), spinning and beyond GR scenarios.
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Definition of classical limits (Eikonal vs Born)

Scales of the problem [Correia, Isabella, 2025] D COM frame
1 -
« Impact parameter: b~ ﬂ
q
1
« Massless wavelength: A~ "
1
« Compton wavelength: Ac ~ —
Eikonal limit b > A > A, gl K wkKm
2\ n
Classical limit: b > A¢ (q—g)
w
Born limit b~ > Ag, lq| ~w < m n-th Born
correction
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Motivations

In this work we 2PM (one-loop) potentials from the gravity and beyond gravity scattering

will compute: of a helicity-A wave and a massive scalar in the Born regime.

Why the Born limite

> Less explored compared to the eikonal regime, more complicated classical limit

> Interesting feautures : breaking of gravitational coupling universality (GCU), helicity mixing effects.

Eikonal Born
(Geometric optics) (Wave optics)

———> | Wave optics regime of GW lensing \
[C. Gonzalez, Porro—l\/\or’rine‘z, et al., 2026] . V\/\/'>>

[Nakamura, Deguchi, 1999]
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Lippmann-Schwinger (LS) equation

LS equation
Amplitude « > Potential

Lippmann-Schwinger (LS) ea. M(p,p) =V(p,p')+ /dSIM(p, HG(p, )V (L p)

1 1
Real potential + Unitarity —  G(p,k) = _
[Todorov, 1971] (P, k) 2m(27)3 k? — p2 — e

« 1PM (tree-level) potential VO (p,p’) = MY (p,p)

3 0) 0
« 2PM (one-loop) potential v(p,p) = )(p,p') / d l MO (p, HMO (1, p’)
’  2m 12 — p?
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Long range interactions and on-shell amplitudes

Classical gravity

RN

Long range Fourier Transf. Non analytic
interaction 1/r" g terms in t

Pi P3 N\
t=(p1+ps3)*=—|p —pl*=—|a \‘ 4’/
Tree > On-shellll
l
———> Problem fully described by the t-channel discontinuity! 1// \ )
[BJerrUm_BOhr, DOHOghUe, VOnhove, 20" 4] .....\. .............................. \
A
———> We can use the Spinor-helicity formalism!! ﬂ Tree > On-shellll
e T
P2 Pa J
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Master integrals decomposition

_ (1|pao |3
Mf_f,lirn‘l’\(40)2 —q?)

- . 1 _
Decomposmon in M& )(1)(2903}490)
master integrals:

oo+ Ix) + cRIZ 4 LI + colo]

t-cut

0 70
co(Iop+ 1 et
» Classical vs quantum: oo + Ix) Classical vV Quanftum
cAIX Colo
o>
> Poles for g2 = 4w?, backward scattering cos(8) = -1 cosf =1— 2.2 A
W
ico (1 2) Imaginary and It must cancel for a real
» collop+Ix)~—75[—-—1o — : —
(o + Ix) q’ ( 54 IR divergent! and finite potential

I > Classical potential comes from  cXIX (and from iteration terms)
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2PM helicity-A potentials in the Born limit in GR

A

"« Non-zero helicity flipping Born potentiall

\.

« Fully real potential with no spurious poles

« Different helicity ——— same eikonal pot. (GCU) but different Born pot. (breaking of GCU)

DMLab@Paris
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m?q? m°q 39 49q
2PM graviton helicity flipping potential: Vi = = - ( + ) =
9 Y TIPRING P T IMZwiq? | Mbw?lq \512 © 20a8.2) | AT 2
v 4m3w? 15 m3w? 1 m?|q| N =0
+4+ = -
M2, q? T3 Mplql 128 M},
v 4m3w? i 15 m3w? 11 m?|q| A=/
= 32 o ' 594 - 2
=T MEq? | 32Mp|q) 256 Mp,
c ¢ . . 2 3, .2 3
2PM helicity conserving potentials: V], = dm’w L9 it T_mlq A=
M2,q? 33 Mplql 128 M},
- 4m2w? 15 m3w? 11 m3|q] Y,
e - - /2
= M2q2 | 32 Mbjq] | 256 M3,
v 4m2w? 15 m3w? 1 m?|q| A=2
+4+ = 90 o
M2 q? T3 M3 |ql 128 M3,
W_j [ J [ y J
1PM  2PM eikonal 2PM Born
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Beyond GR amplitudes

