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The Large Scale
Structure



Credit: NAOJ

Evolution of the Universe

Cosmic Microwave 
Background

early Universe 
observations

Galaxy surveys
late Universe 
observations

Are late and early Universe 
observations compatible under ΛCDM?



Galaxy surveys
We can learn more about dark matter and dark energy by mapping the distribution of the 

large scale structure (tracer of the matter distribution in the Universe)



Galaxy clustering

We can charaterise the 
density fluctuations with 

correlation functions, e.g. the 
2-point correlation function:

Due to statistical isotropy and 
homogeneity



Galaxy clustering 2PCF: physical interpretation

Excess over random probability 
(Poisson distribution) that two 

objects are separated by a 
distance R

<latexit sha1_base64="gmGOVB/6xLc3Yx0MIpuxwbGf7eg=">AAACC3icjVDLSsNAFJ34rPUVdelmaBEqQkmKVDdC0Y3LKvYBSQyTyaQdOpkJMxOxlO7d+CtuXCji1h9w59+YtF2oKHhghsM593LvPUHCqNKW9WHMzS8sLi0XVoqra+sbm+bWdluJVGLSwoIJ2Q2QIoxy0tJUM9JNJEFxwEgnGJzlfueGSEUFv9LDhHgx6nEaUYx0JvlmKWzCE+jKvvCt65pjH0D3llYu9z0Ytn07/2q+Wbar1gTwb1IGMzR9890NBU5jwjVmSCnHthLtjZDUFDMyLrqpIgnCA9QjTkY5ionyRpNbxnAvU0IYCZk9ruFE/doxQrFSwzjIKmOk++qnl4u/eU6qo2NvRHmSasLxdFCUMqgFzIOBIZUEazbMCMKSZrtC3EcSYZ3FV/xfCO1a1a5X6xeH5cbpLI4C2AUlUAE2OAINcA6aoAUwuAMP4Ak8G/fGo/FivE5L54xZzw74BuPtExIml+s=</latexit>

dP = ⇢20[1 + ⇠(R)]dV1dV2
average density



Galaxy clustering 2PCF: measurement
To measure the 2PCF, we count pairs of galaxies separated by distance R 

and compare to the number of pairs from a random catalog under the same 
footprint

<latexit sha1_base64="namy3oPwyRuWurME38ktYEszDmQ=">AAACB3icjVDLSsNAFJ3UV62vqEtBBotQEUtSpLoRCnbhsgb7gCaUyWRSh04mYWYiltCdG3/FjQtF3PoL7vwbp4+FioIHLhzOuZd77/ETRqWyrA8jNze/sLiUXy6srK6tb5ibWy0ZpwKTJo5ZLDo+koRRTpqKKkY6iSAo8hlp+4Pzsd++IULSmF+pYUK8CPU5DSlGSks9c9e9pSXnAJ5BNwgFwlm9flSpO4eOM8p09cyiXbYmgH+TIpih0TPf3SDGaUS4wgxJ2bWtRHkZEopiRkYFN5UkQXiA+qSrKUcRkV42+WME97USwDAWuriCE/XrRIYiKYeRrzsjpK7lT28s/uZ1UxWeehnlSaoIx9NFYcqgiuE4FBhQQbBiQ00QFlTfCvE10nEoHV3hfyG0KmW7Wq5eHhdrziyOPNgBe6AEbHACauACNEATYHAHHsATeDbujUfjxXidtuaM2cw2+Abj7RP6aJeO</latexit>

⇠(R) =
DD � 2DR+RR

RR

Landy-Szalay 
Estimator



Galaxy clustering in Fourier
It is often convenient to work in Fourier space, with the power spectrum

<latexit sha1_base64="9UjiYYWSWmahxkanMLqPFEMuN/w="></latexit>

⇠(r) =
1

(2⇡)3

Z
d3kP (k)eik·r

<latexit sha1_base64="lK3Z/Ifgg98TEFUzleLgk8pLuv0=">AAACJHicjVDLSsNAFJ34rPUVdelmsAjtwpKoVEGEghsXLirYBzRpmUwm7ZDJg5mJWEI+xo2/4saFD1y48VuctBVUFDwwcDjnXu6Z48SMCmkYb9rM7Nz8wmJhqbi8srq2rm9stkSUcEyaOGIR7zhIEEZD0pRUMtKJOUGBw0jb8c9yv31NuKBReCVHMbEDNAipRzGSSurrJ42yX4Gn0KKhhFaA5JAHqZv1DiCH1g0t88qnSLJeukd9aGE3kpBnEPb1klk1xoB/kxKYotHXny03wklAQokZEqJrGrG0U8QlxYxkRSsRJEbYRwPSVTREARF2Ov5kBneV4kIv4uqprGP160aKAiFGgaMm88Tip5eLv3ndRHrHdkrDOJEkxJNDXsKgjGDeGHQpJ1iykSIIc6qyQjxEHGGpei3+r4TWftWsVWuXh6X6xbSOAtgGO6AMTHAE6uAcNEATYHAL7sEjeNLutAftRXudjM5o050t8A3a+wdOfaN2</latexit>

P (k) =

Z
d3r⇠(r)e�ik·r

<latexit sha1_base64="w+1bWXdIYxj5rkgEdk7OmVCzMeo=">AAACLXicjVDLSgMxFM34rPVVdekmWMR2Yem0Ut0IBbtwWcU+oNOWTHrbhslkhiQjlNIfcuOviOCiIm79DdOHoqLggQuHc84luccNOVM6mx1bC4tLyyursbX4+sbm1nZiZ7eqgkhSqNCAB7LuEgWcCahopjnUQwnEdznUXO9i4tduQSoWiBs9CKHpk55gXUaJNlI7UXI4ET0O2OkA1yTlpT/IURpjR87Mc5zKOSFLt/Llz0S71MqnvGOTy7QTSTuTnQL/TZJojnI78eh0Ahr5IDTlRKmGnQ11c0ikZpTDKO5ECkJCPdKDhqGC+KCaw+m1I3xolA7uBtKM0Hiqft0YEl+pge+apE90X/30JuJvXiPS3bPmkIkw0iDo7KFuxLEO8KQ63GESqOYDQwiVzPwV0z6RhGpTcPx/JVRzGbuQKVydJIvX8zpiaB8doBSy0SkqoktURhVE0R16QGP0bN1bT9aL9TqLLljznT30DdbbOwoMpPU=</latexit>

h�(k)�(k0)i = (2⇡)3P (k)�3D(k � k0).



Galaxy clustering in Fourier
It is often convenient to work in Fourier space, with the power spectrum

<latexit sha1_base64="9UjiYYWSWmahxkanMLqPFEMuN/w="></latexit>

⇠(r) =
1

(2⇡)3

Z
d3kP (k)eik·r

<latexit sha1_base64="lK3Z/Ifgg98TEFUzleLgk8pLuv0=">AAACJHicjVDLSsNAFJ34rPUVdelmsAjtwpKoVEGEghsXLirYBzRpmUwm7ZDJg5mJWEI+xo2/4saFD1y48VuctBVUFDwwcDjnXu6Z48SMCmkYb9rM7Nz8wmJhqbi8srq2rm9stkSUcEyaOGIR7zhIEEZD0pRUMtKJOUGBw0jb8c9yv31NuKBReCVHMbEDNAipRzGSSurrJ42yX4Gn0KKhhFaA5JAHqZv1DiCH1g0t88qnSLJeukd9aGE3kpBnEPb1klk1xoB/kxKYotHXny03wklAQokZEqJrGrG0U8QlxYxkRSsRJEbYRwPSVTREARF2Ov5kBneV4kIv4uqprGP160aKAiFGgaMm88Tip5eLv3ndRHrHdkrDOJEkxJNDXsKgjGDeGHQpJ1iykSIIc6qyQjxEHGGpei3+r4TWftWsVWuXh6X6xbSOAtgGO6AMTHAE6uAcNEATYHAL7sEjeNLutAftRXudjM5o050t8A3a+wdOfaN2</latexit>

P (k) =

Z
d3r⇠(r)e�ik·r

<latexit sha1_base64="w+1bWXdIYxj5rkgEdk7OmVCzMeo=">AAACLXicjVDLSgMxFM34rPVVdekmWMR2Yem0Ut0IBbtwWcU+oNOWTHrbhslkhiQjlNIfcuOviOCiIm79DdOHoqLggQuHc84luccNOVM6mx1bC4tLyyursbX4+sbm1nZiZ7eqgkhSqNCAB7LuEgWcCahopjnUQwnEdznUXO9i4tduQSoWiBs9CKHpk55gXUaJNlI7UXI4ET0O2OkA1yTlpT/IURpjR87Mc5zKOSFLt/Llz0S71MqnvGOTy7QTSTuTnQL/TZJojnI78eh0Ahr5IDTlRKmGnQ11c0ikZpTDKO5ECkJCPdKDhqGC+KCaw+m1I3xolA7uBtKM0Hiqft0YEl+pge+apE90X/30JuJvXiPS3bPmkIkw0iDo7KFuxLEO8KQ63GESqOYDQwiVzPwV0z6RhGpTcPx/JVRzGbuQKVydJIvX8zpiaB8doBSy0SkqoktURhVE0R16QGP0bN1bT9aL9TqLLljznT30DdbbOwoMpPU=</latexit>

h�(k)�(k0)i = (2⇡)3P (k)�3D(k � k0).

depending on the 
convention



Matter power spectrum
We typically characterize the amplitude of mass fluctuations with 𝜎!, defined as the 

expected variance of the overdensity 𝛿 in spheres of radius 8 Mpc/h
<latexit sha1_base64="O57V9HtA+gCZVCa3QGZDLYl+gZ0=">AAACE3icjZBLS8NAFIUn9VXrK+rSzWARqovSFqndCAU3LqvYBzQxTCY36dDJJMxMxFL6H9z4V9y4UMStG3f+G9O0CxUFDwwcvnMvM3PcmDOlK5UPI7ewuLS8kl8trK1vbG6Z2zsdFSWSQptGPJI9lyjgTEBbM82hF0sgocuh6w7Ppnn3BqRikbjSoxjskASC+YwSnSLHPLIUC0LiNK5r+BRbnIiAA7Y84DqDpdtDbMmMOmaxWq5kwn+bIpqr5ZjvlhfRJAShKSdK9auVWNtjIjWjHCYFK1EQEzokAfRTK0gIyh5nf5rgg5R42I9keoTGGf26MSahUqPQTSdDogfqZzaFv2X9RPsNe8xEnGgQdHaRn3CsIzwtCHtMAtV8lBpCJUvfiumASEJ1WmPhfyV0auVqvVy/OC42L+d15NEe2kclVEUnqInOUQu1EUV36AE9oWfj3ng0XozX2WjOmO/som8y3j4BdrGcuA==</latexit>

�2
8 = h�28(x)i

<latexit sha1_base64="Y38oNrDciFk8OV2ymd/qGHfmpVE=">AAACH3icjVDLSsNAFJ34rPUVdelmsEjbhaVRqd0IBTcua7EPaGKYTCbt0MmDmYmkhP6JG3/FjQtFxF3/xknbhYqCBwYu55zLPXOciFEhq9WptrS8srq2ntvIb25t7+zqe/sdEcYckzYOWch7DhKE0YC0JZWM9CJOkO8w0nVGV5nevSdc0DC4leOIWD4aBNSjGElF2XrNdAmTyK7DUlKGl9CkgYSmj+SQ+6k7uTuDSXFuyfSu3SolJ0mxbOsFo1KdAf49FMACTVv/MN0Qxz4JJGZIiL5RjaSVIi4pZmSSN2NBIoRHaED6agyQT4SVzv43gceKcaEXcvVUvBn7dSNFvhBj31HOLLn4qWXkb1o/ll7dSmkQxZIEeH7IixmUIczKgi7lBEs2VgPCnKqsEA8RR1iqSvP/K6FzWjFqldrNeaHRWtSRA4fgCJSAAS5AA1yDJmgDDB7AE3gBr9qj9qy9ae9z65K22DkA36BNPwEJJ6CM</latexit>

�8(x) =

Z
d3x0�(x)WR(x� x0)



Matter power spectrum
We typically characterize the amplitude of mass fluctuations with 𝜎!, defined as the 

expected variance of the overdensity 𝛿 in spheres of radius 8 Mpc/h
<latexit sha1_base64="O57V9HtA+gCZVCa3QGZDLYl+gZ0=">AAACE3icjZBLS8NAFIUn9VXrK+rSzWARqovSFqndCAU3LqvYBzQxTCY36dDJJMxMxFL6H9z4V9y4UMStG3f+G9O0CxUFDwwcvnMvM3PcmDOlK5UPI7ewuLS8kl8trK1vbG6Z2zsdFSWSQptGPJI9lyjgTEBbM82hF0sgocuh6w7Ppnn3BqRikbjSoxjskASC+YwSnSLHPLIUC0LiNK5r+BRbnIiAA7Y84DqDpdtDbMmMOmaxWq5kwn+bIpqr5ZjvlhfRJAShKSdK9auVWNtjIjWjHCYFK1EQEzokAfRTK0gIyh5nf5rgg5R42I9keoTGGf26MSahUqPQTSdDogfqZzaFv2X9RPsNe8xEnGgQdHaRn3CsIzwtCHtMAtV8lBpCJUvfiumASEJ1WmPhfyV0auVqvVy/OC42L+d15NEe2kclVEUnqInOUQu1EUV36AE9oWfj3ng0XozX2WjOmO/som8y3j4BdrGcuA==</latexit>

