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Section 1

Introduction




One of my research purpose is to
develop My method for three-body-5body
problem

We call 3-5 problem as ‘few-body problem’.

What is ‘few-body problem’?

| shall explain this word in the terms of ‘Human science’.



Section 2

Individual and Group

iIn the microscopic world




Physics:| Few-Body Problems in Physics
(many—body) ”

Social Science:| Individual and Group Behavior

£ 1k based on the interaction
group =B between individuals

\ individual

A typical problem :

the group may act collectively
to achieve a goal that differs
from what individuals would
act alone.

interaction In physics, this problem is called -
SR E



Few—Body (Many-Body) Problems:
to disscuss about the group behavior

starting from the iInteraction
between constituent particles.

group
\ particles

To study such problems,
we need any good research methods

to clarify the dynamics of
individual and group behavior.

interaction



My research goal Is
1) to establish such a method

2) to apply it to various kinds of

BAE Interesting, important problems.
strange
intruder .
® One of my research subjects:
\ To study how the group
group " responds, as a whole,
N '\ Individual | a53inst a strange intruder
coming Iinto the community.




Group

\

individual

interaction

3-body model

The simplest is
‘3-body problem’.

But, it seems difficult to solve
this problem.

Next, let’'s consider
why ‘3-body problem’ is difficult.



2-body
problem

3-body

problem % %

4-body
problem

2%

£

%

2%

Some Issues are easily
solved.

Become complicated
due to the presence
of the 3-rd person

Much more complicated !



3-body problem in macroscopic (astro—)physics :

You might know, 1t 1s difficult to solve

accurately the 3-body Newton equation that has
chaotic solutions sometime.

How about is the microscopic 3-body problems such as in
atomic and nuclear physics ?



A 3-body problem
In atomic physics

electron

electron

-
-
-
-
-
-
-
-
-

nucleus

Nucleus

Atom=Nucleus + Electrons




A typical 3-body problem in nuclei A typical 4-body problem in nuclei

Triton Nucleus Helium-4 Nucleus

Nuclear -~

/
force \I\
I

._—>— proton
\

\
' neutron

A

~
\———’ ‘———’

Particles are
moving fast.
It is difficult to solve nuclear 3- and 4-body problems accurately.

Question: Why is it difficult to solve ‘'many-body problem’
accurately?



Many important problems in physics can be attributed to
solving accurately Schrodinger equation

(H-—E)¥ =0
for 3- and 4-body systems.

By solving the equation,

1) we can predict various observable before measurement, and

i) we can obtain new understandings by comparing the
observed data and our theoretical prediction.

For this purpose, it is necessary
1) to develop the method to calculate 3- and 4-body
problems precisely, and

i) to apply to various fields such as nuclear physics
as well as atomic physics.



Atomic phySiCS He atom etc. H molecule etc.

Interaction V(r)

2-body 3-body

nucleus
electron

In atomic physics,
constituent particles are electrons and nuclei.

<<m

melectron nucleus

Coulomb interaction is weak, therefore,

for example, using adiabatic approximation,
we can perform 3- and 4-body calculations more easily
than those in the case of nuclear physics.



Nuclear Physics

Interaction V(r)

Two-body Three-body Four-body

However, in nuclear physics, since interaction between
nucleon and nucleon is strong, we have no approximation
method to solve three- and four-body problems accurately.
Then,

We should develop the method for solving various
few-body problem accurately.



interaction V(r)

2-body 3-body

In the 2-body problem, since how to calculate
2-body Schrodinger equation is written in the
textbook of quantum mechanics, everybody can

calculate the 2-body problem exactly.
1) However, it is usually difficult to calculate 3-body

and 4—body problem since the interaction is strong.



i) In 3-body system, there are many rearrangement channels.

Simple in two-body system

@

(@O0 @ O :
Strongly Loosely
coupling coupling

If one more particle is
added to....

3-body problem : commplicated! %
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Strongly (2+1) coupling
coupling Loosely Three-types

coupling



4_b0dy prob|em IS (2+2 )binding three types

more complicate.

Strongly binding

.
.
. *
. .
. .
. .
- *
. .
. .
. .
. .
. .

Loosely | . T
(3+1) binding four tyes

We should take account of these rearrangement and solve accurately.



Few-body research group to solve four-body problem

/ methods in the world!

- Gaussian Expansion method: RIKEN & Tohoku.(Japan)
- SVM Osaka metropolitan Univ.(Japan )

-Fadeev Yakbovsky Ruhr Univ. (Germany)

- Hypersherical method Pisa Univ. (ltaly)

No core shell model

- Green Function monte Carlo (U.S.A))

-EHH



5-Body problem
Only 5 or 6 methods

*RIKEN & Tohoku Univ.(Japan)

- Osaka metropolitan Univ.(Japan):SVM

*TRIUMF &Livermore (U.S.A.):No core shell model

- Argonne National Laboratory &Los Alamos (U.S.A.) GFMC

- Faddeev calculation



Our few-body caluclation method

Gaussian Expansion Method (GEM), since 1987
* A variational method using Gaussian basis functions
= Take all the sets of Jacobi coordinates

Developed by Kyushu Univ. Group,
Kamimura and his collaborators.

Review article :
E. Hiyama, M. Kamimura and Y. Kino,
Prog. Part. Nucl. Phys. 51 (2003), 223.

High-precision calculations of various 3- and 4-body systems:

Exotic atoms / molecules , Light hypernucilei,
3- and 4-nucleon systems, 3-quark systems,
multi-cluster structure of light nuclei,



In order to solve the Schrodinger equation, we use
Rayleigh-Ritz variational method (Z4i%)and we
obtain eigen value E and eigen function ¥.

(H-E)¥ =0

Here, we expand the total wavefunction in terms of a set of
L2-integrable basis function {®:n=1,....,N)}

N
v = Zl Cn P,

The Rayleigh-Ritz variational principle leads to a generalized
matrix eigenvalue problem.

N ™
(®|H ~ E| £ Cu®,) =0,  (i=1,..N)
I

W



Where the energy and overlap matrix elements are given by
Hin= <q)i| H | ch >
Nin= <cDi| 1 |q)n >

Next, by solving eigenstate problem, we get
eigenenergy E and unknown coefficients C_

| (Hin)'E(Nin)\ Cn =0

\ y,




Variational method (Z43i%) for Schroedinger Eq.

(H—-—FE)¥ =0 (T |¥)=1
We check the energy of a trial function ¥

Suppose that we have a ortho-normal complete set { ¢y, }
qu p— -n,qb-n, (ﬂ;: 0, 1,2,...,N) E0§E1SE2 E,....,<EN'

<¢n|¢n’>:5nn' Z|¢n><¢n|_1 ¢R|H|¢n>_E6nn

Expectation value of H / v

=Z&<@|¢n><¢n|@ >ZEO<@|¢H><¢H|@>:EO<Q|@>:EO

(VIH|T) > B,

How to find accurate W ? This can be =, when ¥ = ¢



Example of the simple variational method

Calculation of the ground-state energy of Hydrogen atom

o, €
N ___E Wim
[ 2mev - | i (1)
Atomic unit
AL B ()
N - T Yim\ I
L2 T |
|
H

Trial function

1) Gaussian function exp(-ar?)

2) Exponential function exp(-ar)

electron

Atomic unit
Distance in unit of Bohr radius
h? _.
agp = — 0.5291 A
mee?

Energy in atomic unit
4

€

Eo = —7 =2T.3¢V




Simple variational calculation of Hydrogen atom

Trial wave function

Gaussian exp [—(r/a)2]

Exponential exp[-r/a]
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a [in unit of Borh radius=0.53 A]



Section 3 .
jewel

BT A
Gaussian Expansion Method (GEM)

for Few—-Body Systems

Gaussians




Rayleigh-Ritz variational method | can be accurate for

the ground state and
(H — E ) v — 0 some excited states

Here, we expand the total wavefunction in terms of a set of
L2-integrable non-orthogonal basis function {®,: n=1,....,N)}

N
v = ¥ CH(I)H\ More general
n=1

than orthogonal basis

The Rayleigh-Ritz variational principle leads to
a generalized matrix eigenvalue problem.

N °
<(D1|H_E| ;lcnq)n> :Oa (1:17"'7N>
o

Wy



Where the energy and overlap matrix elements are given by
Hii=<®|H|P,>  (i,n=1...N)
N.