Higher dimensional operators of the form XXR, simplest beyond GR model:

C

ALxxr =+vV—9 ( ]\;;3 Ogrs +CrrrOFFR + C@@RO\P\IJR)
Pl

Ops = RuwapRPP R, Oppr = F"F* R0, Ogur = VIR,

[CRS] = —2, [CFFR] = —2, [C\p\pR] = —3

On-shell new 3pt vertices only for all-minus/all-plus helicity configuration

Cx

MPZ<12)2* 2(13)%(23)%,  M[1%2%3%] =

M{152535] = X (122213 237

M
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2PM potentials in the Born limit beyond GR

\.

vFFR _ _CFFR dmwiql 1 _ mlaql (9 " 7q’
=57 MZ AM2,\ 32 ' 64w?
Cowr 4miwiql m|q| (15 75q>
T . VYVR _ _ 1 e
2PM helicity flipping potentials: +F M3, @ 2, \ 32 =T
st _ CRs 4m2w2qi 1 _ m|q| (é n 3q2 )
oML Q2 AM2,\8 ' 16w?
VifE=0
. . . . VEER —
2PM helicity conserving potentials: ==
rs Cps m3w?q?
Vi = ool
Pl q
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Beyond GR corrections are mainly for helicity flipping potentials ——— opposite of GR
Fully real potential with no spurious poles
Different helicity — (almost) same eikonal pot. but different Born poft.

Only helicity conserving potential appears for R3 at one-loop and second Born correction!
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GW lensing (1)

» GW lensing happens in triple systems

One of the goals of the LISA mission

» Standard signature of GW lensing

Multiple copies of the same GW

» Wave optics (Born limit) effects are Bha = 100ms |
expected to appear in LISA
[Pijnenburg, Cusin, Pitrou, Uzan, 2024]
S
hy
> BGYOﬂd GR effects in GW Iensing 06 05 04 03 02 —01 00 —06 —05 —04 —03 —02 01 0.0

ts] t [s]
. . . Picture from [Goyal, Vijaykumar et al. 2023]
Time delay of the +,x polarizations

[Ezquiaga, Zumalacdrregui 2020][Goyal, Vijaykumar et al. 2023]



GW lensing (2)

Lensed outgoing wave d(b) = Fy;15(bg)¢°(b)
Diffraction integral Fuifs(bg) o / d*beiwta(b-bo)=iwp(b) Born pofential
(previous slides)
where: ta(b,bg) = —22 (b — Zy 2 nd Y(b) ~ f ﬂeio‘l'bV(P p’)
. AR 2Zslzlo <30 ! c (27T)2 ,
Potential from the LS equation — Diffraction integral (DI) GW lensing

For more details [Nakamura, Deguchi, 1999] [C. Gonzalez, Parra-Martinez, et al., 2026]
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GW lensing (3)

In our case the potential is a matrix!!

|

Diffraction integral is a matri

—

Helicity conserving F,.,

Photon:

_—
~

- e B
X p—
F (F+ F_

and F_:

Graviton:

)

v = (i YA
VF_FR V7
o (Vi + vﬂz vh 4+ Vﬁz
vi_+VE vh 4+ VE
EH GR
Beyond GR

beyond GR corrections very suppressed

(0,b)

F l; (bo) ~ CEER.hb

——> A

~0:0)
EH,hb

wi

Flabo) ~ (*

CFFR/de zw[td(b bo)—log —]

w o) b
¥ E:?g”ibcm) [ o lutoro il B

b:l:
b4

b8

Helicity breaking F,.and F_,
sensible to beyond GR
corrections!!
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GW lensing (4)