�2
8 = h�28(x)i

<latexit sha1_base64="Y38oNrDciFk8OV2ymd/qGHfmpVE=">AAACH3icjVDLSsNAFJ34rPUVdelmsEjbhaVRqd0IBTcua7EPaGKYTCbt0MmDmYmkhP6JG3/FjQtFxF3/xknbhYqCBwYu55zLPXOciFEhq9WptrS8srq2ntvIb25t7+zqe/sdEcYckzYOWch7DhKE0YC0JZWM9CJOkO8w0nVGV5nevSdc0DC4leOIWD4aBNSjGElF2XrNdAmTyK7DUlKGl9CkgYSmj+SQ+6k7uTuDSXFuyfSu3SolJ0mxbOsFo1KdAf49FMACTVv/MN0Qxz4JJGZIiL5RjaSVIi4pZmSSN2NBIoRHaED6agyQT4SVzv43gceKcaEXcvVUvBn7dSNFvhBj31HOLLn4qWXkb1o/ll7dSmkQxZIEeH7IixmUIczKgi7lBEs2VgPCnKqsEA8RR1iqSvP/K6FzWjFqldrNeaHRWtSRA4fgCJSAAS5AA1yDJmgDDB7AE3gBr9qj9qy9ae9z65K22DkA36BNPwEJJ6CM</latexit>

�8(x) =

Z
d3x0�(x)WR(x� x0)

1

8 Mpc/h



Matter power spectrum
We typically characterize the amplitude of mass fluctuations with 𝜎!, defined as the 

expected variance of the overdensity 𝛿 in spheres of radius 8 Mpc/h

<latexit sha1_base64="O57V9HtA+gCZVCa3QGZDLYl+gZ0=">AAACE3icjZBLS8NAFIUn9VXrK+rSzWARqovSFqndCAU3LqvYBzQxTCY36dDJJMxMxFL6H9z4V9y4UMStG3f+G9O0CxUFDwwcvnMvM3PcmDOlK5UPI7ewuLS8kl8trK1vbG6Z2zsdFSWSQptGPJI9lyjgTEBbM82hF0sgocuh6w7Ppnn3BqRikbjSoxjskASC+YwSnSLHPLIUC0LiNK5r+BRbnIiAA7Y84DqDpdtDbMmMOmaxWq5kwn+bIpqr5ZjvlhfRJAShKSdK9auVWNtjIjWjHCYFK1EQEzokAfRTK0gIyh5nf5rgg5R42I9keoTGGf26MSahUqPQTSdDogfqZzaFv2X9RPsNe8xEnGgQdHaRn3CsIzwtCHtMAtV8lBpCJUvfiumASEJ1WmPhfyV0auVqvVy/OC42L+d15NEe2kclVEUnqInOUQu1EUV36AE9oWfj3ng0XozX2WjOmO/som8y3j4BdrGcuA==</latexit>

�2
8 = h�28(x)i

<latexit sha1_base64="Y38oNrDciFk8OV2ymd/qGHfmpVE=">AAACH3icjVDLSsNAFJ34rPUVdelmsEjbhaVRqd0IBTcua7EPaGKYTCbt0MmDmYmkhP6JG3/FjQtFxF3/xknbhYqCBwYu55zLPXOciFEhq9WptrS8srq2ntvIb25t7+zqe/sdEcYckzYOWch7DhKE0YC0JZWM9CJOkO8w0nVGV5nevSdc0DC4leOIWD4aBNSjGElF2XrNdAmTyK7DUlKGl9CkgYSmj+SQ+6k7uTuDSXFuyfSu3SolJ0mxbOsFo1KdAf49FMACTVv/MN0Qxz4JJGZIiL5RjaSVIi4pZmSSN2NBIoRHaED6agyQT4SVzv43gceKcaEXcvVUvBn7dSNFvhBj31HOLLn4qWXkb1o/ll7dSmkQxZIEeH7IixmUIczKgi7lBEs2VgPCnKqsEA8RR1iqSvP/K6FzWjFqldrNeaHRWtSRA4fgCJSAAS5AA1yDJmgDDB7AE3gBr9qj9qy9ae9z65K22DkA36BNPwEJJ6CM</latexit>

�8(x) =

Z
d3x0�(x)WR(x� x0)

<latexit sha1_base64="wxGFkTsVdcQNgxdO1XeMEW63f48="></latexit>

�2
8(z = 0) =

1

2⇡2

Z
dkk2P (k, z = 0)W̃ 2

8 (k)

<latexit sha1_base64="9BYvwyxb9fVB7LYFzZbTN7DxB2Y=">AAACD3icjZDLSsNAGIUn9VbrLerSzWBR2k1JVGo2QsGNyyr2Ak0Ik8mkHTO5MDMRSsgbuPFV3LhQxK1bd76N08tCRcEDA4dz/p+Z+byUUSEN40MrLSwuLa+UVytr6xubW/r2TlckGcekgxOW8L6HBGE0Jh1JJSP9lBMUeYz0vPB80vduCRc0ia/lOCVOhIYxDShGUkWufmhLynyS9wrXqoV1eAZtP+AI58fwxjVrVlgvcissXL1qNoyp4N+mCuZqu/q77Sc4i0gsMUNCDEwjlU6OuKSYkaJiZ4KkCIdoSAbKxigiwsmn/ynggUp8GCRcnVjCafp1I0eREOPIU5MRkiPxs5uEv3WDTAaWk9M4zSSJ8eyiIGNQJnACB/qUEyzZWBmEOVVvhXiEFA6pEFb+B6F71DCbjeblSbV1NcdRBntgH9SACU5BC1yANugADO7AA3gCz9q99qi9aK+z0ZI239kF36S9fQJSlJsC</latexit>

W̃8(k) =
3j1(8k)

8k

~ size of 
massive galaxy 
clusters



What is the origin of these 
density fluctuations?
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Evolution of inhomogeneities: inflation
Exponentially fast expansion of the very early 

Universe
<latexit sha1_base64="SEi/jIbtn/F8vVUyQlJ9BI5ruKQ=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEV2VGpLosuOmyin1AZyyZNNOGZpIhyQhlGNz4K25cKOLWr3Dn35hpZ6GtBwKHc+4l95wgZlRpx/m2Siura+sb5c3K1vbO7p69f9BRIpGYtLFgQvYCpAijnLQ11Yz0YklQFDDSDSbXud99IFJRwe/0NCZ+hEachhQjbaSBfYSgF0sRawG9COmxjFKS3adNnQ3sqlNzZoDLxC1IFRRoDewvbyhwEhGuMUNK9V0n1n6KpKaYkaziJYrECE/QiPQN5Sgiyk9nETJ4apQhDIU0j2s4U39vpChSahoFZjI/Uy16ufif1090eOWnlMeJJhzPPwoTBk3gvA84pJJgzaaGICypuRXiMZIIa9NaxZTgLkZeJp3zmluv1W8uqo3boo4yOAYn4Ay44BI0QBO0QBtg8AiewSt4s56sF+vd+piPlqxi5xD8gfX5A7Pkl7U=</latexit>

a / eHt H = constant

Origin of LSS: vacuum quantum fluctuations of the 
inflaton scalar field

Expected to be Gaussian, though current and future 
surveys aim to constrain primordial non-Gaussianities

As the Universe expands, each wave generated by quantum fluctuations stretches out 
until its wavelength 𝜆 = 1/𝐻, and then it freezes

Superposition of oscillating waves (stretching out) and frozen waves

reheating
inflation ends and 

radiation-dominated 
era begins
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Evolution of DM fluctuations

Prokopec et al. 2011 

Inflation:    𝐻"# = constant
Radiation:  𝐻"# ∝ 𝑎$

Matter era: 𝐻"# ∝ 𝑎%/$

𝜆 = 1/𝐻

𝑘 = 2𝜋/𝜆

Evolution of fluctuations depends on 
whether they reenter the horizon in 
radiation domination (slower growth) or 
matter domination (faster growth)

Small-scale modes (higher k) enter the 
horizon earlier
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Evolution of DM fluctuations
At large scales (smaller k), modes reenter the horizon in the matter domination era, 
and we can use Newtonian physics, considering DM a non-relativistic fluid  

Euler equation
conservation of momentum

gravitational 
potential

Continuity equation
conservation of energy

Poisson equation
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Evolution of DM fluctuations
1) Transforming from physical to comoving coordinates

<latexit sha1_base64="eX/x3idyZFwsix//8pR7954WpAk=">AAACA3icbVDLSsNAFJ3UV1tfUXe6GSxC3ZREpLoRCm5cVrEPaEOZTCbt0MkkzEzEEgJu/BU3LhRx60+482+ctBG09cDAmXPu5d573IhRqSzryygsLa+srhVL5fWNza1tc2e3LcNYYNLCIQtF10WSMMpJS1HFSDcSBAUuIx13fJn5nTsiJA35rZpExAnQkFOfYqS0NDD3S/0AqZHrJ156garq+Od7nw7MilWzpoCLxM5JBeRoDszPvhfiOCBcYYak7NlWpJwECUUxI2m5H0sSITxGQ9LTlKOASCeZ3pDCI6140A+FflzBqfq7I0GBlJPA1ZXZhnLey8T/vF6s/HMnoTyKFeF4NsiPGVQhzAKBHhUEKzbRBGFB9a4Qj5BAWOnYyjoEe/7kRdI+qdn1Wv36tNK4yeMoggNwCKrABmegAa5AE7QABg/gCbyAV+PReDbejPdZacHIe/bAHxgf36kwl54=</latexit>

d = a(t)x
<latexit sha1_base64="3EdRL9n9p7IloSiLyPgeiPTUGfI=">AAACNXicbZBNS8MwGMdTX7f5VvXoJTgEQRityPQiDLx48DDFvcBWRpqlW1ialiQdG6Vfyovfw5MePCji1a9gunWg2x4I/Pj/nyTP83dDRqWyrDdjZXVtfWMzly9sbe/s7pn7B3UZRAKTGg5YIJoukoRRTmqKKkaaoSDIdxlpuIOb1G8MiZA04I9qHBLHRz1OPYqR0lLHvMu3faT6rhdHyXW7G6gYJTNllJyhGU+sUbKsZ4bDpGMWrZI1KbgIdgZFkFW1Y77o53DkE64wQ1K2bCtUToyEopiRpNCOJAkRHqAeaWnkyCfSiSdbJ/BEK13oBUIfruBE/XsjRr6UY9/VnemEct5LxWVeK1LelRNTHkaKcDz9yIsYVAFMI4RdKghWbKwBYUH1rBD3kUBY6aALOgR7fuVFqJ+X7HKpfH9RrDxkceTAETgGp8AGl6ACbkEV1AAGT+AVfIBP49l4N76M72nripHdOQT/yvj5BQ9hrrw=</latexit>

u = ȧx+ aẋ = ȧx+ v
<latexit sha1_base64="dtA307J/ZDL06Uv4Mb+7hNzCSOw=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi1Y1QcOOyin1AE8pkMmmHTh7M3AgldOfGX3HjQhG3/oI7/8ZJG1BbDwycOede7r3HSwRXYFlfRmlpeWV1rbxe2djc2t4xd/faKk4lZS0ai1h2PaKY4BFrAQfBuolkJPQE63ijq9zv3DOpeBzdwThhbkgGEQ84JaClvnnohASGMsz8CeBLTPDP3wGS9s2qVbOmwIvELkgVFWj2zU/Hj2kasgioIEr1bCsBNyMSOBVsUnFSxRJCR2TAeppGJGTKzaZ3TPCxVnwcxFK/CPBU/d2RkVCpcejpynxLNe/l4n9eL4Xgws14lKTAIjobFKQCQ4zzULDPJaMgxpoQKrneFdMhkYSCjq6iQ7DnT14k7dOaXa/Vb86qjdsijjI6QEfoBNnoHDXQNWqiFqLoAT2hF/RqPBrPxpvxPistGUXPPvoD4+MbH7eZjA==</latexit>

dt = ad⌧

<latexit sha1_base64="QiMEyh7S5Lu9lKsJls+6XgyvcY8=">AAACCXicbVBNS8NAEN3Ur1q/oh69LBbBU0lEqheh4MVjFfsBbSiTzaZdutmE3Y1YQq9e/CtePCji1X/gzX/jto2grQ8GHu/NMDPPTzhT2nG+rMLS8srqWnG9tLG5tb1j7+41VZxKQhsk5rFs+6AoZ4I2NNOcthNJIfI5bfnDy4nfuqNSsVjc6lFCvQj6goWMgDZSz8ZdAT6HXoAvcDcIJZDMHWcw/tHve3bZqThT4EXi5qSMctR79mc3iEkaUaEJB6U6rpNoLwOpGeF0XOqmiiZAhtCnHUMFRFR52fSTMT4ySoDDWJoSGk/V3xMZREqNIt90RqAHat6biP95nVSH517GRJJqKshsUZhyrGM8iQUHTFKi+cgQIJKZWzEZgIlDm/BKJgR3/uVF0jypuNVK9fq0XLvJ4yiiA3SIjpGLzlANXaE6aiCCHtATekGv1qP1bL1Z77PWgpXP7KM/sD6+Ab3Gmc8=</latexit>

rd =
1

a
rx

<latexit sha1_base64="+Niani+lL93t+ZGQUwCe9j46Ovs="></latexit>✓
@

@t

◆

d

=
1

a

✓
@

@⌧

◆

x

� H

a
(x ·rx)
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Evolution of DM fluctuations
2) Considering perturbations of the density, velocity and gravitational potential 

