
Introduction to the angular power spectrum

• The variance within a patch of radius  is θ σ2(θ) ≃ ∫
1/θ
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• Each pixel will have some (uncorrelated) noise ( rms pixel noise):n =

=
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πθ2/Ωpix
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noise(θ) = Variance per pixel
# of pixels in patch

Nℓ = n2Ωpix

• The telescope has some finite resolution,  (often called a ‘beam’)σb

• The observed power spectrum is: Cℓ,obs = CℓB2
ℓ + Nℓ

• Approximating it as a Gaussian we have Bℓ = e− 1
2 ℓ(ℓ+1)σ2
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A (theorist’s) guide to CMB sensitivity 
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• The data that comes out the telescope is  which can be 
transformed to 
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• We can write an initial estimator for the power spectrum:
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• This is a biased estimator, so we transform it once more (‘deconvolve’)

• The variance in this estimator is
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noise amplitude = n2/fsky

A (theorist’s) guide to CMB sensitivity 

See also Tanvi Karwal’s lectures on parameter estimation!

Map -> power spectrum -> parameters



Current LCDM parameter constraints
What the universe is made of

Current expansion rate 
of the universe

Late-time re-ionization 
of the universe Cosmic inflation

Current LCDM+ parameter constraints

Forecasted LCDM+ parameter constraints A bit more on polarization
• CMB light has fluctuations in its polarization from place to place

• The detectors measure linear polarization in perpendicular 
directions 

Q U

• These polarizations do not have definite parity… but physics cares 
a lot about parity, so (in harmonic space) we define linear 
combinations:

E( ⃗ℓ ) ≡ Q( ⃗ℓ )cos 2ϕℓ + U( ⃗ℓ )sin 2ϕℓ

B( ⃗ℓ ) ≡ − Q( ⃗ℓ )sin 2ϕℓ + U( ⃗ℓ )cos 2ϕℓ

Even parity (scalar perts)

Odd parity (vector/GWs)



Beyond the ‘primary’ power spectra
• If the CMB fluctuations were purely Gaussian, the power spectrum 

would contain all of the statistical information….

• Lensing of CMB photons by intervening clumps of matter 
introduces a non-Gaussian contribution

• (There are more exotic— hypothesized— sources of non-Gaussian 
features that I won’t discuss)

• The photons are deflected: T( ̂n) → T( ̂n + ⃗∇ ϕ)

• Modulates the power spectra, mixes the two polarization modes, 
and generates a non-Gaussian contribution to higher order 
correlations

Unlensed temperatureLensed temperature

Unlensed Q and U polarization
Q U

Lensed Q and U polarization



Lensing potential power spectrum
• Lensing potential power spectrum is estimated from the four point 

correlation function
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Forecasted LCDM+ parameter constraints

CMB-HD collaboration arXiv:2203.05728

Forecasted LCDM+ parameter constraints

arXiv: 1710.03747



Information matrix calculations
• A very useful way to estimate constraints on parameters without 

the real data

• There are a few different ways to discuss this— see Tegmark et al. 
ApJ 480:22-35, 1997

• Here we will do the simple thing: imagine our data are the power 
spectra and that they are Gaussian distributed:

Information matrix calculations

• Imagine varying the parameters by some small amount about their 
best fit values:  ⃗θ → ⃗θ* + δ ⃗θ

• The likelihood can then be written approximately as

lnℒ(θ) ≃ ln ℒ(θ*) +
∂ ln ℒ

∂θi *

δθi +
∂2 ln ℒ

∂θiθj *

δθiδθj

Vanishes at max

Information matrix calculations

Cov−1(θi, θj) =

• The likelihood can then be written approximately as

Vanishes 
at max

A useful way to re-write the Information Matrix

https://github.com/tsmith2/GGI_cosmology_notebooks

Notebook 2



https://github.com/tsmith2/GGI_cosmology_notebooks

Notebook 3

We are neglecting the effects of foregrounds

https://lambda.gsfc.nasa.gov/product/foreground/