=<®.|1]| D, > --- non-orthogonal basis

Next, we get eigenenergy E and coefficients C,
by solving generalized matrix eigenvalue problem,

(H-E)¥ =0 v- 1 c,®,

f |
(Hin)'E(Nin) Chl =0

) y

solution W = lI[Da ‘1’13 @23 seeey lI[N
E =Eo, Ei, Eo, ....En



0,p
ﬁf’r?.!(r) = Ny TEEPV“ r .

(2”2(21-’?1)“"% ) o (n=1~Tmax),
Nn! =

TR+ D
Uy = % '

Let’s calculate Hydrogen atomic system. Code name is bound-coul.f



Test in hydrogen atom

| 7 e?

— VQ — — —F Im\I
= S B ()
E in atomic unitof ~ me.e?/h* = 27.21 ¢V
R in atomic unit 7% /(m.c?) = 0.5291A (Bohr radius)

1 1

— _V’—-——F r

[ 9 r ] wlm( )
N = 20, k E®) (GEM) E®) (Exact)
1 —0.499982 —0.500000
ri = 0.1 an., 2 —0.124998 —0.125000
o = 80 a.u. 3 —0+05.555.5 —0.055556
4 —0.031249 —0.031250
D —0.019998 —0.020000
6 —0.013833 —0.013889
7 —0.010203 —0.010204




C=2 C=3
(H— E)W, =0

ﬁ? vz ﬁi‘

T = — r
218, ¢ 2ppR.

V;E (c =1,2, or3)

Wynr = D53 (r1, Ry) + &5 (12, Ra) + 50, (rs, Rs)

Why we take 3-channels?



C=2 C=3

Wone = ®Gar(r1, Ry) + @50 (ra, Ro) + ®5as(rs, Rs)
Basis functions of each Jacobi coordinate

Ot (1) Yim(Te)s  ¥NL(Re) Yim(Re), (e = 1,2,3)

| !
(8, ¢) (©,2)
DR = Y A 68 () BELR) %) © Yu(Ro)
JM (Tes Re I,NL c c) [FTilTe LA el gm
nl,NL 1 in the next slide

Determined by diagonalizing H



(I)EICR/I(FMRC) — Z Av(t(:‘,),NL (zbq(r:? (Tc) r‘fbl(\?)L(Rc) hfl(?c) ® YL(ﬁc)}

JM
nl,NL

Yi(®) @ Yi(R)| = > (ImLK|JM) Y (t) Yik (R)

1 m,K
(0, 0) /

Clebsh-Gordon coefficient in order to couple two angular
momenta | and L to J.

Spherical harmonics
=]

Yim(0,¢) = Y Apy,j cos'™™729 sin™ 129 e'™?

j=0

b=

(L +m)! (=)
2m 49 51(m + 5)!/(l — m — 2j)!

(20 + 1) (I —m)!]

Almj — [
47 (l + m)!

Complicated ! Y21(0, ¢) o cosf sinf e



Section 3

Gaussian basis functions




An important issue of the variational method is how to select
a good set of basis functions.

What is good set of basis functions?

Using them,

(1) we can describe well the properties of wave function:

a) short-ranged correlation,
b) long-range tail behaviour,
c) highly oscillatory character

(2) we can easily calculate the matrix elements of Hamiltonian
Hin= <cDi| H | q)n >, Nin= <q)il 1 |(Dn >



(I)EICR/I(FC,Rc) = > Aw(-::‘,),NL ﬁf’(c)(rc) YN (Re) hfi(ﬂ) X YL(ﬁc)}JM

nl,NL
Using this three-body basis function, we calculate
the matrix element of Hamiltonian.

) @ Channel a o) Channel b N
(64 (ra) WNL(R,) [Yi(E2) @ Yi(Ra) L ar | H | 65 () WXL (Ry) [ Yi(®s) @ Yi(Ry) ] ar)

The key point of solving 3-body problem:
To propose basis functions to calculate the matrix elements
easily between basis functions of different channels

The suited basis function is

Gaussian basis function proposed by Kyushu Univ. Group

(afterwards, we shall propose more improved
‘infinitesimally Gaussian Lobe basis functions’).



For this purpose, we use the following basis function:

(rbnlm(r) — rle—unrz Em(?)

1
v, = —
r2 - Geometric progression L85
—1
r, =7ria” (n =1,...; Nymax)

The Gaussian basis function is suitable not only for the
calculation of the matrix elements but also for describing
short-range correlations and long-range tail behaviour.

Geometric progression]

0.5

10 12

o
N
AN
o



Gaussian basis function proposed by Kyushu Univ. Group

Prim () = Tl ,,m(’ii)
(0, 9)

If the interaction between constituent particles is
central force, we can calculate the 3-body
matrix element easily (but not easy for beginners).

The method has been applied to nuclear physics
successfully.

However, it is very difficult to apply to

1) 3-body problem with complicated interaction
such as spin-orbit forces and tensor forces.
i) 4-body problems.



Why difficult?

| shall explain why.

In the morning on 30 July



0

A5 ok

1
c=1

General case of 3-body matrix calculation

c=1 c=3 02

(@5 (r1, Rl) | Voe™s |®JM(’%R‘>) >f,3, R,

(I)SA (r1,

c=1 toc=3 c=2 to c=3
I'y = ¥y3-'g + ,BISRS I'g — (¥o3I'3 ‘l‘ ﬁggRg
BRI R1 = 7i3rs +013R3 Rg = va3rs + 023R3



EERZE#  c=1 toc=3 1
ry = ars + Gi3Rs Ra = 7srs - 013R;
=]
Yim(0,¢) = Z A cos!=™m=29 sinm™ g et™m?
7=0
Complicated transformation of Y. (6, ¢)
1 Y- 21&

2[+1) 3 L ~\ o~ Y (T
11 lm Z 2A+ (21 — 21 4 1)! ] (a137"13)’\(/313R3)1 '\[3/){1”3)@ )}_(\RS) ]fm
A=0 - s

Similarly for  Yim(t2), Yzmr(R1), Yim(R2) — Y- 6/
Radial part: c¢=1 toc=3

_y*pr? _ —a;?"g—bR%—l—chg-Rg
e 1= ¢ Y- 2{@

— (3_”’"% —bR; Z/\ 47('[,\((..’7"3H3) [YI(@) & Yl(ﬁ:;)}

Modified Bessel function
Total number of Y-functions =10 Y- 3£&t10{&




In 3-body problems, we meet these angle—intergrations
including at least 10 shperical harmonics,

/ / d0 dp Yeum: (05 ) Yeamy (05 @) Yesms (0, @) Yeuma (05 @) Yesms (0, D)

x [ [ O d® Yi,11,(0, ®)Yr,01,(©, ®) Yions, (O, @) Vr,ar, (O, ) Yioas, (O, @)

24 shperical harmonics in 4-body problems

| [ d0d Yeum, (8, 8)Yezms (6. 8)Yeuma (0 8) Yeums (0, 6) Yeum (6, )
X Yegme (05 0) Yerms (05 0) Yo (6, )
X //d@)d@YLIMI(@,@)YLQMQ(@,@)YLBMB(@,@)YL4M4(@,@)YL5M5(@),@)
XYrone(©, P) YL, a1, (O, P)Yr a1 (O, P)
X [ [ A6 A’ Yeyum, (8", &) Yo (6" &) Yo (6", &) Yo, (6 &) Yy (6, &)
X Yemy (0" &) Yo (0", ") Yerm: (67, 9')

This calculation 1s very difficult, especially for
beginners such as master—course students. The result iIs




The 3-body interaction matrix element : Gaussian potential

<Oy (r, Ry e=#3 | D@y (r,,Ry)>

=< r'R,L "% R [Y(r) x Y,(R)u| e—#"3

X ry Ryt er’e AR [Y/('/'\z) X YL(lA?z)]JM >

e 13

:ZZZZ V)\ 5H\V’A5 L’-A

 N(2I-DL-1YRANR-MD)RAN(L-A)(21+1)1(2J+1)!

X

<

CAP-A T

| K

\

NL-AL

J

>

(=) (MAOO|10) (I-A L-A|KO)

'\ 9j symbol N Clebsch-Gorgon coefficent

— Racah coeffiient

X > W(IIKL;jJ) (KLOOIjO) (1100]j0)(2m+2j+1)!l/2m*+n+4 ml(E-E2/n )+n+i2

X Y (2p+2j+2n+1)1l/(2P+2j+1)! { m
p

(8%/(¢n-€2))P




Summerizing, 3-pbody matrix elements

—

(001 (ra) W] (Ra) [Yi(Ea) @ V(R Loar | H | 65 (ro) w1 (Ry) [YelE3) ® Y2(Ry) L yar)
It is laborious to integrate over the angular coordinate
of spherical harmonics Y;,,, (0, ¢)

a) In the case of calculating the matrix element of central
force, we have 10 spherical harmonics'’.
This is hard for beginner.

b)In the case of complicated interaction such as spin-orbit
force and tensor force, we have more than 10 spherical

harmonics’. This is hard even for experts.

c)In the case of four-body problem, we have 24 spherical
harmonics at least. This is hard even for experts.