<latexit sha1_base64="1QQCuu48C6ZMOXr9Z9W0Tqr7c8o=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFqAhlRqS6EQpuXFaxF+gMJZPJtKGZZEgyQhm6ceOruHGhiFvfwZ1vY9rOQlt/CHz85xxOzh8kjCrtON9WYWl5ZXWtuF7a2Nza3rF391pKpBKTJhZMyE6AFGGUk6ammpFOIgmKA0bawfB6Um8/EKmo4Pd6lBA/Rn1OI4qRNlbPPvTkQMAr6AVIZhMew4p76oWEaXTSs8tO1ZkKLoKbQxnkavTsLy8UOI0J15ghpbquk2g/Q1JTzMi45KWKJAgPUZ90DXIUE+Vn0yvG8Ng4IYyENI9rOHV/T2QoVmoUB6YzRnqg5msT879aN9XRpZ9RnqSacDxbFKUMagEnkcCQSoI1GxlAWFLzV4gHSCKsTXAlE4I7f/IitM6qbq1auz0v1+/yOIrgAByBCnDBBaiDG9AATYDBI3gGr+DNerJerHfrY9ZasPKZffBH1ucPhquXYQ==</latexit>

⇢ = ⇢̄(1 + �)
<latexit sha1_base64="9kOQv82hI6BNyohqZnAEFoquwt4=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1UQhJKIVDdCwU2XVewD2lAmk0k7dDIJM5NCCfkBN/6KGxeKuHXvzr9x0qagrQcGzj3nXube40aMSmVZ30ZhZXVtfaO4Wdra3tndM/cPWjKMBSZNHLJQdFwkCaOcNBVVjHQiQVDgMtJ2R7eZ3x4TIWnIH9QkIk6ABpz6FCOlpb550guQGrp+Eqfwpj4vvBSew3kxTvtm2apYU8BlYuekDHI0+uZXzwtxHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelqylFApJNMr0nhqVY86IdCP67gVP09kaBAykng6s5sQ7noZeJ/XjdW/rWTUB7FinA8+8iPGVQhzKKBHhUEKzbRBGFB9a4QD5FAWOkASzoEe/HkZdK6qNjVSvXusly7z+MogiNwDM6ADa5ADdRBAzQBBo/gGbyCN+PJeDHejY9Za8HIZw7BHxifP3Mvm98=</latexit>

u = Hd+ v
<latexit sha1_base64="hhnyeM7KhfubwHSdk+XTc7FlcoU=">AAACKXicbVDLSsNAFJ34rPUVdelmsAiCUJIq1Y1QcKHLKvYBTSyTyaQZOnkwMxFKyO+48VfcKCjq1h9x0mShrQcGDuecy517nJhRIQ3jU1tYXFpeWa2sVdc3Nre29Z3drogSjkkHRyzifQcJwmhIOpJKRvoxJyhwGOk548vc7z0QLmgU3slJTOwAjULqUYykkoZ6y2r7FF5Ay0E8zXkGj6EVF5rrcYTThhVTeJWlJ1kR4n6UufeNMjfUa0bdmALOE7MkNVCiPdRfLTfCSUBCiRkSYmAasbRTxCXFjGRVKxEkRniMRmSgaIgCIux0emkGD5XiQi/i6oUSTtXfEykKhJgEjkoGSPpi1svF/7xBIr1zO6VhnEgS4mKRlzAoI5jXBl3KCZZsogjCnKq/QuwjVY9U5VZVCebsyfOk26ibzXrz5rTWui3rqIB9cACOgAnOQAtcgzboAAwewTN4A+/ak/aifWhfRXRBK2f2wB9o3z/WPaVC</latexit>

� = �̄+ � =
2⇡G

3
⇢̄d2 + �
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Evolution of DM fluctuations
3) For matter, in the matter dominated era:

<latexit sha1_base64="ORfwjNK3TiC1R1/SW9wYuH7dGh0="></latexit>

⇢̄m = ⇢crit⌦m =
3H2

8⇡G
⌦m

<latexit sha1_base64="hEOTVjdUVNtTjwLybc7hI9q+EZ4=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEAFUCqLAgVWJhLIg+pCZEjuu0Vu0ksh2kKsoXsPArLAwgxMrMxt/gthlKy5GudHzOvfK9x48ZlcqyfozC0vLK6lpxvbSxubW9Y+7utWSUCEyaOGKR6PhIEkZD0lRUMdKJBUHcZ6TtD6/HfvuRCEmj8F6NYuJy1A9pQDFSWvLMiuMjkTpiEGUeh1dw5pnyYytDD+nJWeaZZatqTQAXiZ2TMsjR8MxvpxfhhJNQYYak7NpWrNwUCUUxI1nJSSSJER6iPulqGiJOpJtOzslgRSs9GERCV6jgRJ2dSBGXcsR93cmRGsh5byz+53UTFVy6KQ3jRJEQTz8KEgZVBMfZwB4VBCs20gRhQfWuEA+QQFjpBEs6BHv+5EXSOq3atWrt9rxcv8vjKIIDcAiOgA0uQB3cgAZoAgyewAt4A+/Gs/FqfBif09aCkc/sgz8wvn4B6WqcFA==</latexit>

⇢̄m = ⇢̄m,0a
�3



20

Evolution of DM fluctuations
Applying 1-3), we have:

<latexit sha1_base64="bW0QYLA9eMLXfqVf7+qwao/aEAY=">AAACEHicbZDLSgMxFIYzXmu9VV26GSxiS6HMiFQ3QsGNyyr2Ap1SzqRpG5rJDMmZQhn6CG58FTcuFHHr0p1vY3pZaOsPgZ/vnJPk/H4kuEbH+bZWVtfWNzZTW+ntnd29/czBYU2HsaKsSkMRqoYPmgkuWRU5CtaIFIPAF6zuD24m9fqQKc1D+YCjiLUC6Ene5RTQoHbmzOuEmHgdJhDGBU+CL8CjhuVybmGG88P8tdPOZJ2iM5W9bNy5yZK5Ku3Ml7mZxgGTSAVo3XSdCFsJKORUsHHaizWLgA6gx5rGSgiYbiXThcb2qSEduxsqcyTaU/p7IoFA61Hgm84AsK8XaxP4X60ZY/eqlXAZxcgknT3UjYWNoT1Jx+5wxSiKkTFAFTd/tWkfFFA0GaZNCO7iysumdl50S8XS3UW2fD+PI0WOyQnJEZdckjK5JRVSJZQ8kmfySt6sJ+vFerc+Zq0r1nzmiPyR9fkDQmScHw==</latexit>

�̇ +r · ((1 + �)v) = 0 Continuity equation

<latexit sha1_base64="4usrIT+FQ96fmhAU8HT/N0zU1nw="></latexit>

v̇ +Hv + (v ·r)v = � 1

⇢̄(1 + �)
rP �r� Euler equation

<latexit sha1_base64="L611c0SC/778/4GL4LPcqzM8obQ=">AAACF3icbVDLSgNBEJz1bXxFPXoZDIKnsBtFvQiCF28+MCaQjaF30psMzswuM7NCWPIXXvwVLx4U8ao3/8bJ46DRgoaiqpvurigV3Fjf//Kmpmdm5+YXFgtLyyura8X1jRuTZJphlSUi0fUIDAqusGq5FVhPNYKMBNaiu9OBX7tHbXiirm0vxaaEjuIxZ2Cd1CqWQwWRgNsKDdMup8c0bMcaWL7Xzyv9s9tKeC6xAy3pdBQWWsWSX/aHoH9JMCYlMsZFq/gZthOWSVSWCTCmEfipbeagLWcC+4UwM5gCu4MONhxVINE08+FffbrjlDaNE+1KWTpUf07kII3pych1SrBdM+kNxP+8Rmbjo2bOVZpZVGy0KM4EtQkdhETbXCOzoucIMM3drZR1weViXZQFF0Iw+fJfclMpBwflg8v90snVOI4FskW2yS4JyCE5IWfkglQJIw/kibyQV+/Re/bevPdR65Q3ntkkv+B9fANITZ7W</latexit>

r2
� =

3

2
H

2⌦m� Poisson equation
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Evolution of DM fluctuations
The exact solution to these equations is nonlinear and cannot be solved 

completely analytically

At large scales, when 𝛿 ≪ 1, we can solve these at first order (linear regime)

<latexit sha1_base64="bW0QYLA9eMLXfqVf7+qwao/aEAY=">AAACEHicbZDLSgMxFIYzXmu9VV26GSxiS6HMiFQ3QsGNyyr2Ap1SzqRpG5rJDMmZQhn6CG58FTcuFHHr0p1vY3pZaOsPgZ/vnJPk/H4kuEbH+bZWVtfWNzZTW+ntnd29/czBYU2HsaKsSkMRqoYPmgkuWRU5CtaIFIPAF6zuD24m9fqQKc1D+YCjiLUC6Ene5RTQoHbmzOuEmHgdJhDGBU+CL8CjhuVybmGG88P8tdPOZJ2iM5W9bNy5yZK5Ku3Ml7mZxgGTSAVo3XSdCFsJKORUsHHaizWLgA6gx5rGSgiYbiXThcb2qSEduxsqcyTaU/p7IoFA61Hgm84AsK8XaxP4X60ZY/eqlXAZxcgknT3UjYWNoT1Jx+5wxSiKkTFAFTd/tWkfFFA0GaZNCO7iysumdl50S8XS3UW2fD+PI0WOyQnJEZdckjK5JRVSJZQ8kmfySt6sJ+vFerc+Zq0r1nzmiPyR9fkDQmScHw==</latexit>

�̇ +r · ((1 + �)v) = 0 Continuity equation

<latexit sha1_base64="4usrIT+FQ96fmhAU8HT/N0zU1nw="></latexit>

v̇ +Hv + (v ·r)v = � 1

⇢̄(1 + �)
rP �r� Euler equation

<latexit sha1_base64="L611c0SC/778/4GL4LPcqzM8obQ=">AAACF3icbVDLSgNBEJz1bXxFPXoZDIKnsBtFvQiCF28+MCaQjaF30psMzswuM7NCWPIXXvwVLx4U8ao3/8bJ46DRgoaiqpvurigV3Fjf//Kmpmdm5+YXFgtLyyura8X1jRuTZJphlSUi0fUIDAqusGq5FVhPNYKMBNaiu9OBX7tHbXiirm0vxaaEjuIxZ2Cd1CqWQwWRgNsKDdMup8c0bMcaWL7Xzyv9s9tKeC6xAy3pdBQWWsWSX/aHoH9JMCYlMsZFq/gZthOWSVSWCTCmEfipbeagLWcC+4UwM5gCu4MONhxVINE08+FffbrjlDaNE+1KWTpUf07kII3pych1SrBdM+kNxP+8Rmbjo2bOVZpZVGy0KM4EtQkdhETbXCOzoucIMM3drZR1weViXZQFF0Iw+fJfclMpBwflg8v90snVOI4FskW2yS4JyCE5IWfkglQJIw/kibyQV+/Re/bevPdR65Q3ntkkv+B9fANITZ7W</latexit>

r2
� =

3

2
H

2⌦m� Poisson equation



Evolution of DM fluctuations

Combining the three equations, and considering that P = 0 for dark matter

Also convenient to move to Fourier scales, since the Fourier transform of ∇!→ −𝑘!

<latexit sha1_base64="9oa1hoI3+99AVTSb9LNaYZ1pMbE=">AAACJnicbVDLSgMxFM3UV62vqks3wSIIQpkppbopFFzYZRVrC51hyGTSNjTzILkjlGG+xo2/4sZFRcSdn2L6WNjWAxcO59yb3Hu8WHAFpvlt5DY2t7Z38ruFvf2Dw6Pi8cmTihJJWZtGIpJdjygmeMjawEGwbiwZCTzBOt7odup3nplUPAofYRwzJyCDkPc5JaAlt1i3fT+C1PaZAJK5I3yFK017Warjqh1zfGd7RKa2HEbZ3HNHbrFkls0Z8DqxFqSEFmi5xYl+myYBC4EKolTPMmNwUiKBU8Gygp0oFhM6IgPW0zQkAVNOOjszwxda8XE/krpCwDP170RKAqXGgac7AwJDtepNxf+8XgL9GyflYZwAC+n8o34iMER4mhn2uWQUxFgTQiXXu2I6JJJQ0MkWdAjW6snr5KlStmrl2n211HhYxJFHZ+gcXSILXaMGaqIWaiOKXtAbmqAP49V4Nz6Nr3lrzljMnKIlGD+/NE+lsg==</latexit>

�̈k + 2H �̇k = 4⇡G⇢̄�k



Evolution of DM fluctuations

Combining the three equations, and considering that P = 0 for dark matter

Also convenient to move to Fourier scales, since the Fourier transform of ∇!→ −𝑘!