What happens in the +,x basis? h=hy Beyond GR

0 Fi.o0 zw[”?""%—f(b»q:}(b-)]
h = Fh |:> Fﬁ((;r }_) Fom Y pe LT 7)F9(b;

J

General incoming GW: h’(w) = Ay hy (w) + Axhy (w)

Outgoing GW in time domain: h(t) = Z 7, [}Lr(t — by —tg))hy + AL (t—tp + tgj)lhlxj|
J

I:> Time delay of the + and x polarizations, sensible to beyond GR ~ A; = 2t, x g(b)

» Same effect analysed in [Ezquiaga, Zumalacdarregui 2020] [Goyal, Vijaykumar et al. 2023]

» Same conclusion for R3 and FFR

DMLab@Paris 21/10/2026
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Summary and future outlooks

We computed the 2PM potentials from the scattering in GR and beyond of

a massive scalar and an helicity-A wave, with A =0, '2, 1, %, 2, in the Born limit

Observables in GW lensing beyond GR

» Consistency of our Born limit potentials: reality, poles free and correct eikonal limit.

» GW lensing observables: beyond GR time delays.

Future outlooks:

» Computation for massive spinning particels (Kerr BH)

> Extension to scalar tensor theories



Thank youl!
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Kinematics of the process

Gravitational scattering of a massless helicity-A particle X and a massive scalar ¢

Momenta (all-incoming convention) COM frame: p’f = (w, p)
pg — (_wv _p/)
3-momentum exchanged: q = p’' — p
The Mandelstam t-variable: t = (p; + p3)2 = —|P, — P’2 — —IQ|2
o . o _lal?
Kinematic contrainfs: |p| = \p | = w and P -q= T o

Niccolo Feci DMLab@Paris

ph = (v/|p|? + m?, —p)

i = (VI[pl +m?2,p')
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Spinor helicity-formalism (1)

The complexified Lorentz group  SO(1,3)¢ s isomorphic to SL(Q, (]:) X SL(Q, (]:)

I

We can define the map for massless particles:  Dag = pﬂagd = Ao \g

P~
~

A and A\ are Weyl spinors ()\7 )\) S SL(Q, C) X SL(Q,C)

The spinors satisfy: ~ AX = 0 = A\ whichindeedimplies: p? = ()

DMLab@Paris
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Spinor helicity-formalism (2)

~

Consider the spinor-transformation: A, — wA, and Ao > w Ay ———  Paa leftinvariant!!

> Spinor transformations are little group transtormations

The amplitude transforms as Mo, Qi i) w i) = (wi) "2 My (L35 14]) Vi=1,...n

Simplified computation

> Possible to compute 3-point tfree-level amplitudes \ doesn't consider
l off-shell pieces
Using unitarity we can compute 4-point amplitudes > ﬂ
l Main source of
Gluing free amplitudes we can compute loop amplitudes _/ complexity in

Feynmann diagrams

Niccolo Feci DMLab@Paris 21/10/2026 22



Lippmann-Schwinger (LS) equation (1)
Lippmann-Schwinger (LS) eq. M(p, p') = V(p, p,) + /dSlM(FH )G (p, 1)V (], P/)

« Reality of V(p,p')
Following [Todorov, 1971] we require: <
« Unitarity of the amplitude

v
Born series solution of the LS: M=V +VGV +VGVGV + ... = v
Real potential §(|k|? — |p|?) 1 1
unitarity 16m2y/s 2m(2m)? k* — p? — ie

Change coordinates
of the potentiall

A Possible to add regular (real) terms to G(p.k)

> This choice of G(p,k) corresponds to isotropic coordinates [Correia, Isabella, 2025]

DMLab@Paris
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On-shell t-channel discontinuity

One-loop t-channel discontinuity helicity-A particle — massive scalar mediated by gravity forA =0,1,2

Tr[l15p10l25p20]4_2)\<1‘l10p25l20|3]2)\ + (ll > l2)
(2p111) (2p1l2)(2p2l1) (2p2l2)

| B 1
Disc, MV (132,314,) = YIS f dlyy i,

Very easy and compact result with spinor helicity formalism

I

Much easier computation than using Feynmann diagrams!!!

|:> Next step: discontinuity in terms of discontinuities of scalar master integrals.