Difficult points using f,-ﬁe—-’f’fﬂ“z}/k,,,n(f-)

a) 3-body problem using complicated interactions
b) 4-body problem

It is difficult even for expert to apply the method to
a) and b) cases.

We should overcome this difficulty and make
the method to be applicable for beginners such as
master course students.

| proposed (1994):
Infinitesimally shifted Gaussian Lobe basis function



Section 3.1

R/ (%%
Infinitesimally Shifted Gaussian Lobe

basis function




IR/ 72

Infinitesimally shifted Gaussian Lobe basis function

What is Lobe ?

-

Lobe = something
roundly sticking out

BRI 22 H &

Ear H

Ear-Lobe
HiE

REXHOERESNER

nuﬁnﬁobe

back lobe

antenna faces to 0°

Radiation pattern of antennas

shows a pattern of Lobes
at various angles.



Infinitesimally Shifted Gaussian Lobe (ISGL) basis Function

1 kmax
—V’I‘ — . —V(T—EDlm k)z
e—vr2
—

)
\_/

A Gaussian function
around the origin

Describe angular dependence
by sum of shifted Gaussian
functions (without spherical
harmonics)

Shifted parameter C, D can be

The simplest example easily determined.

!



Construction of the ISGL function /\
e O

VA

Simple example: 1=1,m=0
roughly ) v
2 F Y e S
eV 1 Yio(T) vz

&
: X Ze€ 7< /\
_ _ ~\2 . 2 -€ 3
e v(z—g)° e v(z+e) \I/o .
In detail

1 [e_y(z —£)? _ e—V(ZJFE)Q} _1

2

E

1/(2: +-£2) [62

—21/_52:]

— €

VEZ
Taylor expansion

1 (QEM::}Q ‘ZEL»'

—L/ ,:'.’-'2 t_E -
= ¢ E+E) 1 4 (2ev2) + 51 + ]
| S e (‘Ze_f_ir.x'::)2 (‘ZEM:)
—_— y{,, TE ) - ~ —_ .
; E(_, 11— (2ev2) + o) 3] + ]
1 - (22 4€2) 2 9 6_}'04 — 22
= = devz + 5(251/,2) e | = avze
E




| !
h—1
Chop = (=1 ’ D, =(—=1)"1e, (k=1.2)

Unit vector for Z-axis



kmax

re ™" Yo (0, ¢) = lim — >~ Gy, e T =P ima)

Yy
e=0 gl =

For any angular momentum (I, m),
using the mathematical formura

[—m

P Yom(0,0) = Y Ay 2™ (2 4 iy)™H (z — dy)?
7=0

simple factor

we can easily derive
the shift par ameters Cim . and D;,m k

Detalls is written in
E. Hiyama et al. Prog. Part. Nucl. Phys. $1 (2003) 223.



Calculation of 2-body norm matrix element

It is too simple but very instructive. 2{FRERE
Normal Lobe .T"

Oy (v,r) =7 Lg=vr” Yin(T) = hm D€, v, 1)
ko

/1

(I)zmﬁ» v, I') Z Clm,k e—z/(r—E-ng,k)z
k=1

Norm matrix element

< (I)hn("/r I') ‘ 1 ‘(I)f.m (V!a ]f'))

= lim { Oy, (c.v,r) 1 [Py, (0 1))
£,€

——%0 (straightforward integaration)

7

= A hm

,-,-J

Sf:.:

7 T Zm kclm k’ res (D?(m k Dlm k’)
' =1
é ( : )3/2 21;;/ (for v = v/ )

o = p
v+ -




< (I)e'.m("/a I')‘ 1 ‘(I)f?n-(u!& [')> — 11111 < (I)Im( V, I')‘ 1 ‘(I)Im( V I') >
g,e/—0
1

= A lim D T Clon ik Cim i === i k- Dim i)

g,e’—0 (_5) I =1
(forv=v"")

Finite value of €,&’->mixture of angular momenta
Small value of €,£’-> round-off error

What is round-off error?



Calculation of 2-body norm matrix element

It is too simple but very instructive. 2{FRERE
Normal Lobe .T"

Oy (v,r) =7 Lg=vr” Yin(T) = hm D€, v, 1)
ko

/1

(I)zmﬁ» v, I') Z Clm,k e—z/(r—E-ng,k)z
k=1

Norm matrix element

< (I)hn("/r I') ‘ 1 ‘(I)f.m (V!a ]f'))

= lim { Oy, (c.v,r) 1 [Py, (0 1))
£,€

——%0 (straightforward integaration)

7

= A hm

,-,-J

Sf:.:

7 T Zm kclm k’ res (D?(m k Dlm k’)
' =1
é ( : )3/2 21;;/ (for v = v/ )

o = p
v+ -




< (I)e'.m (Va I')‘ 1 ‘(I)z'.-m. (V!a [')> — 11111 < (I)I-m. (§~ v, I')‘ 1 ‘(I)Im( V I') >

g,e/—0
1 "
e o —tke & D D m,
B A h;n] T T Clm kClTTI, L' € Oe_ ( lm, k" k)
g,e’—0 ( g ) A =1
o (forv=v")

We calculate e-9€€"  in Fortran code as DEXP(-aeg’).

a) This generates serious mixture of Y, ()
with higher £ for a finite value of €

To avoid the mixture of Y}, (T)

For example, we take =0.00001. The matrix element =1.00022333.

Then, .€ =0.000000001. But, the matrix element =1.223333333! Why?



This phenomena is round-off error.
+1-%b

In calculation by computers, usually numbers are
given in 15 significant figures (digits) .
BRI

no problem 15 however 15

AL AN
4 R 4 R
\ 1.00000000000123 \ 1.00000000000123

+) 1.00000000000121 -) 1.00000000000121
2.00000000000244 0.00000000000002
BEahr=15 =2 x 10-14 /
Onl ignificant fi !
Be careful when subtracting g Oneﬁ%g'?ﬁan I

nearly the same numbers.



So far, | though that this new basis function was my original
idea.

However, | found that text the similar basis function was
iIntroduced in quantum chemistry textbook.

According to the textbook,

It mentioned that when € have some value, we have
mixture of higher angular momentum. When £=>0,

We have serious round-off error.

Then, due to this difficulty,

the old Gaussian Lobe method (1960’s) was NOT
used in actual calculations and was

soon forgotten (only used as exercise for student) .

| was so shocked to read the textbook. And | lost the motivation to do research
for one week.



But, some 30 years after, this difficulty was solved
by Hiyama [3,6,7] by introducing the ISGL basis

functions with properly taking }:1_%

after performing the analytical integration of the
matrix elements.



Hiyama’'s new method (at the time of MC student, 1994)

Infinitesimally Shifted Gaussian Lobe (ISGL) basis Function

1 knlax

(blfrn,(g V I' Z Clm k 6—1/(1" eDim, k)
8

Norm matrix element
(D ()] 1 \(115?71(1/’?1’)) = 11111 (Dpn(e.vor) 1 | D (e, V1))

£,e’/—0
. /
=4 lim T T kGl €4 (D}, kD i)
€, —>»0 ’ 7 T
— 1 ee' > Dangerous if we use
(for Y — y;) / e FUNCTION EXP (....)

. . /
Taylor expansion with very small € and &

1
=1+ (ee'x) + E(Ee’m)z el

If we take the full terms, it causes serius round-off error as is expected. But,



 —

( Z Z C[m kclm k 6

But, I tried to omit the first term, namely “1” (I took | = 2 ).
I thought the term is the bad origin in the round—off error.

My superviser said —— “It is very stupid because, in the

Talor expansion, the first term is the most important and

the higher—order terms are less important”.
I answered ——" We shall never know the result, unless we try”

The result became slightly better, but not good.

Then, I omitted the second term too.
Surprisingly, we obtained the exact result, namlely Norm =1.0

What happened ?7?



Construction of the ISGL function /\
e O
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Simple example: 1=1,m=0
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ee“:m:/l/—f— (#)—}— (eew)2+ ........... )
| D T second power is remained.