<latexit sha1_base64="9oa1hoI3+99AVTSb9LNaYZ1pMbE=">AAACJnicbVDLSgMxFM3UV62vqks3wSIIQpkppbopFFzYZRVrC51hyGTSNjTzILkjlGG+xo2/4sZFRcSdn2L6WNjWAxcO59yb3Hu8WHAFpvlt5DY2t7Z38ruFvf2Dw6Pi8cmTihJJWZtGIpJdjygmeMjawEGwbiwZCTzBOt7odup3nplUPAofYRwzJyCDkPc5JaAlt1i3fT+C1PaZAJK5I3yFK017Warjqh1zfGd7RKa2HEbZ3HNHbrFkls0Z8DqxFqSEFmi5xYl+myYBC4EKolTPMmNwUiKBU8Gygp0oFhM6IgPW0zQkAVNOOjszwxda8XE/krpCwDP170RKAqXGgac7AwJDtepNxf+8XgL9GyflYZwAC+n8o34iMER4mhn2uWQUxFgTQiXXu2I6JJJQ0MkWdAjW6snr5KlStmrl2n211HhYxJFHZ+gcXSILXaMGaqIWaiOKXtAbmqAP49V4Nz6Nr3lrzljMnKIlGD+/NE+lsg==</latexit>

�̈k + 2H �̇k = 4⇡G⇢̄�k
Damped harmonic 

oscillator

friction term: 
resistance to the 

growth of fluctuations

gravity enhances the growth of 
fluctuations



Growth of linear perturbations: RD era

In the radiation domination era, the matter density is negligible, which 
simplifies the second order differential equation

<latexit sha1_base64="9oa1hoI3+99AVTSb9LNaYZ1pMbE=">AAACJnicbVDLSgMxFM3UV62vqks3wSIIQpkppbopFFzYZRVrC51hyGTSNjTzILkjlGG+xo2/4sZFRcSdn2L6WNjWAxcO59yb3Hu8WHAFpvlt5DY2t7Z38ruFvf2Dw6Pi8cmTihJJWZtGIpJdjygmeMjawEGwbiwZCTzBOt7odup3nplUPAofYRwzJyCDkPc5JaAlt1i3fT+C1PaZAJK5I3yFK017Warjqh1zfGd7RKa2HEbZ3HNHbrFkls0Z8DqxFqSEFmi5xYl+myYBC4EKolTPMmNwUiKBU8Gygp0oFhM6IgPW0zQkAVNOOjszwxda8XE/krpCwDP170RKAqXGgac7AwJDtepNxf+8XgL9GyflYZwAC+n8o34iMER4mhn2uWQUxFgTQiXXu2I6JJJQ0MkWdAjW6snr5KlStmrl2n211HhYxJFHZ+gcXSILXaMGaqIWaiOKXtAbmqAP49V4Nz6Nr3lrzljMnKIlGD+/NE+lsg==</latexit>

�̈k + 2H �̇k = 4⇡G⇢̄�k

<latexit sha1_base64="odjNjFYG0PKqfRuJ0mIx1vYE83c=">AAAB+nicbVBNTwIxEJ31E/Fr0aOXRmLiCXeJQY8kXjyikY8EVtItBRq63abtasjKT/HiQWO8+ku8+W8ssAcFXzLJy3szmZkXSs608bxvZ2V1bX1jM7eV397Z3dt3CwcNHSeK0DqJeaxaIdaUM0HrhhlOW1JRHIWcNsPR1dRvPlClWSzuzFjSIMIDwfqMYGOlrlvAqCNVLE2MzH3qn5UnXbfolbwZ0DLxM1KEDLWu+9XpxSSJqDCEY63bvidNkGJlGOF0ku8kmkpMRnhA25YKHFEdpLPTJ+jEKj3Uj5UtYdBM/T2R4kjrcRTazgiboV70puJ/Xjsx/csgZUImhgoyX9RPOJo+anNAPaYoMXxsCSaK2VsRGWKFibFp5W0I/uLLy6RRLvmVUuXmvFi9zeLIwREcwyn4cAFVuIYa1IHAIzzDK7w5T86L8+58zFtXnGzmEP7A+fwBRTSTbQ==</latexit>

a / t1/2

<latexit sha1_base64="1nZtK40cGt2AO7g0uXNGG/OezWI=">AAACAnicbVC7SgNBFJ31GeNr1UpsBoNgFXZDiBYpAhamjGIekF2X2ckkGTIzu8zMCmEJNv6KjYUitn6FnX/jJNlCEw9cOJxzL/feE8aMKu0439bK6tr6xmZuK7+9s7u3bx8ctlSUSEyaOGKR7IRIEUYFaWqqGenEkiAeMtIOR1dTv/1ApKKRuNPjmPgcDQTtU4y0kQL7uOzFFF57IZKpJ4fRJOCwWoX1+1JgF5yiMwNcJm5GCiBDI7C/vF6EE06Exgwp1XWdWPspkppiRiZ5L1EkRniEBqRrqECcKD+dvTCBZ0bpwX4kTQkNZ+rviRRxpcY8NJ0c6aFa9Kbif1430f1LP6UiTjQReL6onzCoIzjNA/aoJFizsSEIS2puhXiIJMLapJY3IbiLLy+TVqnoVoqVm3KhdpvFkQMn4BScAxdcgBqogwZoAgwewTN4BW/Wk/VivVsf89YVK5s5An9gff4AO4GWGg==</latexit>

4⇡G⇢̄m << H
2



Growth of linear perturbations: RD era
<latexit sha1_base64="9oa1hoI3+99AVTSb9LNaYZ1pMbE=">AAACJnicbVDLSgMxFM3UV62vqks3wSIIQpkppbopFFzYZRVrC51hyGTSNjTzILkjlGG+xo2/4sZFRcSdn2L6WNjWAxcO59yb3Hu8WHAFpvlt5DY2t7Z38ruFvf2Dw6Pi8cmTihJJWZtGIpJdjygmeMjawEGwbiwZCTzBOt7odup3nplUPAofYRwzJyCDkPc5JaAlt1i3fT+C1PaZAJK5I3yFK017Warjqh1zfGd7RKa2HEbZ3HNHbrFkls0Z8DqxFqSEFmi5xYl+myYBC4EKolTPMmNwUiKBU8Gygp0oFhM6IgPW0zQkAVNOOjszwxda8XE/krpCwDP170RKAqXGgac7AwJDtepNxf+8XgL9GyflYZwAC+n8o34iMER4mhn2uWQUxFgTQiXXu2I6JJJQ0MkWdAjW6snr5KlStmrl2n211HhYxJFHZ+gcXSILXaMGaqIWaiOKXtAbmqAP49V4Nz6Nr3lrzljMnKIlGD+/NE+lsg==</latexit>

�̈k + 2H �̇k = 4⇡G⇢̄�k

<latexit sha1_base64="odjNjFYG0PKqfRuJ0mIx1vYE83c=">AAAB+nicbVBNTwIxEJ31E/Fr0aOXRmLiCXeJQY8kXjyikY8EVtItBRq63abtasjKT/HiQWO8+ku8+W8ssAcFXzLJy3szmZkXSs608bxvZ2V1bX1jM7eV397Z3dt3CwcNHSeK0DqJeaxaIdaUM0HrhhlOW1JRHIWcNsPR1dRvPlClWSzuzFjSIMIDwfqMYGOlrlvAqCNVLE2MzH3qn5UnXbfolbwZ0DLxM1KEDLWu+9XpxSSJqDCEY63bvidNkGJlGOF0ku8kmkpMRnhA25YKHFEdpLPTJ+jEKj3Uj5UtYdBM/T2R4kjrcRTazgiboV70puJ/Xjsx/csgZUImhgoyX9RPOJo+anNAPaYoMXxsCSaK2VsRGWKFibFp5W0I/uLLy6RRLvmVUuXmvFi9zeLIwREcwyn4cAFVuIYa1IHAIzzDK7w5T86L8+58zFtXnGzmEP7A+fwBRTSTbQ==</latexit>

a / t1/2

<latexit sha1_base64="1nZtK40cGt2AO7g0uXNGG/OezWI=">AAACAnicbVC7SgNBFJ31GeNr1UpsBoNgFXZDiBYpAhamjGIekF2X2ckkGTIzu8zMCmEJNv6KjYUitn6FnX/jJNlCEw9cOJxzL/feE8aMKu0439bK6tr6xmZuK7+9s7u3bx8ctlSUSEyaOGKR7IRIEUYFaWqqGenEkiAeMtIOR1dTv/1ApKKRuNPjmPgcDQTtU4y0kQL7uOzFFF57IZKpJ4fRJOCwWoX1+1JgF5yiMwNcJm5GCiBDI7C/vF6EE06Exgwp1XWdWPspkppiRiZ5L1EkRniEBqRrqECcKD+dvTCBZ0bpwX4kTQkNZ+rviRRxpcY8NJ0c6aFa9Kbif1430f1LP6UiTjQReL6onzCoIzjNA/aoJFizsSEIS2puhXiIJMLapJY3IbiLLy+TVqnoVoqVm3KhdpvFkQMn4BScAxdcgBqogwZoAgwewTN4BW/Wk/VivVsf89YVK5s5An9gff4AO4GWGg==</latexit>

4⇡G⇢̄m << H
2

<latexit sha1_base64="66YALRswLwcIFOykuOH7fzLl4Dg=">AAACBnicbVDLSgMxFM3UV62vqksRgkWoCGWmSHUjVNy4rGIf0BlKJk3b0ExmSO4IZejKjb/ixoUibv0Gd/6NaTsLbT1wL4dz7iW5x48E12Db31ZmaXlldS27ntvY3Nreye/uNXQYK8rqNBShavlEM8ElqwMHwVqRYiTwBWv6w+uJ33xgSvNQ3sMoYl5A+pL3OCVgpE7+0O0yAQQX4QRfYnzVcfCp6WXsComhky/YJXsKvEiclBRQilon/+V2QxoHTAIVROu2Y0fgJUQBp4KNc26sWUTokPRZ21BJAqa9ZHrGGB8bpYt7oTIlAU/V3xsJCbQeBb6ZDAgM9Lw3Ef/z2jH0LryEyygGJunsoV4sMIR4kgnucsUoiJEhhCpu/orpgChCwSSXMyE48ycvkka55FRKlduzQvUujSOLDtARKiIHnaMqukE1VEcUPaJn9IrerCfrxXq3PmajGSvd2Ud/YH3+ACDOlcg=</latexit>

�(t) = A1 +A2 ln t

In the radiation domination era, the matter density is negligible, which 
simplifies the second order differential equation

Extremely slow growth of density perturbations



Growth of linear perturbations: MD era

There are two solutions to this second-order differential equation: a growing 
and a decaying solution (which becomes negligible with time)

<latexit sha1_base64="9oa1hoI3+99AVTSb9LNaYZ1pMbE=">AAACJnicbVDLSgMxFM3UV62vqks3wSIIQpkppbopFFzYZRVrC51hyGTSNjTzILkjlGG+xo2/4sZFRcSdn2L6WNjWAxcO59yb3Hu8WHAFpvlt5DY2t7Z38ruFvf2Dw6Pi8cmTihJJWZtGIpJdjygmeMjawEGwbiwZCTzBOt7odup3nplUPAofYRwzJyCDkPc5JaAlt1i3fT+C1PaZAJK5I3yFK017Warjqh1zfGd7RKa2HEbZ3HNHbrFkls0Z8DqxFqSEFmi5xYl+myYBC4EKolTPMmNwUiKBU8Gygp0oFhM6IgPW0zQkAVNOOjszwxda8XE/krpCwDP170RKAqXGgac7AwJDtepNxf+8XgL9GyflYZwAC+n8o34iMER4mhn2uWQUxFgTQiXXu2I6JJJQ0MkWdAjW6snr5KlStmrl2n211HhYxJFHZ+gcXSILXaMGaqIWaiOKXtAbmqAP49V4Nz6Nr3lrzljMnKIlGD+/NE+lsg==</latexit>

�̈k + 2H �̇k = 4⇡G⇢̄�k

<latexit sha1_base64="WKZAjtV3zldC10IZ/nZF+4eR+Kw=">AAAB+nicbVDLTgIxFO3gC/E16NJNIzFxhTNo0CWJG5do5JHASDqlAw2dtmk7GjLyKW5caIxbv8Sdf2OBWSh4kpucnHNv7r0nlIxq43nfTm5ldW19I79Z2Nre2d1zi/tNLRKFSQMLJlQ7RJowyknDUMNIWyqC4pCRVji6mvqtB6I0FfzOjCUJYjTgNKIYGSv13CKCXamENAKa+7RyejbpuSWv7M0Al4mfkRLIUO+5X92+wElMuMEMad3xPWmCFClDMSOTQjfRRCI8QgPSsZSjmOggnZ0+gcdW6cNIKFvcwJn6eyJFsdbjOLSdMTJDvehNxf+8TmKiyyClXCaGcDxfFCUMTh+1OcA+VQQbNrYEYUXtrRAPkULY2LQKNgR/8eVl0qyU/Wq5enNeqt1mceTBITgCJ8AHF6AGrkEdNAAGj+AZvII358l5cd6dj3lrzslmDsAfOJ8/SECTbw==</latexit>

a / t2/3
<latexit sha1_base64="WD6RsKw5b9hZjS+ybmVTHBLeA64=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4KjO1VDdCwYVdVrEP6Iwlk2ba0EwyJBmhDPMBbvwVNy4UcesHuPNvTNtZaOuBwOGcc7m5x48YVdq2v63cyura+kZ+s7C1vbO7V9w/aCsRS0xaWDAhuz5ShFFOWppqRrqRJCj0Gen446up33kgUlHB7/QkIl6IhpwGFCNtpH6xVHUjCq+h6yOZuHIkUngJ3UEgEU7O0qSSNu4rJmWX7RngMnEyUgIZmv3ilzsQOA4J15ghpXqOHWkvQVJTzEhacGNFIoTHaEh6hnIUEuUls2NSeGKUAQyENI9rOFN/TyQoVGoS+iYZIj1Si95U/M/rxTq48BLKo1gTjueLgphBLeC0GTigkmDNJoYgLKn5K8QjZIrQpr+CKcFZPHmZtCtlp1au3VRL9dusjjw4AsfgFDjgHNRBAzRBC2DwCJ7BK3iznqwX6936mEdzVjZzCP7A+vwB0CmaSA==</latexit>