DMLab@Paris
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Graviton t-discontinuity computation

Tree-level amplitudes: graviton — massive scalar in gravity

o 4 4
_ i AsAi)2(Aaa )2 O 1—0 a—g 1 _ m=(A1A3)
M(O) 1 72+53 94+ — ( et M []‘h 2(P3h490] - 2
o230 40) M3, (2p1p2)(2p1p3) (2p1p4) Mpt(s —m?)(u —m?)
_ _ AgA )4(5\35\2)4 40y . ). \4
MO(L- 25, 3 4y = — (M Oron s 1 m*(idg)
(o230 4n) M3, (2p1p2) (2p1p3)(2p1p4) ML, 263,40 = M2,t(s — m2)(u — m?)

. L 1
t-channel discontinuity  Dise, MM (1,2,3+4,) = §/d1'[,glgz (M(O)(IE,SI,(—ll)}:,(—lz):)M(O)(Z‘D,4@,li|_h,lz_h)+

+M(°)(1h,3;t,<—zl>z,(—b)h)M(O)(2@,4@,zlh,z;h>) _

1 /dH A A1) A A3) (N2pao M) + (A A1) (A, A3) (A paohe)?
- 4 49 l1l2
2M Bt (2p111) (2p1l2)(2p2l1) (2pal2)
_ 1 /ng l ()\1[10‘]925‘l20‘/~\3)4 —+ (ll L l2)
2 (2p1l1) (2p1l2) (2p2lh) (2p2la)

Niccolo Feci DMLab@Paris 21/10/2026 25



PM/quantum corrections (scalar case)

Considering the different contributions to the amplitude:

m3w? mw Rs w R \
oI + 1) ~ 3z g ~ O( Mo ) ~ O(Mure 7 1gr) ~ O(Muee )
3| | = 9 P|l | P > PM corrections
m°|q w mlq :
ealo ~ G (14 #5) ~ (Mo ) ~ O(Meree ) y
2 9 2 R
Colo ~ il 1+ #w_ ~ QO Mtreemﬂ ~ O Mtree_s_c )
M q? M2, m b b
Pl Pl -
2 9 q |4l R > Quantum corrections
m-w m|q| [q w5 ibes
CVIV o T O(Mtree—_) N O(Mtree__>
M??l M]%l m b b J
(2mw)*® Ry m|q|

5 5 PM parameter: — = 5
Mz, |q] b Mz,

Niccolo Feci DMLab@Paris 21/10/2026
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Master scalar integrals dictionary

It—/ d*k 1
° ) i@2m)A k2(k + p1 + p3)?

o _/ d*k 1
Vo ] i2m)t k2(k + p1)2(k + p1 + p3)?

o _f d*k 1
2 ) i@m)A k2[(k + p2)? — m2](k + p2 + pa)?

Ak 1
0= / i(2m)* k2 (k + p1)?(k + p1 + ps)2[(k — p2)? — m?]

dk 1
X = / i(2m)* k2(k + p1)?(k 4+ p1 + p3)?[(k — pa)? — m?]



Box and triangle master scalar integrals

Sum of box and crossed-box diagram:

—= —_ - e
0= X S T om ) @ l-pP@-p)i-p—ql?  16mma?|p| e s
u J
~
Imaginary

Massive triangle integral

/ d’1 1 B 1
In=55 27 1—p2l—p—qal?  32m|q

Same result of [Cheung, Clifford et al., 2018]

DMLab@Paris
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Graviton amplitude in the Born limit

Amplitude in the Born limit

1 (ipeoly?
t-cut Mf’l m?(4w? — q?)