(55’)5 ZZ lpf.t’njkclm,k’ 63_0585’r (Dy ke D i)

k! /I'aylor expansion

krnax klnax

k

o0 1 .
: y: y: Clm,k Clm,k’; ( EE D;ka 2 Dlm,k’)J N
i=t !

k=1 k'=1

\ }

v

=0 (J <)
The shift parameters were so constructed at the beginning.
The terms with J > ! can be neglected for small €

[t is sufficient to pickup the terms withy = [

Thus, my method solved the Gauss—Lobe’ s difficulty
(since 1960 s in quantum chemistry) :

1) higher—angular—-momentum mixing

2) severe round-off error.




The method using ISGL function is applicable for
especially nuclear physics with high accuracy.

The merit of this method:

(1) To calculate the few-body matrix elements
very easily.
(2) To calculate the energy of few-body bound state

very accurately.

(3) To calculate the wave function very precisely
both in the short-range region and long-range

region.



Section 4

A successful example:
Benchmark-test calculation to solve

the 4-nucleon bound state




PRC 64, 044001(2001)

Benchmark-test calculation to solve the 4-nucleon bound state

7 different groups (18 co-authors) ‘He

1. Faddeev-Yakubovski (Kamada et al.)

2. Gaussian Expansion Method Q 0

(Hiyama and Kamimura)

3. Stochastic varitional (Varga et al.) ‘ ‘

4. Hyperspherical variational (Viviani et al.)
5. Green Function Variational Monte Carlo

(Carlson at al.) 4-nucleon
6. Non-Core shell model (Navratil et al.) bound state
/. Effective Interaction Hypershperical NN: AVS8’

HarmonicsEIHH (Barnea et al.)



Benchmark-test calculation of the 4-nucleon bound state

Within the 7 groups
1)subject: Let’s solve the 4-body problem and

obtain the binding energy and wavefunction
of “He by using their own calculation methods. @ @

4He

2) We all should send our results to Prof. Gloeckle

at Ruhr Univ. until 18t February, 2001 by e-mail.
Therefore, we all know ONLY our own result and
do not know other groups’ results (a blind-calculation test)

3) As soon as Prof. Gloeckle got all results, he wrote

the paper and submitted it to Physical Review C (PRC).
We all knew each other’s results after this paper

was submitted to PRC (What a terrible test !).



This competition is very severe and stressful !

Happiest

Happier

- _

unhappy



Benchmark-test 4-body calculation : Phys. Rev. C64 (2001), 044001

Benchmark test calculation of a four-nucleon bound state

H. Kamada,* A. Nogga, and W. Glockle by 7 groups 4H e

Institut fur Theéoretische Physik II, Ruhr-Universitat Bochum, D-44780 Bochum, Germany

E. Hiyama
High Energy Accelerator Research Organization, Institute of Particle and Nuclear Studies, Tsukuba 305-0801, Japan

M. Kamimura
Department of Physics, Kyushu University, Fukuoka 812-8581, Japan

@ K. Varga

Solid State Division, Oak Ridge National Laboratory, Oak Ridge, Tennessee 37380
and Institute of Nuclear Research of the Hungarian Academy of Sciences (ATOMKI), Debrecen 4000, PO Box 51, Hungary

Y. Suzuki
Department of Physics, Niigata University, Niigata 950-2181, Japan

@ it sttt i
INFN, Se:ioli::z:;;lPi?a, I-561 (l)i)v}s’is}c/:, Italy 4 n u c I eo n
S. Rosati bound state

INFN, Sezione di Pisa, I-56100 Pisa, Italy
and Department of Physics, University of Pisa, I-56100 Pisa, Italy

J. Carlson ReaIiStiC N N

Theoretical Division, Los Alamos National Laboratory, Los Alamos, New Mexico 87545

. y
Steven C. Pieper and R. B. Wiringa fO rce . AV8

Physics Division, Argonne National Laboratory, Argonne, Illinois 60439

P. Navratil
Lawrence Livermore National Laboratory, P. O. Box 808, Livermore, California 94551
and Nuclear Physics Institute, Academy of Sciences of the Czech Republic, 250 68 Rez near Prague, Czech Republic

B. R. Barrett
Department of Physics, PO. Box 210081, University of Arizona, Tucson, Arizona 85721

@ N. Barnea

The Racah Institute of Physics, The Hebrew University, 91904 Jerusalem, Israel

W. Leidemann and G. Orlandini
Dipartimento di Fisica and INFN (Gruppo Collegato di Trento), Universita di Trento, I-38050 Povo, Italy



Benchmark-test calculation of the 4-nucleon bound state

Good agreement among 7different methods

In the binding energy, r.m.s. radius and wavefunction density

H. KAMADA et al.

TABLE 1. The expectation values (7) and (V) of kinetic and
potential energies, the binding energies £, in MeV, and the radius in
fm.

Method (T) (V) E, N o
1

FY 102.39(5) —128.33(10) —25.94(5) 1.485(3) qg
GEM  102.30 —128.20 —25.90 1.482 :
SVM 102.35 —128.27 —25.92 1.486 )
HH 102.44 —128.34 —25.90(1) 1.483 O
GFMC 102.3(1.0) —128.25(1.0) —25.93(2) 1.490(5) ours
NCSM 103.35 —129.45 —25.80(20) 1.485

ETHH 100.8(9) —126.7(9) —25.944(10) 1.486

very different techniques and the complexity of the nuclear

force chosen. Except for NCSM and EIHH, the expectation

FIG.

PHYSICAL REVIEW C 64 044001

0.025 T T 1 1 1

0.02

0.015

0.01

0.005

r [fm]

1. Correlation functions in the different calculational

values of 7 and V" also agree within three digits. The NCSM schemes: ETHH (dashed-dotted curves), FY, CRCGV, SVM. HH.

results are, however, still within 1% and EIHH within 1.5%
nf the athers hut note that the FTHH results for 7 and 17 are

Congratulations!! | was very happy

and NCSM (overlapping curves).



Here, let me emphasize that

1) All the calculation methods from the 7 groups
are all accurate and reliable.

2) The community of Few-Body Problems in Physics

works so severely by checking
their research results with each other.
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Section 5

4He atomic three- and four-body systems

@
&G

trimer tetramer




Nucleus

o= 4He nucleus
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4He - atom tetramer

Structure of this system
from view point of ‘Efimov
Physics’



In 1970, Efimov predicted the following phenomenon,
Efimov effect ;

in 3—body systems, if 2-body short—range interactions

support a bound state or resonant state near the threshold,
/
/

vir) / (in other words,
if the s—wave

r scattering length
" ' is very large)
then, V(r)

1) a large number of 3—body weakly—bound states (Borromean states)
can be formed even when the interaction is too weak to have

a two—body bound state,

2) all the low—energy properties of 3—body systems
do NOT depend on details of the interactions at short distance:

[ this is called “universality” ].



Efimov effects in 4He atoms

One of the most fundamental theoretical issues

from the view point of few—body problems:

to perform accurate calculations of the '

6,
5o

(e

trimer tetramer

3—- and 4-body 4He—atom systems

using realistic 4He—4He potentials.

Realistic potential

_ *He - *He

This subject has been intensively studied
by nuclear physicists, atomic physicists and

guantum chemists.




4He-atom clusters --- Level structure known before our calculation :

(o
)G @'@

dimer trimer tetramer
. _4He *+4He _ __4He +4He + 4He 4He+ 4He+4He +4
00ms o ___dimer + 4He 0.0 mK
) 0*
1 30348 mK :‘:’.4 2 _22706
A trimer + 4He
Ef|mOV ------------- > 01 _’_—: - :_________: : X
states [ -12640mK < T 3

There are many 3—body calculafdons
for 4He trimer.

/ 0 = -558 mK

There was no reliable calculation for very

threshold.

weakly bound state near the trimer +4He <— Numerical difficulty:



|||||||||

. “He - *He

The difficulty for the 4—body calculations of
the 4He tetramer is IV

1) the realistic 4He—4He potential has an

extremely strong repulsive core.
The core part of the atomic potential is ~1000 times
higher than that of the nucleon-nucleon potential. tetramer
4He + %He + He + HHe
T 0.0 mK
2) the very weakly—bound excited state
should have a very long—range tall,
. . e trimer + %He
which is also difficult to treat. ---m=ssoo-
: 2 >

-~ -
-— -—
e m - —




There are 5 calculations of tetramer using realistic pair potentials
(LM2M2, TTY) .