4⇡G⇢̄ =
3

2
H

2

<latexit sha1_base64="RwyxcAhtT9Fy1P/yxSX3OBuWHHY=">AAACGXicbVDLSgNBEJyNrxhfUY9eBoOgiHE3SvQiRLx4jGJUSGKYne3EwdmHM71CWPY3vPgrXjwo4lFP/o2TuAeNFgxUV3XT0+VGUmi07U8rNzY+MTmVny7MzM7NLxQXl851GCsODR7KUF26TIMUATRQoITLSAHzXQkX7s3RwL+4A6VFGJxhP4K2z3qB6ArO0Eidot3yQCKj67hBD+hhx6F4lVS2d1K6aaqKKbaclLa08OGWMtPVKZbssj0E/UucjJRIhnqn+N7yQh77ECCXTOumY0fYTphCwSWkhVasIWL8hvWgaWjAfNDtZHhZSteM4tFuqMwLkA7VnxMJ87Xu+67p9Ble61FvIP7nNWPs7rcTEUQxQsC/F3VjSTGkg5ioJxRwlH1DGFfC/JXya6YYRxNmwYTgjJ78l5xXyk61XD3ZLdVOszjyZIWsknXikD1SI8ekThqEk3vySJ7Ji/VgPVmv1tt3a87KZpbJL1gfX5a9nQM=</latexit>

�(t) = A1t
2/3 +A2t

�1 ' a(t)



Growth of linear perturbations: 𝚲D era

In the era dominated by Λ, the matter density becomes negligible again 
relative to vacuum energy

<latexit sha1_base64="9oa1hoI3+99AVTSb9LNaYZ1pMbE=">AAACJnicbVDLSgMxFM3UV62vqks3wSIIQpkppbopFFzYZRVrC51hyGTSNjTzILkjlGG+xo2/4sZFRcSdn2L6WNjWAxcO59yb3Hu8WHAFpvlt5DY2t7Z38ruFvf2Dw6Pi8cmTihJJWZtGIpJdjygmeMjawEGwbiwZCTzBOt7odup3nplUPAofYRwzJyCDkPc5JaAlt1i3fT+C1PaZAJK5I3yFK017Warjqh1zfGd7RKa2HEbZ3HNHbrFkls0Z8DqxFqSEFmi5xYl+myYBC4EKolTPMmNwUiKBU8Gygp0oFhM6IgPW0zQkAVNOOjszwxda8XE/krpCwDP170RKAqXGgac7AwJDtepNxf+8XgL9GyflYZwAC+n8o34iMER4mhn2uWQUxFgTQiXXu2I6JJJQ0MkWdAjW6snr5KlStmrl2n211HhYxJFHZ+gcXSILXaMGaqIWaiOKXtAbmqAP49V4Nz6Nr3lrzljMnKIlGD+/NE+lsg==</latexit>

�̈k + 2H �̇k = 4⇡G⇢̄�k

<latexit sha1_base64="QL/ZelpTaxS0kKn/oFYBd3+Szq4="></latexit>

�(t) = A1 +A2 exp(�2Ht) ' constant
<latexit sha1_base64="huFyjzAZ6Q1MhvzjzFx831daajA=">AAAB+3icbVDLSgMxFM34rPU11qWbYBHqpsyIVJcFN11WsQ/oDCWTZtrQTBKSjLQM/RU3LhRx64+4829M21lo64ELh3Pu5d57IsmoNp737Wxsbm3v7Bb2ivsHh0fH7kmprUWqMGlhwYTqRkgTRjlpGWoY6UpFUBIx0onGd3O/80SUpoI/mqkkYYKGnMYUI2OlvltCMJBKSCNgQCay0jCXfbfsVb0F4Drxc1IGOZp99ysYCJwmhBvMkNY935MmzJAyFDMyKwapJhLhMRqSnqUcJUSH2eL2GbywygDGQtniBi7U3xMZSrSeJpHtTJAZ6VVvLv7n9VIT34YZ5TI1hOPlojhl0H46DwIOqCLYsKklCCtqb4V4hBTCxsZVtCH4qy+vk/ZV1a9Va/fX5fpDHkcBnIFzUAE+uAF10ABN0AIYTMAzeAVvzsx5cd6dj2XrhpPPnII/cD5/APk5k9E=</latexit>

a / exp(Ht)
<latexit sha1_base64="kGGzI5g2JVI6D9ejZiCaRvuLXEo=">AAACD3icbVC7SgNBFJ31GeNr1dJmMCixCbsi0UYI2KSwiGIekCzL7GSSDJmdXWbuCmHJH9j4KzYWitja2vk3ziYpNPHAwJlz7+Hee4JYcA2O820tLa+srq3nNvKbW9s7u/befkNHiaKsTiMRqVZANBNcsjpwEKwVK0bCQLBmMLzO6s0HpjSP5D2MYuaFpC95j1MCRvLtk2oRTvEVrvpp58bYumRsfp2QwECFKY2kBiJh7NsFp+RMgBeJOyMFNEPNt7863YgmIZNABdG67ToxeClRwKlg43wn0SwmdEj6rG2oJCHTXjq5Z4yPjdLFvUiZJwFP1N+OlIRaj8LAdGaL6vlaJv5XayfQu/RSLuMEmKTTQb1EYIhwFg7ucsUoiJEhhCpudsV0QBShYCLMmxDc+ZMXSeOs5JZL5dvzQuVuFkcOHaIjVEQuukAVVEU1VEcUPaJn9IrerCfrxXq3PqatS9bMc4D+wPr8AXOom8w=</latexit>

H(t) = H⇤ = constant density perturbations stop growing



Growth of linear perturbations:
more general solution

<latexit sha1_base64="9oa1hoI3+99AVTSb9LNaYZ1pMbE=">AAACJnicbVDLSgMxFM3UV62vqks3wSIIQpkppbopFFzYZRVrC51hyGTSNjTzILkjlGG+xo2/4sZFRcSdn2L6WNjWAxcO59yb3Hu8WHAFpvlt5DY2t7Z38ruFvf2Dw6Pi8cmTihJJWZtGIpJdjygmeMjawEGwbiwZCTzBOt7odup3nplUPAofYRwzJyCDkPc5JaAlt1i3fT+C1PaZAJK5I3yFK017Warjqh1zfGd7RKa2HEbZ3HNHbrFkls0Z8DqxFqSEFmi5xYl+myYBC4EKolTPMmNwUiKBU8Gygp0oFhM6IgPW0zQkAVNOOjszwxda8XE/krpCwDP170RKAqXGgac7AwJDtepNxf+8XgL9GyflYZwAC+n8o34iMER4mhn2uWQUxFgTQiXXu2I6JJJQ0MkWdAjW6snr5KlStmrl2n211HhYxJFHZ+gcXSILXaMGaqIWaiOKXtAbmqAP49V4Nz6Nr3lrzljMnKIlGD+/NE+lsg==</latexit>

�̈k + 2H �̇k = 4⇡G⇢̄�k

<latexit sha1_base64="NSDbSGCRYi8NifW03AKCLbofXVs=">AAACDXicbZC7TkJBEIb34A3xhlrabEQTaPAcY9DGhEQLSzRySYCQOcsAG/Zc3N1DQggvYOOr2FhojK29nW/jAqdQ8E82+fLPTGbnd0PBlbbtbyuxtLyyupZcT21sbm3vpHf3KiqIJMMyC0Qgay4oFNzHsuZaYC2UCJ4rsOr2ryb16gCl4oF/r4chNj3o+rzDGWhjtdJH11nI0QY+RHxAG20UGibGScw0C5dOrpXO2Hl7KroITgwZEqvUSn812gGLPPQ1E6BU3bFD3RyB1JwJHKcakcIQWB+6WDfog4eqOZpeM6bHxmnTTiDN8zWdur8nRuApNfRc0+mB7qn52sT8r1aPdOeiOeJ+GGn02WxRJxJUB3QSDW1ziUyLoQFgkpu/UtYDCUybAFMmBGf+5EWonOadQr5we5Yp3sVxJMkBOSRZ4pBzUiQ3pETKhJFH8kxeyZv1ZL1Y79bHrDVhxTP75I+szx8SkZkX</latexit>

D(a) ⌘ �(a)/�(a = 1)

linear growth factor definition

<latexit sha1_base64="kJc2QxvUsW5fIwflxmia2UFilpc=">AAACE3icbZDLSsNAFIYn9VbrLerSzWARRKEkpVQ3QsGCXVaxF2hCmEwm7dDJhZmJUELewY2v4saFIm7duPNtnLZZaOsPAx//OWdmzu/GjAppGN9aYWV1bX2juFna2t7Z3dP3D7oiSjgmHRyxiPddJAijIelIKhnpx5ygwGWk546vp/XeA+GCRuG9nMTEDtAwpD7FSCrL0c8sz4tk2szgOay2rJyvYM2KKbyxXMRTi4+izAmajl42KsZMcBnMHMogV9vRv9R9OAlIKDFDQgxMI5Z2irikmJGsZCWCxAiP0ZAMFIYoIMJOZztl8EQ5HvQjrk4o4cz9PZGiQIhJ4KrOAMmRWKxNzf9qg0T6l3ZKwziRJMTzh/yEQRnBaUDQo5xgySYKEOZU/RXiEeIISxVjSYVgLq68DN1qxaxX6re1cuMuj6MIjsAxOAUmuAAN0AJt0AEYPIJn8AretCftRXvXPuatBS2fOQR/pH3+ANxqnPw=</latexit>

D̈ + 2HḊ = 4⇡G⇢̄mD

The exact growing solution for ΛCDM is then:
<latexit sha1_base64="UPbhTEx9Ve+YmJlvMlhPDW8tDRM="></latexit>

D(a) =
5⌦m

2
H(a)

Z a

0

da0

(a0H(a0))3



Growth of linear perturbations:
super-horizon modes

Until now we have seen the growth of linear perturbations after reentering the horizon 
(sub-horizon modes)

For super-horizon modes, we can obtain the growth of 𝛿 from the Poisson equation 
and enforcing that the gravitational potential is constant at super-horizon scales

<latexit sha1_base64="tgYoibb+QAfUkyTIcCoqBs1Nqic=">AAACIXicbZDLSsQwFIZTr+N4G3XpJjgIroZWZHQjCC50OYpzgUkdTtPUBtO0JKkwlL6KG1/FjQtFZie+jJnLwtuBwMf/n8PJ+YNMcG1c98OZm19YXFqurFRX19Y3Nmtb2x2d5oqyNk1FqnoBaCa4ZG3DjWC9TDFIAsG6wf352O8+MKV5Km/MMGN+AneSR5yCsdKgdkLCSAEtvLKA28OSSAiEBUxaMcen+IhkHF+QAFRBVJyWJGTCgDXcQa3uNtxJ4b/gzaCOZtUa1EYkTGmeMGmoAK37npsZvwBlOBWsrJJcswzoPdyxvkUJCdN+MbmwxPtWCXGUKvukwRP1+0QBidbDJLCdCZhY//bG4n9ePzfRiV9wmeWGSTpdFOUCmxSP48IhV4waMbQAVHH7V0xjsIkZG2rVhuD9PvkvdA4bXrPRvDqqn13P4qigXbSHDpCHjtEZukQt1EYUPaJn9IrenCfnxXl3RtPWOWc2s4N+lPP5BWxYonk=</latexit>

1

a2
r2� = 4⇡G⇢̄� = 0

from changing to 
comoving coordinates

<latexit sha1_base64="f5C1UGJKWXkfmsfY82Kq31kfEJs=">AAACFnicbVDJSgNBEO2JW4xb1KOXxiB4SZgJIXoRAh70GMUskIlDTU9PpknPQnePEIZ8hRd/xYsHRbyKN//GznLQxAcFj/eqqKrnJpxJZZrfRm5ldW19I79Z2Nre2d0r7h+0ZZwKQlsk5rHouiApZxFtKaY47SaCQuhy2nGHlxO/80CFZHF0p0YJ7YcwiJjPCCgtOcVyeXhfxXYzYPgC1+yE4SsME8UFkdkiiMe2R7kCZ6h90ymWzIo5BV4m1pyU0BxNp/hlezFJQxopwkHKnmUmqp+BUIxwOi7YqaQJkCEMaE/TCEIq+9n0rTE+0YqH/VjoihSeqr8nMgilHIWu7gxBBXLRm4j/eb1U+ef9jEVJqmhEZov8lGMV40lG2GOCEsVHmgARTN+KSQACiNJJFnQI1uLLy6RdrVj1Sv2mVmrczuPIoyN0jE6Rhc5QA12jJmohgh7RM3pFb8aT8WK8Gx+z1pwxnzlEf2B8/gDwWpzW</latexit>