MWD (1-2,314,) cleo(o+ Ix) + ERIZ + 212 + ¢ 1)

The classical coefficients are:

co = M3(q* — 4q%w? 4+ 16w*)? - Should cancel for a real and finite potentialll
MS
R = —T(q2 + 4w?)(15q* — 88q?w? + 240w?)
Q2
A Poles for q2 = 402, backward scattering cos(6) = -1 cos =1 — 2.2

Niccolo Feci DMLab@Paris 21/10/2026
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Graviton iteration term (1)

One-loop helicity conserving potential, graviton scattering:

_ cﬁl O(1; 2,0, % 1,) MO (3, 4,0, 71)*
Vf’—(l)(pvpl) = M(l)(lh 203, 40) - 2m / = 1;0_ p- : B

_|_

y 12_p2
—>

Fundamental to cancel spurious poles!

MD(172,3+4,) / a1 [ (L %lilio)M”(&:%lzl;)* MO (15 2,0, 1)MO (35 4,0, 1)
- 2m

Helicity breaking tree-level amplitudes

contribute (non-zero only in the Born limit)

1|poc3]? m*(13)*
MO(172,34,) ~ g\Pza\] : MO (12,3, 4,) ~ — 13)
M7, (2mw)4q g ©, Mp,g*(2mw)?
V
Non zero only for gravitons
Niccolo Feci DMLab@Paris 21/10/2026 30




Graviton iteration term (2)

Helicity conserving Helicity breaking

ferafion ferm f d?1 { (1|paolopyo|3) o (1]l |3]* } B
1T — —
) o2 - 122)511 - p)§(12— p')? N (12— p*)(1-p)2(1-p')? Only iteration ferm
16w™(q* — 4q°w* 4+ 16w™)~* In Eikonal limit!
Precisely the boxes = 2m5(1|p20|3]4{ ( (4 zq_ 2)4 (Io+Ix)-
coefficient — wr—d
of the discontfinuity! - (32768w!" — 19456wq* + 6336w0q" — 944w'q° 4 84w?q® — q') In+o?(32 4 7q> N 35q* In
4(4w? — g?)4 w? 16wt
. . . 12 L wZ 12 . w2 2
lteration term is a function of I;:  lo = VR = Vw2 + 12 —w?~w+ o ( 3 ) + .
2PM potential: V"W (p,p') = MD(1;2,3F - (1lp2o3]* (15 299®  35q"
potential: A (p,p’) = MY (12,37 4,) — Mir(1;2,374,) = — MEw2 \ 16 ez T orpt In
q2
Potential poles-free and fully real! Spinor factor:  [(1|p20|3]| = 2mwy/1 — e
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Wave equation

Discussion from [Correia, Isabella, 2025]

Regge-Wheeler equation for a scalar in a Schwarzschild BH:
8M(V —q g””@,,gb) =0 Juv = diag(A(T)a _B('r): _B(T)a _B(T))

After some manipulations it becomes:

1 GM)O 2G2M?
(V2 4+ w?)¢p = ((1— El G?]“Miz)&jt GQMQT_Tgar)gb:ng

T

With the potential up to O(G?): O + O(G?’)

r + 212 v

v (4MG 15G2M2> , G*M?
- i

. Equal for an on-shell
FT of the scalar potential potential

/ d’k XY (p, ) = AGM N 15G* M=\ | G M?
X = w
oM (PP x| e Alx[*

Niccolo Feci DMLab@Paris 21/10/2026 32




Helicity-A amplitudes in the eikonal limit

Spinor factor in the eikonal limit:  [{1|p20|3]| = 2mw
1
. 1) /4 —
Amplitude: M( )(1X2903}490) = s [[CX]EI(ID + Ix) -+ [Cx]%fg/[ + [Cx]ovI% + [Cx]ofo
Pl
Superclassical < lcx]o = 16 M 4w, X =0¢,%,7,h
Gravitational coupling
| > universality!!
Classical < [CX]AAJ — —15M4w2, X — ¢’¢ ~ h [Bjerrum-Bohr, Donoghue et al., 2015]
(ex]? = —12¢°M%?, [e]%= —16M%?, X = ¢,4,7
Quanium < 3 17 161 29
= M2 0 20,2, LN Ve S Ve
\ [C¢] 10 [C’QL’] ].OM [C'}’] 30 M W, [Ch] 2 M W