%He tetramer binding energies ground excited
state state
Method Reference potential(mK) (mK)
Monte Carlo Lewerenz (1977) TTY 558
Monte Carlo Bressanini et al. (2000) TTY  559.1
Monte Carlo Blume and Greene (2000) LM2M2 557 133
Faddeev ~ Lazauskas and Carbonell (2006)LM2M2 5575 127.5
Gorrelated. _ Dag et al. (2011) TTY 558 178
potential
harmonic . \
expansion cf. Trimer g.s. = 126.40
This value was not obtained by bound-state calculation

but was extrapolated from atom-trimer scattering

calculation.
So, we intended to confirm this value by our bound-state calculation.



“He Trimer and tetramer
systems using LM2M2 potential

O
OO




“He Dimer

B®) =1.30348 mK and +/{z2) = 70.93 A/a

the same as those obtained in literature.

2x10°K §

0.03r atx=0 4He dimer -
Q"‘\
g 0.02-
>
8 B (2)
oot f o (@)
i_~LM2M2 potential
0 e
" _j09Katx=3A
0 5 5
x (A)

Fig.2
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50 T - r Tr Tr T r 1 T

Gaussian expansion method for i 2x10°K
1)three identical spinless particles

2)very weakly bound states,
3)using realistic potential (LM2M2)

3ok LM2M2 potential |

20r

v(r) (K)

10

(H — E)v®) = 0. T

P
H=-—V;—-—V_+ Vi(ri;) )
2;%3 QMy 1;;: :

We take all the three sets of Jacobi coordinates:

30 35 30




Trimer ground state

(LM2M2 potential)

Present result excellently
agree with |iterature.

trimer ground state
present | Ref.[7]  Ref.[8]  Ref.[9]
binding energy B{* (mK) 126.40 | 126.39 126.4  126.40
(T) (mK) 1660.4 1658 1660
(V) (mK) | —1786.8 | —1785  —1787
(r2) (A) 10.96 10.95 10.96
(rij) (A 9.616 9.612 9.636
(r-1y (ATh 0.134 0.135
(r2) (A2 0.0228 | 0.0230
(r2.) (A) 6.326 6.49 6.32

[7] R. Lazauskas and J. Carbonell, Phys. Rev. A 73 (2006) 062717.

[8] P. Barletta and A. Kievsky, Phys. Rev. A 64 (2001) 042514.

9] V.A. Roudnev, S.L. Yakovlev and S.A. Sofianos, Few-Body Syst. 37 (2005) 179.



Trimer excited state

(LM2M2 potential)

Present result excellently
agree with |iterature.

trimer excited state
present | Ref.[7]  Ref.[8]  Ref.[9]
binding energy B!* (mK) 2.2706 2.268 2.265  2.2707
(T) (mK) 122.15 122.1 121.9
(VY (mK) [|—=124.42 | —124.5 —124.2
V(3 (A) 104.5 104.3
(ri;) (A) 84.51 83.53 83.08
(r1y (A7 0.0265 | 0.0267
(r=2) (A=%) ]0.00216 | 0.00218
V(2 (A) 60.33 59.3

[7] R. Lazauskas and J. Carbonell, Phys. Rev. A 73 (2006) 062717.

[8] P. Barletta and A. Kievsky, Phys. Rev. A 64 (2001) 042514.

9] V.A. Roudnev, S.L. Yakovlev and S.A. Sofianos, Few-Body Syst. 37 (2005) 179.



Strong short-range correlation

Pair correlation (distribution) function y

PO (x) = / v 2y

probability of finding two particles at X .

0.006

3
P, x)

0.002f

Fig.3

\\.
excited state1 /\
V:

4 .
He trimer |

5
X (A)

Already multiplied by
x 14.5

to be normalized
at the peak

Precisely the same shape
of the short-range
correlations (x<4 A)
appear in all the states.



Overlap function

v

OB (.

dimer trimer),,=
v=0,1

//—\\ ,/’——\\\

o | O \

x| { !

‘\ /, \\ y /I/

\\ /’ \\\__’//

o o o exact

.8\ excited state
-y v=1

Fig.4

1) Asymptotic behavior of the

trimer excited state
Is exactly decaying
up to ~1000 A.

2) Two lines are parallel.
Decaying constants are
the same to each other.

(3) __ 7.(2)| decaying
kl T k constant

This is unexpected,
but, understandable

from the following model:



102

Dimer—|ike pair model b 0Py “He trimer
for asymptotic behavior of =<,.,fi ™. e

. . = i eXp(_kl y)
trimer excired state = L

3104‘

e d_ltn_e—r-llke pair | iiexp
b/ O'———__X 7T ~ :

i : ————g -6 |II ! ! A ! ! . ! L 1)

\ 1 y O 1QO 500 1000
c'\\Y/, a y A

1)Particle a (located far from loosely-bound b and ¢ )
IS not affected by the interaction between b and c,

2) Therefore, the pair a-b at a relative distance x is
asymptotically dimer—Iike.

3)Since x~ y asymptitically, the ampIitu@e of
particle a along y is dimer|ike, k€3):: L(2)




IT we accept this model,we can estimate

ABES)(: B{S) _ B(Q)) binding energy of trimer excited
state measured from dimer.

by using B3 only.

The binding energies are written as 0.0 __‘fl_—_l_g__f__‘f!—_l_g_ + _‘_‘__H__e

B — 2h2 (k‘(2))2 13035 MK wovrererrnnns, IMET
o g Ao
AB” = Q—%(kl ) (trimer), =4
where 1, = %m and p, = %m,

If we take this relation kgg) — (2) |, then we have

AB{®) = %B(QJ = 0.978mK — 0.967 mK

B{S) = 2.281 mK. 2.2706 mK

Good model ! 3-body calculation




Also, 1T we accept this

dimer-1ike pair model He + 4He + 4He+ He
for the aSymptOtiC behaVior Of OO ....................................
the tetramer excited state.

b dimer-like pair 2126.40 MK «eeees (trlmer)v=0+4He
""',ur""""'--——--___"\ ______________ 4
d -
O O/ z a (tetramer), =1
.. =« letramer excited state.
C

then, we can predict the binding energy
4 4 3
ABP (= B — B
of the tetramer excited state with respect to the

trimer ground state
as fol lows:



We can predict this binding energy

4He + 4He + 4He+ 4He

O 1 O
ABW (= pW _ i)
using the relation 42640 MK oo (rimer)y=o.
° (4)
B = 2h k2)? pe = 4m IABl
:Qx 1 (tetramer)v_
3
ABY = o (V)2 pe = gm O O

and the dimer-like model ( £{Y = k(). | NGO O

We have RN

We shall check this by
the four-body calculation.

2
AB(Y = 2B = 0.87 mK ]

hence B®) = 127.27 mK



We confirmed this level structure of 4He-atom clusters (2012).

dimer trimer tetramer
o _4I-_Ie_ :r.4I:I@ . _ _4I:I_e_+_ 4_H_e_+_ 4_He 4_I-Le_t _A;I-_Ie_ + _4_I-_Ie_ + .4
0-0mé s ___dimer +4He 0D mK
1
- 0"'
1.30348 mK O > 2708
o* o __ Jrimer +4He  new
12640mK O™ -

---------------
""""

- @ .... s,
@ _© s 8 mK

halo state

We found that this state is
a typical halo state

having this configuration B — 127.27 mK

Compact state  Dimer-like pair model
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Thank you!



Application to 4He atoms

One of the most fundamental theoretical issues

from the view point of few—body problems:

to perform accurate calculations of the '

6,
5o

(e

trimer tetramer

3—- and 4-body 4He—atom systems

using realistic 4He—4He potentials.

Realistic potential

_ *He - *He

This subject has been intensively studied
by nuclear physicists, atomic physicists and

guantum chemists.




In 1970, Efimov predicted the following phenomenon,
Efimov effect ;

in 3—body systems, if 2-body short—range interactions

support a bound state or resonant state near the threshold,

/
‘ v / (in other words,

If the s—wave

:...' ““‘ O — ‘
‘ . U/T scattering length
............... IS very Iarge)
then, V(r)

1) a large number of 3—body weakly—bound states (Borromean states)
can be formed even when the interaction is too weak to have

a two—body bound state,

2) all the low—energy properties of 3—body systems
do NOT depend on details of the interactions at short distance:
[ this is called “universality” ]. As an example, I study 4He

systems.