�k2� = 4⇡Ga2⇢̄�k = 0

Radiation domination

Matter domination

<latexit sha1_base64="L7783lhvq1a1csCdPSftYPukwX4=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvgxjIjpbosuHFZxT6gU0smzbShmSQkGWEY6q+4caGIWz/EnX9j2s5CWw9cOJxzL/feE0pGtfG8b6ewtr6xuVXcLu3s7u0fuIdHbS0ShUkLCyZUN0SaMMpJy1DDSFcqguKQkU44uZ75nUeiNBX83qSS9GM04jSiGBkrDdxyoMYCBlIJaQRED9l5bTpwK17VmwOuEj8nFZCjOXC/gqHASUy4wQxp3fM9afoZUoZiRqalINFEIjxBI9KzlKOY6H42P34KT60yhJFQtriBc/X3RIZirdM4tJ0xMmO97M3E/7xeYqKrfka5TAzheLEoShi0f86SgEOqCDYstQRhRe2tEI+RQtjYvEo2BH/55VXSvqj69Wr9tlZp3OVxFMExOAFnwAeXoAFuQBO0AAYpeAav4M15cl6cd+dj0Vpw8pky+APn8wcjFJSB</latexit>

⇢ / a�4

<latexit sha1_base64="4+kX78MbJOEdNXYUV8JZHy6XAdQ=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvgxjKjUl0W3LisYh/QGUsmzbShmSQkGWEY6q+4caGIWz/EnX9j+lho64ELh3Pu5d57IsmoNp737RRWVtfWN4qbpa3tnd09d/+gpUWqMGliwYTqREgTRjlpGmoY6UhFUBIx0o5G1xO//UiUpoLfm0ySMEEDTmOKkbFSzy0HaihgIJWQRkD0kJ+ej3tuxat6U8Bl4s9JBczR6LlfQV/gNCHcYIa07vqeNGGOlKGYkXEpSDWRCI/QgHQt5SghOsynx4/hsVX6MBbKFjdwqv6eyFGidZZEtjNBZqgXvYn4n9dNTXwV5pTL1BCOZ4vilEH75yQJ2KeKYMMySxBW1N4K8RAphI3Nq2RD8BdfXiats6pfq9ZuLyr1u3kcRXAIjsAJ8MElqIMb0ABNgEEGnsEreHOenBfn3fmYtRac+UwZ/IHz+QMhj5SA</latexit>

⇢ / a�3

<latexit sha1_base64="iyJyKtv+cx1A4hmJsmnOCGV800M=">AAAB+3icbVDLSgMxFM34rPU11qWbYBFclZki1WXBjcsq9gGdsWQymTY0k4QkI5ahv+LGhSJu/RF3/o1pOwttPXDhcM693HtPJBnVxvO+nbX1jc2t7dJOeXdv/+DQPap0tMgUJm0smFC9CGnCKCdtQw0jPakISiNGutH4euZ3H4nSVPB7M5EkTNGQ04RiZKw0cCtBTJhBMJBKSCMgeqgP3KpX8+aAq8QvSBUUaA3cryAWOEsJN5ghrfu+J02YI2UoZmRaDjJNJMJjNCR9SzlKiQ7z+e1TeGaVGCZC2eIGztXfEzlKtZ6kke1MkRnpZW8m/uf1M5NchTnlMjOE48WiJGPQPjkLAsZUEWzYxBKEFbW3QjxCCmFj4yrbEPzll1dJp17zG7XG7UW1eVfEUQIn4BScAx9cgia4AS3QBhg8gWfwCt6cqfPivDsfi9Y1p5g5Bn/gfP4AXOCUEQ==</latexit>

� / a2
<latexit sha1_base64="RxfC5RgmnPJumS156XFfj64K+5o=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0lEqseCF49V7Ac0oWw223bpZrPsTgol9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5kRLcgOd9O6WNza3tnfJuZW//4PDIPT5pmzTTlLVoKlLdjYhhgkvWAg6CdZVmJIkE60Tju7nfmTBteCqfYKpYmJCh5ANOCVip77pBzAQQHCidKkgx6btVr+YtgNeJX5AqKtDsu19BnNIsYRKoIMb0fE9BmBMNnAo2qwSZYYrQMRmynqWSJMyE+eLyGb6wSowHqbYlAS/U3xM5SYyZJpHtTAiMzKo3F//zehkMbsOcS5UBk3S5aJAJbF+cx4BjrhkFMbWEUM3trZiOiCYUbFgVG4K/+vI6aV/V/Hqt/nBdbTwWcZTRGTpHl8hHN6iB7lETtRBFE/SMXtGbkzsvzrvzsWwtOcXMKfoD5/MHK+GTbQ==</latexit>

� / a



nonlinear (simulations)

matter-
radiation 
equality

larger scales smaller scales

Linear and nonlinear P(k)

<latexit sha1_base64="NDSHDoTWrj1BpDU+T98cWwHvU8g=">AAACIXicbVDLSsNAFJ34rPUVdelmsAgtSEmK1G4KBV24rGIf0MYwmU7aoZMHMxOhhvyKG3/FjQtFuhN/xkmbhbY9MHA459479x4nZFRIw/jW1tY3Nre2czv53b39g0P96Lgtgohj0sIBC3jXQYIw6pOWpJKRbsgJ8hxGOs74OvU7T4QLGvgPchISy0NDn7oUI6kkW6817bjvITniXqxmJElxfAGfS7AObx4rRUVW+nWjZOsFo2zMAJeJmZECyNC09Wl/EODII77EDAnRM41QWjHikmJGknw/EiREeIyGpKeojzwirHh2YQLPlTKAbsDV8yWcqX87YuQJMfEcVZkuKxa9VFzl9SLp1qyY+mEkiY/nH7kRgzKAaVxwQDnBkk0UQZhTtSvEI8QRlirUvArBXDx5mbQrZbNart5dFhr3WRw5cArOQBGY4Ao0wC1oghbA4AW8gQ/wqb1q79qXNp2XrmlZzwn4B+3nF/mDojE=</latexit>

Plin(k, z) = D2(z)Plin(k, z = 0)
<latexit sha1_base64="ZDVw6l3eOOusCwnaLBPP6lyMf5c=">AAAB+HicbVBNSwMxEJ2tX7V+dNWjl2ARPJVdkeqx4MVjFfsB7bpk07QNzWZDkhXq0l/ixYMiXv0p3vw3pu0etPXBwOO9GWbmRZIzbTzv2ymsrW9sbhW3Szu7e/tl9+CwpZNUEdokCU9UJ8KaciZo0zDDaUcqiuOI03Y0vp757UeqNEvEvZlIGsR4KNiAEWysFLrlnlSJNAkaP2Qi1NPQrXhVbw60SvycVCBHI3S/ev2EpDEVhnCsddf3pAkyrAwjnE5LvVRTickYD2nXUoFjqoNsfvgUnVqljwaJsiUMmqu/JzIcaz2JI9sZYzPSy95M/M/rpmZwFWRMyNRQQRaLBilH9tFZCqjPFCWGTyzBRDF7KyIjrDAxNquSDcFffnmVtM6rfq1au72o1O/yOIpwDCdwBj5cQh1uoAFNIJDCM7zCm/PkvDjvzseiteDkM0fwB87nDyq2k30=</latexit> / k

ns

<latexit sha1_base64="Fc3bYSEzzlbBgBUirSVXHTfrbJE=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvgxjIjpbosuHFZxT6gHUsmzbShmSQkGWEY6q+4caGIWz/EnX9j2s5CWw9cOJxzL/feE0pGtfG8b6ewtr6xuVXcLu3s7u0fuIdHbS0ShUkLCyZUN0SaMMpJy1DDSFcqguKQkU44uZ75nUeiNBX83qSSBDEacRpRjIyVBm65L5WQRsDJQ8YHGp7D2nTgVryqNwdcJX5OKiBHc+B+9YcCJzHhBjOkdc/3pAkypAzFjExL/UQTifAEjUjPUo5iooNsfvwUnlplCCOhbHED5+rviQzFWqdxaDtjZMZ62ZuJ/3m9xERXQUa5TAzheLEoShi0z86SgEOqCDYstQRhRe2tEI+RQtjYvEo2BH/55VXSvqj69Wr9tlZp3OVxFMExOAFnwAeXoAFuQBO0AAYpeAav4M15cl6cd+dj0Vpw8pky+APn8wfLXJRG</latexit>/
k n

s �
4

Modes reentered 
the horizon recently, 

so we have the 
primordial power 

spectrum

(Peebles-Harrison-
Zeldovich spectrum)

<latexit sha1_base64="TmwO+gXbZtNpi4VrmrX+rQQHotU=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSxCvZREpHoRKl48VrEf0Naw2W7bpZtN2N0IIdS/4sWDIl79Id78N27bHLT1wcDjvRlm5vkRZ0o7zreVW1ldW9/Ibxa2tnd29+z9g6YKY0log4Q8lG0fK8qZoA3NNKftSFIc+Jy2/PH11G89UqlYKO51EtFegIeCDRjB2kieXax7Tnl8gi7RlafGD6nw1MSzS07FmQEtEzcjJchQ9+yvbj8kcUCFJhwr1XGdSPdSLDUjnE4K3VjRCJMxHtKOoQIHVPXS2fETdGyUPh qE0pTQaKb+nkhxoFQS+KYzwHqkFr2p+J/XifXgopcyEcWaCjJfNIg50iGaJoH6TFKieWIIJpKZWxEZYYmJNnkVTAju4svLpHlacauV6u1ZqXaXxZGHQziCMrhwDjW4gTo0gEACz/AKb9aT9WK9Wx/z1pyVzRThD6zPH9VEk7A=</latexit>

P0(k) = Ask
ns

Modes reentered during 
radiation dominated era: 

growth suppression



Transfer function
The transfer function accounts for the suppression of growth during radiation 

domination (T(k) = 1 for modes that enter during matter domination)
<latexit sha1_base64="W/oU3QC/lP+u5wu4I0WMhIEiRKk=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6qYkRaoboeLGZZW+oE3DZDpph0wmYWYilFA3/oobF4q49S/c+TdO2yy09cCFwzn3cu89XsyoVJb1beRWVtfWN/Kbha3tnd09c/+gJaNEYNLEEYtEx0OSMMpJU1HFSCcWBIUeI20vuJn67QciJI14Q41j4oRoyKlPMVJacs2jeik4g1fw2pUw6KfclZNGv6I11yxaZWsGuEzsjBRBhrprfvUGEU5CwhVmSMqubcXKSZFQFDMyKfQSSWKEAzQkXU05Col00tkHE3iqlQH0I6GLKzhTf0+kKJRyHHq6M0RqJBe9qfif102Uf+mklMeJIhzPF/kJgyqC0zjggAqCFRtrgrCg+laIR0ggrHRoBR2CvfjyMmlVyna1XL07L9buszjy4BicgBKwwQWogVtQB02AwSN4Bq/gzXgyXox342PemjOymUPwB8bnD330lRM=</latexit>

P (k) = Ask
nsT 2(k)

<latexit sha1_base64="odjNjFYG0PKqfRuJ0mIx1vYE83c=">AAAB+nicbVBNTwIxEJ31E/Fr0aOXRmLiCXeJQY8kXjyikY8EVtItBRq63abtasjKT/HiQWO8+ku8+W8ssAcFXzLJy3szmZkXSs608bxvZ2V1bX1jM7eV397Z3dt3CwcNHSeK0DqJeaxaIdaUM0HrhhlOW1JRHIWcNsPR1dRvPlClWSzuzFjSIMIDwfqMYGOlrlvAqCNVLE2MzH3qn5UnXbfolbwZ0DLxM1KEDLWu+9XpxSSJqDCEY63bvidNkGJlGOF0ku8kmkpMRnhA25YKHFEdpLPTJ+jEKj3Uj5UtYdBM/T2R4kjrcRTazgiboV70puJ/Xjsx/csgZUImhgoyX9RPOJo+anNAPaYoMXxsCSaK2VsRGWKFibFp5W0I/uLLy6RRLvmVUuXmvFi9zeLIwREcwyn4cAFVuIYa1IHAIzzDK7w5T86L8+58zFtXnGzmEP7A+fwBRTSTbQ==</latexit>

a / t1/2

<latexit sha1_base64="PLT8iyiCAh88mqsIo0UWKSMtskQ=">AAAB+XicbVBNSwMxEJ2tX7V+rXr0EiyCF8tukeqx4KXHKvYD2rVk07QNzW5Cki2Upf/EiwdFvPpPvPlvTNs9aOuDgcd7M8zMCyVn2njet5Pb2Nza3snvFvb2Dw6P3OOTphaJIrRBBBeqHWJNOYtpwzDDaVsqiqOQ01Y4vpv7rQlVmon40UwlDSI8jNmAEWys1HPdGupKJaQRCD+lV+VZzy16JW8BtE78jBQhQ73nfnX7giQRjQ3hWOuO70kTpFgZRjidFbqJphKTMR7SjqUxjqgO0sXlM3RhlT4aCGUrNmih/p5IcaT1NAptZ4TNSK96c/E/r5OYwW2QslgmhsZkuWiQcGT/nMeA+kxRYvjUEkwUs7ciMsIKE2PDKtgQ/NWX10mzXPIrpcr9dbH6kMWRhzM4h0vw4QaqUIM6NIDABJ7hFd6c1Hlx3p2PZWvOyWZO4Q+czx+IrZME</latexit>