Niccolo Feci DMLab@Paris 21/10/2026 e



Observables in GW lensing - eikonal

Matching diffraction integral and classical amplitude Zso 1233.5 M
[C. Gonzalez, Parra-Martinez, et al., 2026] Zal Zzoe i 87/5 = Faipp — 1
Eikonal limit onel oo
Partial wave amplitude: M = Ni(Zl +1)(e2% — 1)P(cosf) =3 Nw; /d2be‘iq'p (ei‘seik(b) - 1)
=0
_1+1)2

 Impact parameter: b »

* Legendre polynomials asymptotic expansion  Pj(cos6) 25 Jo(wbb)

Matching relation | D deik(b) = —wip(b)

Next step: extend this matching to include the first Born correction

Niccolo Feci DMLab@Paris 21/10/2026 34



Gravitational lensing in detail (1)

g FFR
/ Photon: V7 = (VV;??LR V‘ﬂ )

In our case the potential is a matrix!! n R3 b R3
\‘ Graviton: VP = Vg + VH:E = tie 5
Vi_+VE vh L VE

After some manipulations the diffraction integral matrix:

| (e—z’w§+(b) i e—z‘wﬁ_(b)) | (e—iw§+(b) i i (b)) L
Fiq(bo) ~ / d*betta(b-bo) - Fiz(bg) ~ f d2beita(b-bo) i =

1,e) 1,1b (0,b
b m C(E‘H,hc m EEH ;36 l (CEH?hb (0,b) > 1 m ( (1,20) ) 1
<} CR3 1.5

¢~ log P == 5 == + Crs iy 272 \ CR3 he T -
£ eigenvalues bir ~ Mp, b Mpy w?b? w? bt Mp, p b>
" (L) aw ) b (1e)
of the W mMatrix; f7 o b + m C%hec n m €y he 4 CFRFR,hb m FFeR hb
ET e T M b M, W 2 M B

21/10/2026 35
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Gravitational lensing in detail (2)

Helicity breaking conftributions

tions << Eikonal fi i i
Born corrections << Eikonal corrections (including beyond GR) very suppressed.

(Le) (1,1b)

: b m C m [C ]
2 ta(b,bo)—E4 (b : X _ X EH he EH,hel X _
> Faslby) ~ [ @Pbeeluro-e O] where: el <X mon g g S ST X <o

Same result of [C. Gonzalez, Parra-Martinez, et al., 2024]

(0,b) 2p i |ta(b,bo)—log i b
Fi(bo) ~ cppp mwCrrr f el 1% i Helicity breaking DI
But A L(00) | b b I:> sensible do beyond GR
EH,hb (0,b) iw|tg(b,bg)—log 7=~ | O+ .
Fl_(bg) ~ ( Tt Rg’thR:),) /de i D0) 08 = corrections!!
: - 4 474 : 2m f S Can be O(1)!
For graviton lensing:  w'Cps ~ w'lss  with wlps = ==0(10km) ~ 2 x 1074 { = an be O(1)!

Niccolo Feci DMLab@Paris 21/10/2026 36



Gravitational lensing in detail (3)
What happens in the +,x basis? h = hio, h = hyx
h = FhY, F=U"'FU

2 2

Fa = 27Vm T w8 o Z pje [ %_f(%)?g(m} o () = fp) £ 9()
General incoming GW: h”(w) = Ay hy (w) + Axhy (W)

Outgoing GW: h(w) = F(w)h® = Fi(w) AL (w)hy + F_(w) Ay (w)hy

Outgoing GW in fime domain: h(t) = Z 14 {/L(t — b=ty FAL(t—tp + tgj)lhlx:|

| > Time delay difference of the +,x polarizations, sensible to beyond GR
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