“He Trimer
ground and excited states
using LM2M2 potential

O
OO




50 T - r Tr Tr T r 1 T

Gaussian expansion method for i 2x10°K
1)three identical spinless particles

2)very weakly bound states,
3)using realistic potential (LM2M2)

3ok LM2M2 potential |

20r

v(r) (K)

10

(H — E)v®) = 0. T

P
H=-—V;—-—V_+ Vi(ri;) )
2;%3 QMy 1;;: :

We take all the three sets of Jacobi coordinates:

30 35 30




“He Dimer

B®) =1.30348 mK and +/{z2) = 70.93 A/a

the same as those obtained in literature.
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Trimer ground state

(LM2M2 potential)

Present result excellently
agree with |iterature.

trimer ground state
present | Ref.[7]  Ref.[8]  Ref.[9]
binding energy B{* (mK) 126.40 | 126.39 126.4  126.40
(T) (mK) 1660.4 1658 1660
(V) (mK) | —1786.8 | —1785  —1787
(r2) (A) 10.96 10.95 10.96
(rij) (A 9.616 9.612 9.636
(r-1y (ATh 0.134 0.135
(r2) (A2 0.0228 | 0.0230
(r2.) (A) 6.326 6.49 6.32

[7] R. Lazauskas and J. Carbonell, Phys. Rev. A 73 (2006) 062717.

[8] P. Barletta and A. Kievsky, Phys. Rev. A 64 (2001) 042514.

9] V.A. Roudnev, S.L. Yakovlev and S.A. Sofianos, Few-Body Syst. 37 (2005) 179.



Trimer excited state

(LM2M2 potential)

Present result excellently
agree with |iterature.

trimer excited state
present | Ref.[7]  Ref.[8]  Ref.[9]
binding energy B!* (mK) 2.2706 2.268 2.265  2.2707
(T) (mK) 122.15 122.1 121.9
(VY (mK) [|—=124.42 | —124.5 —124.2
V(3 (A) 104.5 104.3
(ri;) (A) 84.51 83.53 83.08
(r1y (A7 0.0265 | 0.0267
(r=2) (A=%) ]0.00216 | 0.00218
V(2 (A) 60.33 59.3

[7] R. Lazauskas and J. Carbonell, Phys. Rev. A 73 (2006) 062717.

[8] P. Barletta and A. Kievsky, Phys. Rev. A 64 (2001) 042514.

9] V.A. Roudnev, S.L. Yakovlev and S.A. Sofianos, Few-Body Syst. 37 (2005) 179.



Strong short-range correlation

Pair correlation (distribution) function y

PO (x) = / v 2y

probability of finding two particles at X .

0.006

3
P, x)

0.002f

Fig.3

\\.
excited state1 /\
V:

4 .
He trimer |

5
X (A)

Already multiplied by
x 14.5

to be normalized
at the peak

Precisely the same shape
of the short-range
correlations (x<4 A)
appear in all the states.



Overlap function
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1) Asymptotic behavior of the

trimer excited state
Is exactly decaying
up to ~1000 A.

2) Two lines are parallel.
Decaying constants are
the same to each other.

(3) __ 7.(2)| decaying
kl T k constant

This is unexpected,
but, understandable

from the following model:



102

Dimer—|ike pair model b 0Py “He trimer
for asymptotic behavior of =<,.,fi ™. e

. . = i eXp(_kl y)
trimer excired state = L

3104‘

e d_ltn_e—r-llke pair | iiexp
b/ O'———__X 7T ~ :

i : ————g -6 |II ! ! A ! ! . ! L 1)

\ 1 y O 1QO 500 1000
c'\\Y/, a y A

1)Particle a (located far from loosely-bound b and ¢ )
IS not affected by the interaction between b and c,

2) Therefore, the pair a-b at a relative distance x is
asymptotically dimer—Iike.

3)Since x~ y asymptitically, the ampIitu@e of
particle a along y is dimer|ike, k€3):: L(2)




IT we accept this model,we can estimate

ABES)(: B{S) _ B(Q)) binding energy of trimer excited
state measured from dimer.

by using B3 only.

The binding energies are written as 0.0 __‘fl_—_l_g__f__‘f!—_l_g_ + _‘_‘__H__e

B — 2h2 (k‘(2))2 13035 MK wovrererrnnns, IMET
o g Ao
AB” = Q—%(kl ) (trimer), =4
where 1, = %m and p, = %m,

If we take this relation kgg) — (2) |, then we have

AB{®) = %B(QJ = 0.978mK — 0.967 mK

B{S) = 2.281 mK. 2.2706 mK

Good model ! 3-body calculation




Also, 1T we accept this

dimer-1ike pair model He + 4He + 4He+ He
for the aSymptOtiC behaVior Of OO ....................................
the tetramer excited state.
b dimer-like pair 2126.40 MK «ererrrreneeens ( trlmer)v=0
P e 4
d a
O O/ z a (tetramer), =1
.. =« letramer excited state.
C

then, we can predict the binding energy
4 4 3
ABP (= B — B
of the tetramer excited state with respect to the

trimer ground state
as fol lows:



We can predict this binding energy

4He + 4He + 4He+ 4He

O 1 O
ABW (= pW _ i)
using the relation 42640 MK oo (rimer)y=o.
° (4)
B = 2h k2)? pe = 4m IABl
:Qx 1 (tetramer)v_
3
ABY = o (V)2 pe = gm O O

and the dimer-like model ( £{Y = k(). | NGO O

We have RN

We shall check this by
the four-body calculation.

2
AB(Y = 2B = 0.87 mK ]

hence B®) = 127.27 mK



‘He Tetramer
ground and excited states
using LM2M2 potential

O
QQQ




There are 5 calculations of teframer using realistic pair potentials (LM2M2, TTY) .

“He tetramer binding energies ground excited
state state
Method  Reference potential (mK) (mK)
Monte Carlo Lewerenz (1977) TTY 558
Monte Carlo Bressanini et al. (2000) TTY 559.1
Monte Carlo Blume and Greene (2000) LM2M2 557 133
Faddeev  Lazauskas and Carbonell (2006)LM2M2 557.5 127.5
Correlated . Dag et al. (2011) TTY 558 178
potential
harmonic , ~
expansion cf. Trimer g.s. =126.40
This value was not obtained by bound-state calculation, |

but was extrapolated from atom-trimer scattering calculation.

So, we intended to confirm this value by our bound-state calculation.



Full 18 sets of Jacobi coordinates for 4-body systems




Tetramer : Convergence of the binding energy
with respect to maximum ang.-momentum (4.,

tetramer present Faddeev [ 7]
BC(fL) (mK) BYL) (mK) Bé4) (mK)
lax K+H (K) K+H (K)

ground excited ground

0 500.71 (185.96) — (—) 348.8

2 558.29 (508.62) 12724 (—) 505.9

4 558.98 | (532.56) 127.33 |( —) H48.6

6 | 556.0

8 Only 0.93 mK (=127.33 - 126.40) | 557.7

below the trimer ground state

In our calculation, | _max =4 is sufficient with totally 29000 symmetric
4-body basis functions.

7] R. Lazauskas and J. Carbonelﬂ Phys.\ReV./A 73 (2006) pg2717.



There are 5 calculations of teframer using realistic pair potentials (LM2M2, TTY) .

“He tetramer binding energies ground excited
state state
Method  Reference potential (mK) (mK)
Monte Carlo Lewerenz (1977) TTY 558
Monte Carlo Bressanini et al. (2000) TTY 559.1
Monte Carlo Blume and Greene (2000) LM2M2 557 133
Faddeev  Lazauskas and Carbonell (2006)LM2M2 557.5 127.5
Correlated «— Das et al. (2011) TTY 558 178
GEM Present (2011) LM2M2 558.98 127.33

We confirmed that there is a very shallow
excited bound state of 4He tetramer.



(a) T€tramer —— binding energies and mean values

tetramer eground state excited state

present Faddeev[7] present Faddeev][7]

B (mK) 558.98 | | 557.7 127.33 || 127.5%
(T) (mK) 4282.2 4107 1639.2
(V) (mK)  —4841.2  —4665 —1766.5
(rz) (A) 8.43 8.40 54.5 | 34.4%
(ri;) (A) 7.70 35.8
(rt) (A7) 0.155 0.0792
(r?y (A7%)  0.0285 0.0117
(rz.) (A) 5.16 33.3

“JAs for the excited state, Faddeev bound-state calculation
was not performed, but these results were extrapolated
from the |ow-enegy scattering calculat|on

7] R. Lazauskas and J. Carbonell Phys. Rev. A 73 (2006)



Strong short-range correlation O O

Pair correlation function along X :

Z
PY(x)= [ V2 dydz (v=0,1 ’
v (X) o | v ‘ YUz (V_ ’ ) G :O
X
0.008} -
Alread Itiplied b
tetramer ready mutiphed by
i i X 2.76
< 0.006F e X 1.36
=< i | —.—.— x198
= (trimer v=1) to be normalized
s 0.004r ] at the peak.
o ) excited |
state
0.002k Precisely the same shape
of the short-range
I correlations (x< 4 A)
0 , appear in all the states.
0 2 5 10



Overlap function

OW () = f oI ) dx dy =

0.4 —
(4)
I I‘
_ i 20072) tetramer
S &
o < I
C T Iy
2 < I
S < 02! \ ground state
= ~ \
S v v=0
o) O:> I \
Iy
N excited state
] \ —
\ v=1
: \
0 ~—
0 10 20 o0
Z (A

Fig.9

100

(trimer),,=g (tetramer),, g 1

The excited state is
much more dilute state

than the ground state.