H / a
�2

<latexit sha1_base64="iyJyKtv+cx1A4hmJsmnOCGV800M=">AAAB+3icbVDLSgMxFM34rPU11qWbYBFclZki1WXBjcsq9gGdsWQymTY0k4QkI5ahv+LGhSJu/RF3/o1pOwttPXDhcM693HtPJBnVxvO+nbX1jc2t7dJOeXdv/+DQPap0tMgUJm0smFC9CGnCKCdtQw0jPakISiNGutH4euZ3H4nSVPB7M5EkTNGQ04RiZKw0cCtBTJhBMJBKSCMgeqgP3KpX8+aAq8QvSBUUaA3cryAWOEsJN5ghrfu+J02YI2UoZmRaDjJNJMJjNCR9SzlKiQ7z+e1TeGaVGCZC2eIGztXfEzlKtZ6kke1MkRnpZW8m/uf1M5NchTnlMjOE48WiJGPQPjkLAsZUEWzYxBKEFbW3QjxCCmFj4yrbEPzll1dJp17zG7XG7UW1eVfEUQIn4BScAx9cgia4AS3QBhg8gWfwCt6cqfPivDsfi9Y1p5g5Bn/gfP4AXOCUEQ==</latexit>

� / a2

A mode enters the horizon when 𝑘 = 2𝜋/𝜆 = 2𝜋a𝐻 → 𝑘 ∝ 𝑎!"

<latexit sha1_base64="sQ53Tv6SLLBZP3JCQV69+rb761M=">AAACEnicbVDLSgMxFM3UV62vUZdugkVoEcpMkepGqLhxWcU+oFNKJk3b0ExmSO4IZeg3uPFX3LhQxK0rd/6NmbYLbT2QcHLOvdzc40eCa3Ccbyuzsrq2vpHdzG1t7+zu2fsHDR3GirI6DUWoWj7RTHDJ6sBBsFakGAl8wZr+6Dr1mw9MaR7KexhHrBOQgeR9TgkYqWsXvR4TQApQxJf4quviU3OXsSckTjVP8yB9FEixa+edkjMFXibunOTRHLWu/eX1QhoHTAIVROu260TQSYgCTgWb5LxYs4jQERmwtqGSBEx3kulKE3xilB7uh8ocCXiq/u5ISKD1OPBNZUBgqBe9VPzPa8fQv+gkXEYxMElng/qxwBDiNB/c44pREGNDCFXc/BXTIVGEgkkxZ0JwF1deJo1yya2UKrdn+erdPI4sOkLHqIBcdI6q6AbVUB1R9Iie0St6s56sF+vd+piVZqx5zyH6A+vzBzY9mh4=</latexit>

�(t) = A1 +A2 ln(t) ⇠ ln(a)

Super-
horizon 
growth

Sub-
horizon 
growth

<latexit sha1_base64="Ndg3AgWkokO0Jc9mWETdBbR++DY="></latexit>

T (k) =

✓
aentry
aeq

◆2

ln

✓
aeq

aentry

◆

<latexit sha1_base64="xF24Pxk6H4juCFjs/ILvcUscYFI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqwpIUqS4LblxW6QvaWCbTSTtkMhlmJkII9VfcuFDErR/izr9x2mahrQcuHM65l3vv8QWjSjvOt7W2vrG5tV3YKe7u7R8c2kfHHRUnEpM2jlksez5ShFFO2ppqRnpCEhT5jHT98Gbmdx+JVDTmLZ0K4kVozGlAMdJGGtqlViU8hwMhY6FjGD5kF7Xp0C47VWcOuErcnJRBjubQ/hqMYpxEhGvMkFJ91xHay5DUFDMyLQ4SRQTCIRqTvqEcRUR52fz4KTwzyggGsTTFNZyrvycyFCmVRr7pjJCeqGVvJv7n9RMdXHsZ5SLRhOPFoiBh0Pw5SwKOqCRYs9QQhCU1t0I8QRJhbfIqmhDc5ZdXSadWdevV+t1luXGfx1EAJ+AUVIALrkAD3IImaAMMUvAMXsGb9WS9WO/Wx6J1zcpnSuAPrM8fRB2T9A==</latexit>

T (k) / k�2



Regimes of structure formation

Linear regime
𝛿 ≪ 1

Transition to non-
linear growth

𝛿 ∼ 1

Non-linear growth, 
late times

𝛿 > 1

Homogeneous growth, 
earlier times, large 

scales

Analytical calculations 
are possible

Can be computed with 
perturbation theory (but 

difficult)

Nonlinear structure 
formation couples k 

modes (not independent 
anymore)

Higher order 
perturbation theory 
(even more difficult)

Ultimately: direct 
simulation with N-body 

codes



Beyond 2pt
The power spectrum and 2PCF are the two-point moments of the field, and 
completely describe the statistical properties of a Gaussian random field.

However, given the nonlinear evolution of the growth of structure, there are higher 
order moments in the field not captured by the 2-pt statistics.

Same power 
spectrum, but 

completely different 
morphology!

random reshuffling 
of phasesPeter Coles & Lung-Yih Chiang 2000



Beyond 2pt
• Higher-order moments: bispectrum (3pt), trispectrum (4pt), …

• Other statistics to capture the non-gaussinity of the field: e.g. peak counts, 

minima counts, wavelet scattering transform, probability density function, …

• Field-level inference or simulation-based inference

Figure credit: MPA
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Dark Matter Galaxies
Credit: Millenium simulation

Galaxy bias
<latexit sha1_base64="SY/V2sReDTMoxLbC/+W6BKljk78=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyURqW6EghuXVewD2hAmk0k7dDIJMzdCCQV/xY0LRdz6He78G6dtFtp64MKZc+5l7j1BKrgGx/m2Siura+sb5c3K1vbO7p69f9DWSaYoa9FEJKobEM0El6wFHATrpoqROBCsE4xupn7nkSnNE/kA45R5MRlIHnFKwEi+fdQPmQDiD/A1DnDxiH276tScGfAycQtSRQWavv3VDxOaxUwCFUTrnuuk4OVEAaeCTSr9TLOU0BEZsJ6hksRMe/ls/Qk+NUqIo0SZkoBn6u+JnMRaj+PAdMYEhnrRm4r/eb0Moisv5zLNgEk6/yjKBIYET7PAIVeMghgbQqjiZldMh0QRCiaxignBXTx5mbTPa269Vr+7qDbuizjK6BidoDPkokvUQLeoiVqIohw9o1f0Zj1ZL9a79TFvLVnFzCH6A+vzBwdclPU=</latexit>

�g = b�m



Baryon Acoustic Oscillations
The interplay between gravity and pressure in the early-Universe hot plasma 

generated sound waves that propagated through it

Credit: Wayne Hu

underdense region

overdense 
regions



Baryon Acoustic Oscillations
At the time of decoupling, the waves froze, leaving an imprint on the CMB 

(last scattering surface) and the distribution of matter

Credit: Eisenstein et al. 2007





Baryon Acoustic Oscillations
This particular scale (~150 Mpc) can still be observed today in 

the distribution of galaxies and serves as a standard ruler

NASA WMAP (left), y SDSS (right)

Eisenstein et al. 2005, SDSS 



Galaxy clustering: 2pt statistics



BAO in CMB and galaxy spectra

Planck collaboration 2020

DES collaboration 2024

CMB temperature angular power spectra BAO signal from galaxy angular power spectra



BAO as a standard ruler
This particular scale (~150 Mpc) serves as a standard ruler and is determined by the 

sound horizon scale of the BAO at the time of recombination

Eisenstein et al. 2005, SDSS 

<latexit sha1_base64="aN4qAoJA/NrMc9vww1gvI0PjFEw="></latexit>

rs(z?) =

Z 1

z?

cs(z)

H(z)
dz

<latexit sha1_base64="+842oLg1x3MpGnXl007g68zMcuA=">AAACHHicbVDLSgMxFM3UV62vUZdugkVwUdqZKtVNoerGjVjFPqAzDJk0bUMzD5KMUIb5EDf+ihsXirhxIfg3ZtoK2nogcDjnXHLvcUNGhTSMLy2zsLi0vJJdza2tb2xu6ds7TRFEHJMGDljA2y4ShFGfNCSVjLRDTpDnMtJyhxep37onXNDAv5OjkNge6vu0RzGSSnL0o6ETWx6SA+7F52fXSVItWyEtcScWSdUoGhWrYBXgoPSTuQpx4uh55YwB54k5JXkwRd3RP6xugCOP+BIzJETHNEJpx4hLihlJclYkSIjwEPVJR1EfeUTY8fi4BB4opQt7AVfPl3Cs/p6IkSfEyHNVMt1RzHqp+J/XiWTv1I6pH0aS+HjyUS9iUAYwbQp2KSdYspEiCHOqdoV4gDjCUvWZUyWYsyfPk2a5aFaKlZvjfO12WkcW7IF9cAhMcAJq4BLUQQNg8ACewAt41R61Z+1Ne59EM9p0Zhf8gfb5DXYgoQk=</latexit>

kBAO = 2⇡/rs = 0.06 h/Mpc



BAO as a standard ruler
In practice, we measure angles and redshifts from galaxy surveys and infer distances to 

get cosmological information

𝜃



BAO as a standard ruler
In practice, we measure angles and redshifts from galaxy surveys and infer distances to 

get cosmological information

𝜃

<latexit sha1_base64="H2hKE83T63kXMxEIdyfjQMssDRA=">AAACEHicbZDJSgNBEIZ7XGPcoh69NAYxIoQZEfUiRPTgMYpZIBOGnk4laexZ6K4RkiGP4MVX8eJBEa8evfk2dpaDRn9o+Piriur6/VgKjbb9Zc3Mzs0vLGaWsssrq2vruY3Nqo4SxaHCIxmpus80SBFCBQVKqMcKWOBLqPl3F8N67R6UFlF4i70YmgHrhKItOENjebk97aVuDCoeFPr79Iy2vHMD7iVIZC52ARktOAf9fS+Xt4v2SPQvOBPIk4nKXu7TbUU8CSBELpnWDceOsZkyhYJLGGTdREPM+B3rQMNgyALQzXR00IDuGqdF25EyL0Q6cn9OpCzQuhf4pjNg2NXTtaH5X62RYPu0mYowThBCPl7UTiTFiA7ToS2hgKPsGWBcCfNXyrtMMY4mw6wJwZk++S9UD4vOcfH4+ihfupnEkSHbZIcUiENOSIlckTKpEE4eyBN5Ia/Wo/VsvVnv49YZazKzRX7J+vgG13ubPw==</latexit>

s?(z) = dA(z)�✓(1 + z)

parallel to the line 
of sight

<latexit sha1_base64="h/y326dGRnJWKuH5S7pIXJEYiyo=">AAACE3icbVC7SgNBFJ31GeMramkzGIRoEXZFoo0Q0CJlFPOA7LLMTu4mQ2YfzMwKybL/YOOv2FgoYmtj5984eRSaeODC4Zx7ufceL+ZMKtP8NpaWV1bX1nMb+c2t7Z3dwt5+U0aJoNCgEY9E2yMSOAuhoZji0I4FkMDj0PIG12O/9QBCsii8V8MYnID0QuYzSpSW3MKpdFM7JoJwDjwrjU7wFba7viA0pfYNcEXwKEtr2sjcQtEsmxPgRWLNSBHNUHcLX3Y3okkAoaKcSNmxzFg5KRGKUQ5Z3k4kxIQOSA86moYkAOmkk58yfKyVLvYjoStUeKL+nkhJIOUw8HRnQFRfzntj8T+vkyj/0klZGCcKQjpd5CccqwiPA8JdJoAqPtSEUMH0rZj2dUBU6RjzOgRr/uVF0jwrW5Vy5fa8WL2bxZFDh+gIlZCFLlAV1VAdNRBFj+gZvaI348l4Md6Nj2nrkjGbOUB/YHz+AC6Lncc=</latexit>

sk(z) =
c�z

H(z)

perpendicular to the 
line of sight



BAO as a standard ruler
In practice, we measure angles and redshifts from galaxy surveys and infer distances to 

get cosmological information

𝜃

parallel to the line 
of sight

<latexit sha1_base64="h/y326dGRnJWKuH5S7pIXJEYiyo=">AAACE3icbVC7SgNBFJ31GeMramkzGIRoEXZFoo0Q0CJlFPOA7LLMTu4mQ2YfzMwKybL/YOOv2FgoYmtj5984eRSaeODC4Zx7ufceL+ZMKtP8NpaWV1bX1nMb+c2t7Z3dwt5+U0aJoNCgEY9E2yMSOAuhoZji0I4FkMDj0PIG12O/9QBCsii8V8MYnID0QuYzSpSW3MKpdFM7JoJwDjwrjU7wFba7viA0pfYNcEXwKEtr2sjcQtEsmxPgRWLNSBHNUHcLX3Y3okkAoaKcSNmxzFg5KRGKUQ5Z3k4kxIQOSA86moYkAOmkk58yfKyVLvYjoStUeKL+nkhJIOUw8HRnQFRfzntj8T+vkyj/0klZGCcKQjpd5CccqwiPA8JdJoAqPtSEUMH0rZj2dUBU6RjzOgRr/uVF0jwrW5Vy5fa8WL2bxZFDh+gIlZCFLlAV1VAdNRBFj+gZvaI348l4Md6Nj2nrkjGbOUB/YHz+AC6Lncc=</latexit>

sk(z) =
c�z

H(z)

perpendicular to the 
line of sight

Alcock-Paczynski (AP) test: the BAO scale should be spherically symmetric in 
real space (Δ𝜃 = Δ𝑧)