Overlap function

asymptotic

OW () = f o3 0 dx dy =

102

region

(trimer),,=g

(tetramer)v=0,1

2O (z) tetramer

o o o exact

o.’
.%

v=1 X
excited state

2, (trimer excited state) ]

i
D

1) Asymptotic behavior of the
tetramer excited state

Is almost exactly decaying
up to ~1000 A.

2) Three lines are parallel.

Decaying constants are
the same to each other.

Y =1 = 1@

Fig.10

3) Dimer-like pair model in
asymptotic region works well.



Dimer-like pair model in the asymptotic region

tetramer excited state

As 1 mentioned before, the dimer—Iike pair model predicts

2
AB{Y = ZB® = 0.87 mK — 0.93 mK

BW¥ — 19797 mK 127.33 mK

1

Our 4-body calculation
Very good!



Pentamer ( *He; ) excited bound state

dimerlike pai ‘He+%He+*He+*He+4He
I b |m?r-| e pair Q. e
o '--.,,’:’—————-.._________ ____________
OO x T O
OO z a (tetramer), =g
o - -558.98 MKsererersrermrersrsesmsessrassens
5
I AB

We predict that the binding energy of (pentamer), =1

the pentamer excited state, measured
from the tetramer ground state, will be

AB” (= B)” — B{") = 2B® —|0.81 mK

Generally, dimer-like pair model predicts, for N-atom system

ABY (= B~ By = = N _pe




We confirmed this level structure of 4He-atom clusters (2012).

dimer trimer tetramer
o _4I-_Ie_ :r.4I:I@ . _ _4I:I§_+_ 4_H_e_+_ 4_He 4_I-Le_t _A;I-_IQ + _4_I-_Ie_ + .4
0-0mé s ___dimer +4He 0D mK
1
- 0"'
1.30348 mK O > 2708
o* o __ Jrimer +4He  new
12640mK O™ -

---------------
““““

- @ .... s,
@ _© s 8 mK

halo state
:.";"uo...“

Compact state




Our method is applicable to 5-body systems with bound and
resonant states.

\
L C n

Resonance for penta quark system

We have obtained energy and
decay width.

Resonant state of super-
Heavy hydrogen nucleus

Next step is beyond 6-body problem calculation.



To go beyond 6-body problem,

Critical points:
Many CPU time

Huge memory



H11H12 Hyg ==n--
H
H 0

There are many non-zero matrix element.

Increasing number of particles, we need many basis functions.
Thus, we need huge computation time to calculate

matrix elements.

In addition, to diagolanize Hamiltonian, we need huge Memory.



10"

g=30
EEH R o] geane E—
- = il e =] J
oo | kBEEE oL %0 vt
e L ges OBE
o e J 308 - - )
e - g=
o : ‘ g - ugaku
-U 04 F 9= . g=3 o 1
cC = - 308 -
~—
— 02 - L’
3 - e - 18 - 1 node
B L. . . : . 1/ —koigs
o |
10 & s comtbr i
° ] O' O a1 —#22FAITO,
o0 | 8k 5ig O 9=20
o A4k
10! 102 10° 10 10° 10°
Limitation

Number of basis function 1qé

Rather than Memory, limitation of CPU time reaches in the case of
10-body calculation.

Can we calculate more than 10-body problem accurately?

This is our goal.



Spectra of 2- 6-body systems in “He using ‘Fugaku’ computer

dimer trimer tetramer pentamer hexamer
_ ‘He+%He _“*Het+*He+He “He+'He+‘He+‘He *He+*He+*He+*He+*He
, 0.0mK. _ _dimersiHe 0.0 mK 0.0 mK 0.0 mK

1 R +
1.30348 mkoz 2.21 mK

S P cree e irimerE fHe
) —_—
| -125.46 mK 5 -126.62mK
Z 4l | 1
' tetramer + “He
, : ' . — annns — o —
3 0 -558.08 mK  0* 0
R (o 1 08 ™% ssaomk 2 -1103mK
V= e (82 8 ) il e (i) (e hexamer + “He
AYIT), 1
““7{’.,‘[,,. I‘I_‘"]‘]JI ———— — e e——
v20), -1289 mK
C— 7- and 8-body
\ 1 -1846 mK .
01 calculation
In progress

Fugaku computer




Future perspective in my research



Grant-in-Aid for Transformative Research Areas (2025 April to 2030

march, 5 years)

Quantum Matter Science in the Universe Opened Up by Precise Numerical Calculations

about 8.0x10° USDs for 5 years

A01: E. Hiyama  AO02:K. Yoshida AOQ3:I. Kanamori 1USD=150JPY
(Tohoku Univ./RIKEN (Osaka Univ.) (RIKEN)

!

dh A +~" 1

BO1 : K. lwakuni B02 : K. Miwa B0O3 : S. Nishimura BO04 : S. Kawasaki
(Electro-Comm. Univ.) (Tohoku Univ.) (RIKFN) (KEK)

E




Extrapolation with the GEM’s accuracy
20 40 100 |

L)
19
4
]
d
%
]
a
n

LSM(large-scale shell model )/
DFT(Density functional theory

DFT is also applicable
for material science etc.

Fugaku supercomputerD-wave quantum computer
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Challenge to beyond 5-body problem



A 3-body problem
In atomic physics

electron

electron

-
-
-
-
-
-
-
-
-

nucleus

Nucleus

Atom=Nucleus + Electrons




R 11 BOMEERC - THBL 2 WREL BT
(Lerrm)‘/"”‘/ (BHF) B 0 A>H=0 Bswyo"\

)
bacdicle 7 oy "wf zge wowonIn 1930’s, we observed
.gk"f‘v 1L, ! -—
g F i e 0.511 TSE /2 +1 0 ¢
S 2 u 106 2.2 X107 1/2 0 +1 ¢ many baryons and mesons.
7 v o 1784 3.4X10°% - 1/2 00 0 41
BF=2—tV7 = 0 ISE 172 +1 0 0
SaAr=a—tYs oy, 0 Fe4E 1/2 0 +1 0
I)=a— 1)) Ve 0 . Ew 1/2 0 0 +1
Hleson :
A (:PF'ET) B=Lc:Lﬂ=Lz:0
B F RS v W oaer s v oo g
meSon x* 140 2.6 % 10" +1
x T r° 135 8.7 X 107 0 0 0 1 0
" 140 2.6 X 10" -1
% 494 1.2x10°® +1/2
KFmF K 498 9 X 107, o® _
S g 0 +1 +1 1/2 1/2
7 RMF 7° 549 © 6 X 107 0 0 0 0 0

SYFy (EBET) B=+1, Le=L,=L. =0

- " & # & o e
B OF E'E.v (MeV/c?) (P})" ™ &) v S Y ? § Is
B F P 938.3 RE : +1/2
+1 1/2
T n o 939.6 889 L S S B
743 ambdp° 116 2.6x107® 12 =1 0 0 0
Pk 1189 8.0 X 107" +1
D% & > 2 1193 6 X107 .1/2 -1 0: = 0
fsgma - g 1.5 %10~ =4
b =0 !- 3 X -10
R
__lAasuc = 5

AR 5T 1672 8.2 X 107" 3/2 =3 ié 0 0

0 meda.




A, Z hyperon =
u, d quark S quark

proton, neutron

hyperon
Meson
m K

Quarks are currently elementary particles.
To describe these baryons and mesons, theoretically, they
Use Lattice QCD which is abinitio calculation.



Some use quark model for these baryons and mesons.
Namely,

Meson
It is considered that meson is composed of
two quarks.
1T
It is considered that baryon is composed of three
quarks.
N

How do we calculate two and three quarks systems?
Let's solve these systems.



First, let's consider wavefunction of meson and baryon systems.

Cf. Hydrogen: wavefunction: spatial part only
P e

P n

r

Deuteron: wavefunction: isospinxspinxspatial

e g Meson:wavefunction:
u d

colorxisospinxspinxspatial



Let’s go to three-body problem.

1 1

®

R, R, 2
o
2 3 2 3
c=1 =2
c=k [ : , . ..
AT ¢ = [ D () x1 (9)]sxa (k)} . {@m(m) t.-'J_.-m(Rk)] I}
: M
X ["-r,-‘f('i) T (j)]tfh—(k)} : £ = {é: S,n,l,N,L,1I, t_}

- TTE




3
DPiMTT, ¢ = &(color singlet) Z @(; %ﬂ% e

c=1

We just consider this part only.

1 1 1

@ I
R I Rio M2 M3 Ris
|
o—
2 M1 3 2 3 2 3
Wit e = | |y @xyB)] xy0)]_|oulratnr(Be)|
. ’ 1 JMm

E={s,S,n,[,N,L,1,t},

X [[T}fr(a)nrr(ﬁ)]t% (7)
TT.



[MeV]

1800+ Moo= Exp.
—— Calc. Q
1600 |- E*
R
1400 - Z
A —

oof =
A

1000 |- N

800



Calculation of 2-body norm matrix element

It is too simple but very instructive. 2{FRERE
Normal Lobe .T"

Oy (v,r) =7 Lg=vr” Yin(T) = hm D€, v, 1)
ko

/1

(I)zmﬁ» v, I') Z Clm,k e—z/(r—E-ng,k)z
k=1

Norm matrix element

< (I)hn("/r I') ‘ 1 ‘(I)f.m (V!a ]f'))

= lim { Oy, (c.v,r) 1 [Py, (0 1))
£,€

——%0 (straightforward integaration)

7

= A hm

,-,-J

Sf:.:

7 T Zm kclm k’ res (D?(m k Dlm k’)
' =1
é ( : )3/2 21;;/ (for v = v/ )

o = p
v+ -




< (I)e'.m(}/a I')‘ 1 ‘(I)x'.-m.('y!a [')> — 11111 < (I)I-m- (§~ v, ]f')‘ 1 ‘(I)Im( V ]f') >
g,e/—0
1

= A lim D T Clon ik Cim i === i k- Dim i)

g,e’—0 (_5) I =1
(forv=v"")

Finite value of €,&’->mixture of angular momenta
Small value of ¢,£’-> round-off error( [T1=3%5)

What is round-off error?



Calculation of 2-body norm matrix element

It is too simple but very instructive. 2{FRERE
Normal Lobe .T"

Oy (v,r) =7 Lg=vr” Yin(T) = hm D€, v, 1)
ko

/1

(I)zmﬁ» v, I') Z Clm,k e—z/(r—E-ng,k)z
k=1

Norm matrix element

< (I)hn("/r I') ‘ 1 ‘(I)f.m (V!a ]f'))

= lim { Oy, (c.v,r) 1 [Py, (0 1))
£,€

——%0 (straightforward integaration)

7

= A hm

,-,-J

Sf:.:

7 T Zm kclm k’ res (D?(m k Dlm k’)
' =1
é ( : )3/2 21;;/ (for v = v/ )

o = p
v+ -




< (I)e'.m (Va I')‘ 1 ‘(I)z'.-m. (V!a [')> — 11111 < (I)I-m. (§~ v, I')‘ 1 ‘(I)Im( V I') >

g,e/—0
1 "
e o —tke & D D m,
B A h;n] T T Clm kClTTI, L' € Oe_ ( lm, k" k)
g,e’—0 ( g ) A =1
o (forv=v")

We calculate e-9€€"  in Fortran code as DEXP(-aeg’).

a) This generates serious mixture of Y, ()
with higher £ for a finite value of €

To avoid the mixture of Y}, (T)

For example, we take =0.00001. The matrix element =1.00022333.

Then, .€ =0.000000001. But, the matrix element =1.223333333! Why?



This phenomena is round-off error.
+1-%b

In calculation by computers, usually numbers are
given in 15 significant figures (digits) .
BRI

no problem 15 however 15

AL AN
4 R 4 R
\ 1.00000000000123 \ 1.00000000000123

+) 1.00000000000121 -) 1.00000000000121
2.00000000000244 0.00000000000002
BEahr=15 =2 x 10-14 /
Onl ignificant fi !
Be careful when subtracting g Oneﬁ%g'?ﬁan I

nearly the same numbers.



So far, | though that this new basis function was my original
idea.

However, | found that text the similar basis function was
iIntroduced in quantum chemistry textbook.

According to the textbook,

It mentioned that when € have some value, we have
mixture of higher angular momentum. When £=>0,

We have serious round-off error.

Then, due to this difficulty,

the old Gaussian Lobe method (1960’s) was NOT
used in actual calculations and was

soon forgotten (only used as exercise for student) .

| was so shocked to read the textbook. And | lost the motivation to do research
for one week.



But, some 30 years after, this difficulty was solved
by Hiyama [3,6,7] by introducing the ISGL basis

functions with properly taking }:1_%

after performing the analytical integration of the
matrix elements.



Hiyama’'s new method (at the time of MC student, 1994)

Infinitesimally Shifted Gaussian Lobe (ISGL) basis Function

1 knlax

(blfrn,(g V I' Z Clm k 6—1/(1" eDim, k)
8

Norm matrix element
(D ()] 1 \(115?71(1/’?1’)) = 11111 (Dpn(e.vor) 1 | D (e, V1))

£,e’/—0
. /
=4 lim T T kGl €4 (D}, kD i)
€, —>»0 ’ 7 T
— 1 ee' > Dangerous if we use
(for Y — y;) / e FUNCTION EXP (....)

. . /
Taylor expansion with very small € and &

1
=1+ (ee'x) + E(Ee’m)z el

If we take the full terms, it causes serius round-off error as is expected. But,



 —

( Z Z C[m kclm k 6

But, I tried to omit the first term, namely “1” (I took | = 2 ).
I thought the term is the bad origin in the round—off error.

My superviser said —— “It is very stupid because, in the

Talor expansion, the first term is the most important and

the higher—order terms are less important”.
I answered ——" We shall never know the result, unless we try”

The result became slightly better, but not good.

Then, I omitted the second term too.
Surprisingly, we obtained the exact result, namlely Norm =1.0

What happened ?7?



Construction of the ISGL function /\
e O

VA

Simple example: 1=1,m=0
roughly ) v
E’_HTE r }«"10("1‘:) —UVZz

&
: . X ze 7< /\
N2 . 2 F £
e v(z—g)° e v(z+e) \I/o .
In detail

1 [e_y(z —£)? _ e—V(ZJFE)Q} _1

2

E

1/(2: +-£2) [62

—21/_52:]

— €

vz
) Taylor expansion
| 2evz ‘ZEL»'
= —E’._y{zz+€2][1 + (2evz2) + ( 51 )
E i

(2evz )2 (QEH:)

- d

1
_E{—H{Zzﬂ—fz) [J_ _ (2(__'1;’ )

+ -] First power of €

1
— _ 'V(ZQ_’_‘EQ) [4€VZ _|_ _(QEI/Z)B _|_ ..... ] — 41/ Z €
E

.
o
0
|
-
|
<
I\
N




) 1
ee“:m:/l/—f— (#)—}— (eew)2+ ........... )
| D T second power is remained.

(55’)5 ZZ lpf.t’njkclm,k’ 63_0585’r (Dy ke D i)

k! /I'aylor expansion

krnax klnax

k

o0 1 .
: y: y: Clm,k Clm,k’; ( EE D;ka 2 Dlm,k’)J N
i=t !

k=1 k'=1

\ }

v

=0 (J <)
The shift parameters were so constructed at the beginning.
The terms with J > ! can be neglected for small €

[t is sufficient to pickup the terms withy = [

Thus, my method solved the Gauss—Lobe’ s difficulty
(since 1960 s in quantum chemistry) :

1) higher—angular—-momentum mixing

2) severe round-off error.




Benchmark-test calculation of the 4-nucleon bound state

This benchmark test was so stressful!
Because, if | give a different result from other groups,
then, general readers in the world will consider that

my calculational method is not reliable.

If so, | must decide to quit my research.
And | would really regret to join this bench-mark test.



But, my superviser, Prof. M. Kamimura
who is co-author, said to me,

“You do not need to quit your research!
You should continue surviving in this research field.
Because you are young.

Instead, | will quit my research, since | shall soon retire
from Kyushu Univ. within 2 years.

This would give much less damage to us.”

| said, “NO! Great professor, please do not say so!
| will quit my research.”

Professor said, “I will quit my research”
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