<latexit sha1_base64="bFQvfa+/26AXbiVmbHUvB2o9oCw=">AAACJ3icbVDLSgNBEJz1GeMr6tHLYBAiQtgVUS+Kogcvgop5QDYss5NOMmT2wUyvkCz5Gy/+ihdBRfTonziJOcRowUBRVU1Plx9LodG2P62p6ZnZufnMQnZxaXllNbe2XtZRojiUeCQjVfWZBilCKKFACdVYAQt8CRW/cz7wK/egtIjCO+zGUA9YKxRNwRkaycudaC91Y1Bxv9Dboce04Z0Z4l6AROZiG5DRgrPb2zmmF156NQyNm14ubxftIehf4oxInoxw7eVe3EbEkwBC5JJpXXPsGOspUyi4hH7WTTTEjHdYC2qGhiwAXU+Hd/bptlEatBkp80KkQ3V8ImWB1t3AN8mAYVtPegPxP6+WYPOonoowThBC/rOomUiKER2URhtCAUfZNYRxJcxfKW8zxTiaarOmBGfy5L+kvFd0DooHN/v509tRHRmySbZIgTjkkJySS3JNSoSTB/JEXsmb9Wg9W+/Wx090yhrNbJBfsL6+Aal2pA0=</latexit>

s?(z) = dA(z)�✓(1 + z) = DM (z)�✓

<latexit sha1_base64="HaLtFkbfOPu1x0wZArsxJEZV1yQ="></latexit>

FAP (z) ⌘
�z

�✓
=

H(z)DM (z)sk(z)

cs?(z)



BAO as a standard ruler
In practice, we assume a fiducial cosmological model to convert redshifts and angles to 

physical distances, and the AP parameters characterise this dilation 

<latexit sha1_base64="8FrFwwlpqkXSq+ZTImilj2rCdRc="></latexit>

↵k =
H

fid(z)rfidd
H(z)rd

<latexit sha1_base64="1isqJwla9IAJE2fThEVOB6JkYsA="></latexit>

↵? =
DM (z)rfidd
Dfid

M (z)rd

<latexit sha1_base64="5Jo4PxFi9v/mB9O7RVxVxWfw/q8=">AAACHnicbZDLSsNAFIYn9VbrLerSzWARXNVEtLoRKm5cVrEXaEqZTE/boZNkmJkIJeRJ3PgqblwoIrjSt3HaBqnVHwZ+vnMOZ87vC86UdpwvK7ewuLS8kl8trK1vbG7Z2zt1FcWSQo1GPJJNnyjgLISaZppDU0gggc+h4Q+vxvXGPUjFovBOjwS0A9IPWY9Rog3q2Kce4WJAOoknA3xZTfEF/iGCSMI58BQfzUCQIu3YRafkTIT/GjczRZSp2rE/vG5E4wBCTTlRquU6QrcTIjWjHNKCFysQhA5JH1rGhiQA1U4m56X4wJAu7kXSvFDjCZ2dSEig1CjwTWdA9EDN18bwv1or1r3zdsJCEWsI6XRRL+ZYR3icFe4yCVTzkTGESmb+iunAhEK1SbRgQnDnT/5r6sclt1wq35wUK7dZHHm0h/bRIXLRGaqga1RFNUTRA3pCL+jVerSerTfrfdqas7KZXfRL1uc3JHWilw==</latexit>

↵AP = ↵k/↵?

Also used the geometric mean, combining the radial and transverse dilations: 
<latexit sha1_base64="2OYwRvTjBNwdnI4epKxEjFZs1xo=">AAACJnicbZDLSgMxFIYz9VbrrerSTbAIdVNnqlQ3hYIbl1XsBXojk562oZmZkGSEMszTuPFV3LioiLjzUUwveGn9IfDznXM4Ob8rOFPatj+sxMrq2vpGcjO1tb2zu5feP6iqIJQUKjTggay7RAFnPlQ00xzqQgLxXA41d3g9qdceQCoW+Pd6JKDlkb7PeowSbVAnXWwSLgakEzWlh5kKYlzE2W8miCScA49/CEgRt/On7cg5O4876Yyds6fCy8aZmwyaq9xJj5vdgIYe+JpyolTDsYVuRURqRjnEqWaoQBA6JH1oGOsTD1Qrmp4Z4xNDurgXSPN8jaf090REPKVGnms6PaIHarE2gf/VGqHuXbUi5otQg09ni3ohxzrAk8xwl0mgmo+MIVQy81dMByYaqk2yKROCs3jysqnmc04hV7i9yJTu5nEk0RE6RlnkoEtUQjeojCqIokf0jMbo1XqyXqw3633WmrDmM4foj6zPL7ixpfw=</latexit>

↵iso = (↵k↵
2
?)

1/3



Redshift Space Distortions

Fingers-of-God
effect

Kaiser
effect

Kuruvilla et al. (2018) arXiv:1710.09379

There is anisotropy in the clustering observations due to the peculiar velocities of 
galaxies, which contribute to the observed redshift



Redshift Space Distortions
There is anisotropy in the clustering observations due to the peculiar velocities of 

galaxies, which contribute to the observed redshift

Peculiar velocities 
are small compared 
to the Hubble flow

Peculiar 
velocities are 

large

Power is enhanced 
at large scales

Power is 
suppressed at small 

scales



Anisotropic clustering
Besides measuring the correlation function in parallel and transverse separations, we can 

decompose the power spectrum or correlation function into multipoles

Credit figure: H. Gil-Marín

Pg
(s )(k,µ) = b + f µ2⎡⎣ ⎤⎦

2
Pm (k)

In the linear regime, the redshift space power spectrum is given 
by the Kaiser factor
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f(z) =
d lnD

d ln a



Anisotropic clustering

Beutler et al. 2016
arxiv:1607.03150



Anisotropic clustering
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Pm(k, z) = �8(z)Pm(k, z = 0)

We can constrain 𝑏 𝑧 𝜎! 𝑧 & 𝑓 𝑧 𝜎! 𝑧
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�8(z) = �8(z = 0)
D(z)

D(z = 0)



BAO damping

Seo and Eisenstein 2005 Seo et al. 2008

Smoothing of the BAO peak/wiggles due to the effects of non-linear clustering (incl. RSD) 
reduces our ability to measure the BAO scale



BAO reconstruction

Padmanabhan et al. (2012)

The idea is to estimate 
the displacement field 
from the final density 

field and then move the 
particles back to their 

initial positions (reverse 
the displacement)



BAO reconstruction

The dominant non-linear effect responsible for the BAO damping is the large-scale velocity field. 
In particular, the motions are dominantly due to bulk flows and the formation of superclusters. 

Simple algorithm: smooth the density field and move the overdensities by the inverse of the 
predicted (linear) motion

Eisenstein et al. 2006; arxiv:0604362



BAO reconstruction

The dominant non-linear effect responsible for the BAO damping is the large-scale velocity field. 
In particular, the motions are dominantly due to bulk flows and the formation of superclusters. 

Eisenstein et al. 2006; arxiv:0604362

Simple algorithm: smooth the density field and move the overdensities by the inverse of the 
predicted (linear) motion

to remove small-scale 
information



BAO reconstruction

The dominant non-linear effect responsible for the BAO damping is the large-scale velocity field. 
In particular, the motions are dominantly due to bulk flows and the formation of superclusters. 

Simple algorithm: smooth the density field and move the overdensities by the inverse of the 
predicted (linear) motion

Eisenstein et al. 2006; arxiv:0604362

Several improved reconstruction algorithms in the literature: Seo et al 2010, Schmittfull et al. 
2017, Hada et al. 2018

The method is now well tested. If the reconstruction is off, it usually impacts the efficiency of the 
reconstruction, not the measurement



BAO reconstruction
One can also use the estimate of the large-scale displacements to remove large-scale redshift-

space distortions

Padmanabhan et al. (2012)

Real space Redshift space
pre-reconstruction

Redshift space
post-reconstruction



Example from DESI DR1

DESI collaboration 2024; arxiv:2404.03000



BAO fitting
We use as template the predicted clustering for the assumed cosmological model to isolate the 

BAO signal

In practice, the template is modified to allow for effects of non-linear structure formation and 
includes broad-band terms (to be marginalized over) that account for scale-dependent bias or 

calibration errors
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Pmeasure(k) = B(k)Pm(k/↵) +A(k)



BAO fitting
We use as template the predicted clustering for the assumed cosmological model to isolate the 

BAO signal

In practice, the template is modified to allow for effects of non-linear structure formation and 
includes broad-band terms (to be marginalized over) that account for scale-dependent bias or 

calibration errors
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Pmeasure(k) = B(k)Pm(k/↵) +A(k)

Smooth functions with 
nuisance parameters to 

marginalize out the 
broadband shape of the 

power spectrum



BAO fitting
We use as template the predicted clustering for the assumed cosmological model to isolate the 

BAO signal

In practice, the template is modified to allow for effects of non-linear structure formation and 
includes broad-band terms (to be marginalized over) that account for scale-dependent bias or 

calibration errors
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Pmeasure(k) = B(k)Pm(k/↵) +A(k)

scale dilation parameter 
used to adjust the location 

of the BAO peak/scale



BAO fitting
We use as template the predicted clustering for the assumed cosmological model to isolate the 

BAO signal

In practice, the template is modified to allow for effects of non-linear structure formation and 
includes broad-band terms (to be marginalized over) that account for scale-dependent bias or 

calibration errors
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Pmeasure(k) = B(k)Pm(k/↵) +A(k)
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Pm(k) = (Plin(k)� Pnw(k)) exp(�k2⌃nl) + Pnw(k)

The linear power spectrum is split into a no-wiggle (nw) and a wiggle component, which is 
smoothed to account for the BAO damping



BAO fitting: DESI DR1

DESI collaboration 2024; arxiv:2404.03000



BAO fitting: DESI DR1

DESI collaboration 2024; arxiv:2404.03000



The Dark Energy 
Spectroscopic Instrument



Dark Energy Spectroscopic Instrument 

Stage IV 5-year spectroscopic survey using the Mayall 4-meter telescope at Kitt 
Peak National Observatory, Arizona (USA) 
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The DESI survey started in May 2021 
and just finished the first 5 years of 

observations

The instrument has 5000 robotically-
controlled optical fibres. In total, it’s 
expected to catalogue redshifts from 
over 60 million galaxies in 8 years, 

covering 17,000 sq. deg. 

Image credit: DESI



Dark Energy Spectroscopic Instrument 
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How are redshfits measured?
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Credit: DESI Collaboration; Legacy 
Surveys; NASA/JPL-Caltech/UCLA

Each fiber positioner captures the spectra of the target galaxy



DESI Data Release 1
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DESI collaboration 2025
https://arxiv.org/abs/2503.14745

DR1: 13.1M galaxy 
redshifts released in 
March 2025

https://arxiv.org/abs/2412.12548


DESI DR1 footprint and coverage
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Image credit: DESI

First year of 
observations



DESI DR2 footprint and coverage
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Image credit: DESI

First 3 years of 
observations



DESI DR3 footprint and coverage
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Image credit: DESI

First 5 years of 
observations



DESI data releases
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● Two data samples currently analysed: 
DR1 and DR2

● 5.7M redshifts made public in DR1
● 14.3M redshifts in DR2 (currently being 

analyzed by collaboration)
● Selected from over 30M galaxy and 

quasar redshifts in 3 years of operation
● Compared to public DR1, DR2 

represents a factor of 2.4 
improvement in data volume



DESI Data Release 2 (DR2)
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● DESI DR2 BAO analysis completed! 
(arxiv/2503.14738 & 14739)

● Remaining DR2 analysis to be finalised this 
year, including:

○ Galaxy clustering full shape

○ Cross-correlations with weak lensing

○ Cross-correlations with CMB lensing

○ Growth of structure from peculiar 
velocities

● DR3 BAO expected by 2027



DESI DR2 BAO measurements
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DESI DR2 BAO paper: DESI collaboration 2025, arXiv:2503.14738



DESI DR2 BAO cosmology
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DESI DR2 BAO paper: DESI collaboration 2025, arXiv:2503.14738

● 40% improvement in the 
constraints compared to DR1

● Discrepancy between BAO 
and CMB has increased: 
1.9σ (DR1) → 2.3σ (DR2)

CMB = Planck + ACT lensing
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